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Qutline

In this lecture we discuss
A

1. The Wave Equation: Separation of Variables.

Ok. So we saw how the wave equation can be solved from a very general perspective. So, in
this lecture, we will solve the Wave Equation again using Separation of Variables and we will

see how in particular this method is suitable for the vibrating string problem, ok.
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The Vibrating String: Separation of Variables,

Let us solve the wave equation:

Putr) _ w0

o ax

using the methed of separation of variables. We will sce that the dynamics of the vibrating string can be studied conveniently withehis method.

Example

Asiretched string of finite length L is fixed at the origin, and at x = L. The initial displacement is some function f(x) and t}
the string is specified by another function g(x). Our task is to solve for u(x, ). F

We must solve the wave equation:

sdozol?

So, the wave equation is like here. So, it is a second derivative with respect to time, second
derivative with respect to position and this ¢ squared is here, where c is representative of the
speed of the wave right. So, let us solve this problem using the method of separation of

variables you know applying it specifically to the problem of the vibrating string.

So, the stretch string like we had before in the earlier lecture is of length L. So, it is fixed at
the origin and at x equal to L. So, the initial displacement is some function f of x, right. So, f
of x is some function such that it must be 0 at x equal to 0 and it must be 0 at x equal to L and
the initial velocity of the string is given by some other function. So, at every point x, there is
a certain velocity associated with the motion of the string. So, our task is to solve for u of x

comma t right.
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subject to the following initial and boundary conditions:

u0,8) = u(l,t) =0
u(x,0) = flx)
—(,0) = gx)
a )

As usual, we begin with the ansatz:
ux, t) = X() T(t).
Plugging this into the original PDE and separating variables, we have:
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where £ is a separation constant. If k is positive, we would get exponentials in both space and time, which would he

A
e with our

boundary and initial conditions. k = 0 leads to a trivial solution. So we take k = -2, This leads to two separate OD[
.y

a2
So, we have this wave function which needs to be solved and it is always helpful to write
down explicitly all the boundary conditions and initial conditions. Here the boundary
conditions are you know at x equal to 0 and at x equal to L. This function must be 0 and at
time t equal to 0, u of x x comma 0 is f of x and dou u by dou t of x at time t equal to 0 is

another function g of x which is some arbitrary function which is specified.

Now, we begin with this ansatz which is to separate these variables u of x comma t as X of x
times T of t. When we plug this solution or this ansatz into the differential equation and we
separate variables, we have 1 over X d squared X by d x squared is equal to 1 over ¢ squared
T times d squared T by d t squared and since we have you know a function of X must be
equal to some other function of t for all X and T, this both of these must be equal to some

constant let us call it k.

Now, if k is positive, we would get exponentials in both space and time which would be
incompatible with our boundary conditions and k equal to 0 will give you a trivial solution as
you can check. So, k is a negative number that is relevant for our boundary conditions. So,

we take k to be minus lambda square.
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which have the general solutions:

X(x) = Acos(Ax)+Bsin( x)
T(t) = Ccos(cAf)+Dsin(c A1)

In order to meet the boundary conditions:

w0, = ul,f) =0
we must choose only the sine term of x and restrict A to integer multiples of % . We have:

X :Bsin(nzx)

Tt t
1) = Ccos(”—” )+Dsin(n—m )
L L

where 1 can all positive integer values. The general solution would be formed by a superposition of all the abov,

sdozel?
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And this leads to two separate ODEs. So, it is lambda squared and minus ¢ squared lambda
squared T. So, this will give us A cos of lambda x plus B sin lambda x for capital X of x and
T of t is going to be some other constant times cosine of ¢ lambda t plus D times sin of ¢
lambda t, right. So, these are basically like the classical harmonic oscillator problem, very

familiar territory.

So, in order to meet these boundary conditions right when at x equal to 0 and x equal to L,
you must have this function going to 0. So, X of x can only have the sine term. You cannot
have the cosine term and also this lambda is constrained to be a multiple of pi by L, right. So,

that at x equal to L, you must get 0.

So, X of x once you are constrained to take this, it also constrains T of t specifically it forces
lambda to be an integral multiple of pi by L. So, we can write X of x like here and T of t is C
cosine of n pi c t by L plus D sin of n pi ¢ t by L, right.
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where n can all positive integer values. The general solution would be formed by a superposition of all the above solutions:
© . (nTx nact nrct
ulx, 1) = Z sin(—)[Cn cos(—) +Dy sin( —)l
\ L L L
n=1
‘The initial conditions
ux,0) = f(x)

lead to Fourier sine series:
< nax
u(x,0) = ) G sin(f] = f(x).
Zi s =) =

The coefficients can be immediately worked out using the Fourier trick:
2 (L, . (nax
Cp=- £ f(x)sm(—) dx.
L L/
Again the condition:

du

o x0) = g

— leads to another Fourier siner series:

So, the general solution would be formed by a superposition of all these solutions, right. You
can take this with this and then n can take all positive integer values. So, in fact we should
consider a sum like this u of x comma t. So, we do not need to put this constant B here

because it is going to get absorbed in this coefficient C n and D n need to be determined.

So, the initial conditions we will make use of these initial conditions to determine these
coefficients. So, u of x, 0 equal to f of x. So, which basically means this sum right. So, if you

put t equal to 0, this is going to vanish and this is going to just go to 1.

So, then you are just left with the summation C n sin of n pi x by L is equal to f of x. So, this
is a Fourier sine series and we can extract these coefficients using the standard Fourier trick.
So, ¢ n you can immediately write down to be 2 by L integral from 0 to L f of x sin of n pi x

by L. And again the velocity condition you know relates this to g of x.



(Refer Slide Time: 05:31)

leads to another Fourier sine series:

& nAX\nnc
=)D sin(—)—‘
8(x) ,gf n L 1

Once again, we solve for the coefficients using the Fourier trick:

2 (L 1
Dy =— ﬁ g(x)s‘m(m)dx.
nme L

‘Thus the full solution is:

L
ux, 1) = Z sin(%)lcn c08(wn ) + Dy, sin(wy 1)] where

=1
nuc
e

L
2 (L, (n;X
Cp= F l; f(x)sm(T)dx

%o . (nTX
I Dy= —L g(x)sm(—)dx
nmc L

3

And that also will give us another Fourier sine series, right. So, the Fourier sine series where
g of x is expanded in this manner, so you have to also take care that you have these other you
know stuff here along with D n which form the coefficient. So, if you take care you will get

dn is equal to 2 divided by n pi ¢ integral 0 to 1 g of x sin of n pi x divided by 1 dx.

So, the full solution is like here we can write it as you know this in this summation over n sin
of n pi x by L, then this C n cosine of omega n, it helps to write as omega n t plus D n sin
omega n t where omega n is an integral multiple of pi ¢ by L and C n and D n we just worked

out.



(Refer Slide Time: 06:20)

‘The frequencies

hme
wp=——,n=123, ..
L
are called normal frequencies, and the corresponding functions

Il ) = sin[%][cn cos(wn )+ Dysinwp B, 1 =1,2,3, ..

are called normal modes of vibration. The normal frequencies are integer multiples of

nc
W =—

L

which is called the fundamental frequency, while the higher frequencies wy, n > 1 are called harmonics. @

Manipulate[Plot[{Sin[nmx] (Cos[nmt] +Sin[nmxt1y]
{x, 8, 1}, PlotRange » {{0, 1}, {-2, 2}}], {t],
{n, 1, 18, 1}1; ‘

Now, these frequencies omega n equal to n pi ¢ by L are called normal frequencies and the
corresponding functions, right. So, this entire function corresponding to an integer n, these
are called the normal modes of vibration of your stretched string. Perhaps we have
encountered a description of this in an elementary discussion, maybe even going back to high

school, but we did not think of this as a solution of a PDE at that point.

So, now you see the story in a more sophisticated manner and now you see that you know
these normal modes which we probably saw pictorially at some point, you know they have
this nice mathematical way of arriving at this same result. And these are called the normal

modes of vibration.

The normal frequencies are in integer multiples of what is called the Fundamental Frequency
and the higher frequencies are referred to as Harmonics. So, you know a description in this
language is important when we are studying the physics of you know musical instruments for

example.
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Manipulate[Plot[{Sin[nxx] (Cos[nxt] +Sin[n=xt])},
{x, 0, 1}, PlotRange » {{0, 1}, {-2, 2}}], {t, 0, 10},
{n, 1, 10, 1}]
Outj23}=
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So, let us quickly plot this. It is instructive to look at what happens to these normal modes as

we change n.
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{x, 0, 1}, PlotRange » {{0, 1}, {-2, 2}}1, (t, 0, 10},
{n, 1, 10, 1}]
Outi23=

st2002
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{x, 0, 1}, PlotRange -» {{0, 1}, {-2, 2}}], (t, O, 10},
{n, 1, 10, 1}]
Out[23]=

So, when I fix n to be 1 and then look at you know the normal mode as a function of time, so
this is what the fundamental frequency does, right. So, this is how an instrument you know

produces sound as well. So, the fundamental keeps doing this.
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{x, 0, 1}, PlotRange -» {{0, 1}, {-2, 2}}], (t, O, 10},
{n, 1, 10, 1}]
Out[23]=

And then if you go to n equal to 2, then you see that it has not only nodes at the ends, but

there is also one more node.
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{x, 0, 1}, PlotRange -» {{0, 1}, {-2, 2}}], (t, O, 10},
{n, 1, 10, 1}]
Out[23]=

>
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So, as a function of time the node remains unchanged, but the dynamics happens elsewhere

and then I make n equal to 3.
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{x, 0, 1}, PlotRange » {{0, 1}, {-2, 2}}], {t, O, 10},
{n, 1, 10, 1}]
Outj23=

stn2002
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{x, 0, 1}, PlotRange -» {{0, 1}, {-2, 2}}], (t, O, 10},
{n, 1, 10, 1}]
Out[23]=

sdozel?

So, there are going to be two nodes in the center in addition to the edges and so, they keep

oscillating. So, it is interesting that we get these what are called standing waves also from the

wave equation.
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{x, 0, 1}, PlotRange -» {{0, 1}, {-2, 2}}], (t, O, 10},
{n, 1, 10, 1}]
Out[23]=
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And which we have seen can be thought of as superpositions of traveling waves, right.
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{x, 0, 1}, PlotRange -» {{0, 1}, {-2, 2}}], (t, O, 10},
{n, 1, 10, 1}]
Out[23]=

So, you get more and more nodes.
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{x, 0, 1}, PlotRange » {{0, 1}, {-2, 2}}], {t, @, 10},
{n, 1, 10, 1}]
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Out[23]=
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{x, 0, 1}, PlotRange -» {{0, 1}, {-2, 2}}], (t, O, 10},
{n, 1, 10, 1}]
Out[23]=
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{x, 0, 1}, PlotRange » {{0, 1}, {-2, 2}}], (t, 0, 10},
{n, 1, 10, 1}]
Out[23]=

As you increase n, you can check that even for large you can make n very large and you will
get a large number of nodes and so, you get these kinds of patterns, ok. Thank you. So, that

brings us to an end of this discussion of partial differential equations.

Thank you.



