Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Lecture - 49
Numerical Eigenvalues

(Refer Slide Time: 00:15)

erlek X @ SopefieldsandiulusMethodpdl X | 4 = 0 X
C O locahostasss/l ax »@:
T Fle Edt View Run Kemel Tabs Setiings Help
™) A CMSM_Lecture8-1ipynb @
B+ XDOD0O» mC» Cde v SageMath 9.1 O
Dominant Eigenvalues and Eigenvectors
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A = random_matrix(2Z,8,8,x=-10,y=18)
M= AT
% M.eigenvalues()
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Welcome to the 49th lecture on Computational Mathematics with SageMath. In this
lecture, we shall look at how to find Dominant Eigenvalues and Eigenvector,
corresponding eigenvector, numerically. We have seen use of dominant eigenvalue in

Google search algorithm and it has many other applications.

So, let us start with an example. We know that Sage has inbuilt function to find eigenvalues
and eigenvectors, and it can find eigenvalues of, eigenvectors of reasonably large matrix
as well. So, for example, if | look at matrix A, which is a random matrix over integers of
8 cross 8, and let us say the entries lies between minus 10 and 10, and let us convert this

A by multiplying by its transpose.

So, A into A transpose will be a symmetric matrix. So, all it is eigenvalues will be real.
So, let us find eigenvalues of this, so this is what we get. So, you can see here, these

numbers which you are getting are in decimal, and there is a question mark at the end, this



simply means that these computations are done numerically. These are numerical

eigenvalues. So, how does one find such eigenvalues?

So, we will be looking at an algorithm to find dominant eigenvalue of a matrix. So, in this
case, for example, let us look at what is the dominant eigenvalues. For example, if you
look at, here, this set of eigenvalues are by default arranged in increasing order of its
magnitude. So, now, suppose we sort this eigenvalues and say reverse equal to true, it will

be arranged in decreasing order of the magnitude.

So, Sage has inbuilt method in order to find the dominant eigenvalues of a matrix. So, if
you want to extract this dominant eigenvalue, you can simply say, find the maximum of

the eigenvalues of this.
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So, let us look at, if I say max of M dot eigenvalues, then I will get the maximum of the
eigenvalues. So, this is what we want to find out using an algorithm, which is known as

power method.
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Eq Let A be an n X n real matrix. The power method is a numerical approach to find the dominant eigenvalue and the corresponding
dominant eigenvector, We assume the follow conditions: !
% * The dominant eigenvalue is a real number and its absolute value is strictly greater than all the other eigenvalue.
¢ A is diagonalizable, in particular A has n linearly independent i
O Let A have n linearly independent eigenvectors xy, ... , x, With eige My .or s A AsSUme that
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Now we start with any non zero vector x'¥) € K", Define
V= 430 (D= gy = g
This implies x® = Ax#=D = AL=D = .. = A0
tl There exist scalars ¢, ... , ¢y such that
0
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So, let us see how it works, what is this algorithm. So, first of all, let us assume that A is
an n cross n real matrix, and we shall also assume the two conditions on A, that A has a
dominant eigenvalue which is real, and its absolute value is strictly greater than all other

eigenvalues, right?

So, incase lambda 1, lambda 2 ..., lambda n are eigenvalues of A, then modulus of lambda
1 is strictly bigger than modulus of lambda 2, which is bigger than equal to modulus of
lambda 3, and so on, that is the assumption. Where lambda 1, lambda 2,..., lambda n are
eigenvalues arranged in decreasing order. Second assumption on A will be that A is
diagonalizable, in particular A has n linearly independent eigenvectors, and it forms a basis
of Rn, right?
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The right hand side of the above equation is called the Rayleigh quotient of x| with respect to A

,?,f } This leads to one of the very important method of finding the dominant eigenvalue and eigenvector, namely the “
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Now, what we do is, we start with a non-zero vector x 0, you can start with unit vector, or
start with some vector with dominant entries, or the entries of, the maximum value of the
entries is 1, ok. So, let us start with a non-zero vector x 0 and define x 1 is equal to A times
x 0 similarly and x 2 is equal to A times x 1, and so on. In general x to the x k is equal to

A times x to the; A times x k minus 1. So, that is an iterative scheme.

So, in, if you, if you just simply simplify this, x k would be nothing but A to the power k
x 0. So, we are defining a sequence of vectors starting with x 0 as x 1, x 2,..., x k, and so

on, by x k is equal to A to the power k times x 0.

Now, since A has n linearly independent eigenvectors x 1, x 2,..., x n, it forms a basis
corresponding to eigenvalues lambda 1 to lambda n, this x 0 vector x 0 can be written as
linear combination of X 1 to X n. So, let us write x 0 as ¢l times x1 +¢c2 times X2+ ... + ¢

n times x n.

Now, apply A to the power k on both the sides. So, A to the power k x 0 is nothing but x
k, and that is going to be, on the right-hand side, it will be summation ci A to the power k

x1, and since xi’s are eigenvalues, A to the power k x 1 will be nothing, but lambda to the



power k X i, and then you take lambda 1 to the power k out outside this bracket, what you

will be left with? ¢1 x1 plus summation ci into lambda i by lambda 1 to the power k x i.

Now, if you notice this, since lambda 1 is the largest, strictly bigger than all eigenvalues,
lambda i by lambda 1 for i bigger than equal to 2 will be strictly less than 1. Therefore, as
k goes to infinity, as k becomes large and large, this quantity will go to 0. So, what it means
is that, if you take x to the power k divided by lambda to the power k, lambda 1 to the
power K, this will converge to c1 x1, right?

And what is x1? x1 is the eigenvector corresponding to eigenvalue lambda 1, which is the
largest, right? So, this gives you, in case c1 is non-zero, we can write X to power x k divided
by lambda 1 to the power k divided by c1, that converges to x1. So, it gives you a way to

find out x1, namely, the dominant eigenvector.
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The right hand side of the above equation is called the Rayleigh quotient of x| with respect to A

* minar nvalue and eigenvector, namely the “Power Method"
While applying the power method algorithm, we make sure that the largest component each of x™™ is unity, in this case the component
of x**1) = Ax™ will have large absolute value of A
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Eigenvector, with, corresponding to dominant eigenvalue is known as dominant
eigenvector. So, and once you have obtained x1, namely an approximation of dominant
eigenvector, you can find the approximation of dominant eigenvalue using this Rayleigh

quotient formula which is x 1 transpose A x 1 divided by x 1 transpose x 1.

So, this is A x 1 is lambda, lambda 1 x 1, so, numerator will be lambda 1 times x 1, norm
x 1 square, divided by norm x 1 square. Since X 1 is eigenvector, this will be non-zero,

therefore, you can cancel this and you have the dominant eigenvalue. So, that is what is



the algorithm. So, in this algorithm, the only thing is that you, you need to do some scaling,

so that this lambda 1 you get as an eigenvalue, right?

So, the scaling is done as follows. You can, you can choose x 0 at every stage, you choose
x Kk in such a way that the maximum entry is 1, right? So, you can divide this vector Ax k
by the maximum of the entry in x k and go to the next iterate, ok? So, let us see how, how,

what is the algorithm.
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% 2.Find y = Ax®)
3. Def be largest component in absolute value in the vector y*

5. Check if the

6.Setk =k + | and go the the step 3
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So, algorithm is as follows. Start with a non-zero vector x 0 having the largest component
as 1. So, if its largest component is 1, this will be non-zero set k equal to 0, that is Oth
iterate, and define y k, vector y k as Ax k and then take ¢ k to be the maximum or the

largest component of, of this y k in absolute value.
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And then define x k, x k plus 1, it should be a bracket here, x k plus 1 is equal to 1 upon ¢
k into y Kk, right? So, again, and then check whether this meets the convergence criteria.

Now, what would be the convergence criteria?

The convergence criteria you can, you can take the, the, you can start with some arbitrary
positive real number, and in case the difference between 2 consecutive x k becomes less
than epsilon, then you can stop, right, or if you want to stop after certain number of iterates,

that itself becomes your convergence criteria.

Now, let us, so in case the convergence criteria is met, you have already achieved what
you wanted. That means, x k plus 1 will be the largest dominant eigenvector, and you can
stop. Otherwise, you redefine k is equal to k plus 1, that is go to the next iterate, and then
go to step 3, that is, again find out what is ¢ k and, and then, then find x k plus 1 and so
on, right? So, let us implement this.
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Example 1. Find the largest eigenvalue and the corresponing eigenvector of A = ( 2 e ) starting with xo = (0, 1) using the

15 power method
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So, let us look at an example. Suppose we want to find the largest eigenvalue, there is

spelling mistake here.
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1.Setk=0
0 2.Find y® = Ax®
3. Define ¢ to be largest component in absolute value in the vector %!

15 4. Define x4V

5. Check if the convergence criteria is met. Otherwise

o° 6.Setk =k + 1 and go the the step 3

0O
**Example 1.** Find the largest ungl:ue and the corresponing eigenvector of
$a=\left(\begin{array){rrr
* 3\end{array}\right)$ starting with
9, 1\right)$ using the power method.
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Eigenvalue, and the corresponding eigenvector of a matrix A which is 4 minus 5 2 minus
3, starting with, let us say, initial vector x0 is equal to (0, 1), using the power method. So,

this method is called power method, and why the name power method, because, you are



dealing with A to the power k for various values of k, that is how the iterates are defined,
right?
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from numpy import argmax,argmin

g A=smatrd ,-51,02,-3]])
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So, now let us write sage routine for this we will import two functions argmax and argmin.
This will find the index for which a list has maximum value and similarly argmin will be

will find the index for a list which is maximum right.

Now, so A is this matrix x naught is the starting vector. Let us look at we want to do
maximum 30 number of iterates and since each computation is going to be numerical; and
it will display so many decimal places. Let us restrict to only 8 decimal places in each of

this coordinate and the tolerance limit is let us say 10 to the power minus 4.

And so, | start with initial error which is 1 and initial iteration that is 0 and then, while the
it i is less than equal to maximum number of iterates which is 30. And the error is bigger
than equal to the tolerance limit you find out y naught is equal to A times x naught and
find the maximum value of the y naught each coordinate of y naught. So, that is y naught

dot apply map absolute value.

So, apply map apply underscore map will apply this function to each of entry of this list.
And then define the maximum of the argument of this and then take the cl to be the
maximum value of this y naught and then define x1 to be y naught by c1 and then define

the error term as x naught minus x1 in the norm.



And then increment this by iteration increment by 1 and re assign x naught x1 as x naught

and then we are simply printing here this yi, ci and xi this is what is printed.
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o Iteration Number: @

ye= (-5.000000Q, -3.0003000) c2= -5.0020000 x1= (1.0020000, ©.60002000)
Iteration Numbér: 1
LS yl= (1.0000000, 0.20000000) cl= 1.0006200 x2= (1.2000200, 2.2020000¢)
Iteration Number: 2
y2= (3.0000000, 1.4000000) c2= 3.0000020 x3= (1.0000020, 0.46666667)
Tteration Number: 3
nn y3= (1.6665667, 0.62000009) c3= 1.6666667 x4= (1.0006000, 2.36202000)
Tteration Number: 4
yd= (2.2000000, 0.92000000) c4= 2.2000000 x5= (1.0000009, 2.41818182)
O Iteration Number: 5
y5= (1.9090909, 0.74545455) c5= 1.3096309 X6= (1.0006000, 2.39047613)
Iteration Number: 6
y6= (2.0475190, 9.82857143) C6= 2.2476190 x7= (1.2006000, ©.40455116)
* Iteration Number: 7
y7= (1.9767442, 0.78684651) c7= 1.9757442 x8= (1.0606260, @.39764766)
Iteration Nunber: 8
y8= (2.0117647, 0.80705882) c8= 2.0117647 x9= (1.0000200, ©.40115959)
Iteration Number: 9
y9= (1.9941520, 9.79649123) ¢9= 1.9941520 x10= (1.0002000, ©.33941349)
Iteration Number: 10

s y1o= (2.0029326, ©.80175953) c10= 2.0829326 x11= (1.0200000, ©.40029283)
{ g Iteration
74 PPRPTArY
3
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So, let us run this program, and this is what you see, y 0 in the first iterate is this, and then

the maximum value of that is minus 5, then you divide by minus 5 you get 1 comma 0.6.
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ya= (2.700000e, ©.92000000) Ca= Z,2000000 XS= (1.0000epe, ©¢.31818182)
o Iteration Number: 5

y5= (1.9090909, 0.74545455) c5= 1.9098309 x6= (1.0000200, °.39247613)
Iteration Number: 6
Q y6= (2.0476190, 0.82857143) c6= 2.8476190 X7= (1.2000200, 2.40465116)
B Tteration Nunbers 7
y7= (1.9767442, 0.78604651) ¢7= 1.9767442 x8= (1.0000000, ©.39764706)
Iteration Number: 8
°° y8= (2.0117647, 0.80705882) (8= 2.8117647 x9= (1.2000200, ©.4011695)
Tteration Number: 9
y9= (1.9941520, 9.79649123) ¢9= 1.9941520 x10= (1.0002000, 8.39941349)
Iteration Number: 18

D yle= (2.0029326, ©.80175953) c10= 2.8029326 x11= (1.0000002, ©.42029283)
Iteration Number: 11
yl1= (1.9985359, ©.79912152) c11= 1,9985359 x12= (1.0000000, ©.33985343)

* Tteration Number: 12 I)
y12= (2.0007326, ©.80043956) c12= 2.0007326 x13= (1.020000¢, 0.40007323)

Iteration Number: 13
y13= (1.9996338, 2.79978030) cl13= 1,9996338 x14= (1.6200002, 0.39996338)
Iteration Number: 14
y14= (2.0001831, ©.80010987) c14= 2.0021831 x15= (1.0000002, ©.40001831)

I
i
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And then next one is, define y1; y1 will be A times x1 and this is your y1, and then define
c1, which is the maximum value, in this case 1, and so on.



So, this is what you get. It requires, in this case, 14 number of iterates. So, at 14th iterate,
yl is this, and c1, ck, that is, c14 is 2, which actually will be eigenvalue, and this is the

x15, that’s x k plus 1, this will be an eigenvector.
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O y11= (1.,99853! ©.79912152) c11= 1,9985359 x12= (1.020000¢, 0.39985348)
Iteration N 2
y12= (2.8 6 x13= (1.0000002, 0.42087323)
Q Iteration
E yi3= (1.9 4= (1.0000002, 0.39996338)
Iteration
yld= (1.0200002, 0.40091831)
5 $
L .
A.eigenvalues()
A.eigenvectors_right(
2/5
)
1l
g‘ N e
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So, that is and now, let us look at, what are the eigenvalues and eigenvectors of A. So, A
eigenvalues are 2 comma minus 1, and that is what you are getting here c, ck, and let us
also find out, what are the eigenvectors. So, A dot eigen, eigenvectors right will give us
the eigenvector; the eigenvector corresponding to eigenvalue 2 is 1 comma 2 by 5, 2 by 5
is0.4.

And so, that is what you can see here, this is 1 comma 0.4 approximately, right? So, that
is how you can apply this method to find dominant eigenvalue and corresponding

eigenvector.



(Refer Slide Time: 14:45)

> upvterloh X @ SopeheldndtulesMethodpdl X | 4 - 0 X
C O localhost888/: Q% »@

T Fle Edt View Run Kemel Tebs Setngs Help

m | MM Lecured-tipyd @

B+ XDDO » m C » Markdowv SageMath9.1 O
L]

1 =33
Q
& Example 2. Find the largest eigenviue and the :ofresco"mgewgenvet:a'ai;\=[_1 =8 l]smmngwi:h
6 -6 4
[
-
xo = (1.0, 1.0, 1.0) using the power method
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Let us look at one more example, slightly bigger example, 3 by 3. So, this is, matrix A in
this case this is not symmetric, but one can check that it has all eigenvalues and dominant

eigenvalues are, is strictly bigger than 1, right?
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[ ]: from numpy import argmax,argmin

B
n is dig
A f two consecutive eigenvectors

while(i¢=maxit and err>=tol):
0O y0=A*x0

ymod=y®. apply_map(abs)
inax=argmax(ynod)

* cl=y8[imax]; x1=y0/cl

err=norn(x@-x1) l
i=isl; x@=x1
print

print

y'sstr(i-1)4"=",y0.n(digits=dig), "c"+str(i-1)+"=",
cl.n(digits=dig), "x"#str(i)+"=",xe.n(digits=dig))

"
{
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So, again we are just applying in, change in the previous syntax is just that we are changing
the matrix A, and everything remains the same.
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Tteration Number: &
0 yo= (1.80600, 1.00000, 4.00000) ce= 4.00000 x1= (2.250000, 0.250000, 1.80000)

Iteration Number: 1
yl= (2.50000, 2.50000, 4.20000) c1= 4.20000 x2= (0.625000, 0.625000, 1.00000)
lg Iteration Number: 2
y2= (1.75608, 1.75000, 4.00000) c2= 4.00000 x3= (2.437500, 0.43750¢, 1.60000)
Iteration Number: 3
y3= (2.12500, 2.12500, 4.00000) c3= 4.20000 x4= (9.531250, 0.53125¢, 1.00000)
% Iteration Nunber: 4
y4= (1.93750, 1.93750, 4.00000) cd= 4.20000 x5= (2.484375, 0.484375, 1.60200)
Iteration Number: S
y5= (2.63125, 2.03125, 4.00000) cS= 4.00000 x6= (2.5€7812, 9.507812, 1.00000)
0O Tteration Number: 6
y6= (1.98438, 1.98438, £.00008) C6= 4,80000 x7= (2.495094, 0.496094, 1.60208)
Iteration Number: 7
* y7= (2.00781, 2.00781, 4.80008) c7= 4.20000 x8= (0.501953, .51953, 1.60200)
Tteration Nunber: 8 E
y8= (1.99603, 1.99609, 4,00000) c8= 4,00000 x3= (2.499023, 9.439923, 1.00200)
Iteration Number: §
y9= (2.00195, 2,00195, 4.00000) cS= 4.00000 x10= (0.500488, 0.500488, 1.02000)
Iteration Nunber: 12
yle= (1.99902, 1.99902, 4.00008) c10= 4.06000 x11= (8.499755, 2.499756, 1.00020)
Iteration Number: 11

f y11= (2,60949, 2.00049, 4.00008) cll= 4.00608 x12= (0.506122, ©.560122, 1.00600)
E iﬁ) Iteration Number: 12
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y4= (1.93750, 1.93750, 4.00000) cd4= 4.00000 x5= (0,484375, 0.484375, 1.00000) 4
o Iteration Number: S

y5= (2.03125, 2.03125, 4.00000) 5= 4.20000 x5= (2.507812, 9.507812, 1.00200)
Iteration Nunber: 6
lg y6= (1.98438, 1.98438, 4.00000) c6= 4.20000 x7= (2.495094, 0.496094, 1.00000)
Iteration Number: 7
y7= (2.00781, 2,00781, 4.00000) c7= 4.20000 xB= (2.501953, 0.501953, 1.00002)
Iteration Number: 8
“ﬁ y8= (1.99609, 1.99609, 4.00000) c8= 4.20000 x9= (2.499023, 9.499023, 1.00200)
Iteration Number: 9
y9= (2.00195, 2.80195, 4.00000) cS= 4.00000 x10s (0.520488, 0.500488, 1.02000)
(I} Iteration Number: 18
y18= (1.99902, 1.99502, 4.00002) c10= 4.00000 x11= (@.499755, ©.499756, 1.00020)
Iteration Number: 11
yll= (2.00049, 2.00249, 4.00003) c11= 4.00000 x12= (8.500122, 2.503122, 1.00020)
* Iteration Number: 12
y12= (1.99976, 1.99976, 4.00000) c12= 4.00008 x13= (0.499939, ©.499939, 1.000600)
Iteration Number: 13 B
y13= (2.00012, 2.00212, 4.00002) c13= 4.00000 x14= (0.500031, ©.500031, 1.00020)
Tteration Number: 14 e
yld= (1.99994, 1.99994, 4.00002) c14= 4.00000 x15= (8.499985, 2.499985, 1.00020)

e |
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And then, when we run this program we will, we will get, we will get in this case again,
we require 14th iterate, and 14 iterates, and in this case, the eigen, dominant eigenvector
is 0.499 which is approximately 0.5; 0.5 and 1 and the eigenvalue is 4, right?
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So, and this ck are giving you eigenvalue because, because we scaled at every stage, that,
we looked at the maximum of that entry, and, ok. So, in case, this is your eigenvalue,
eigenvector so, this eigenvector | have stored you can see here in x 0, x 0 is, is redefined |

mean X 1 is redefined in x 0 or stored in x 0.

And therefore, we can find, you can, we can apply, let us say, this Rayleigh gquotient, in
order to compute eigenvalue, and in this case, the eigenvalue is 4.0061 and that is what

you, you have here, right?

So, once you get eigenvector, then you can find corresponding eigenvalues using this
Rayleigh quotient. And if you try to find out what is the maximum eigenvalue of A, then
this is 4, right? So, this is another example, but if you, if you want, you can make a use-

defined function for this power method.



(Refer Slide Time: 16:44)

erlib X @ SopeeldndiulesMetiodpd X | 4 =0

© localhost 2858/ Q% »@

= Fle Edt View Run Kemel Tebs Setings Help
| P MM Lectured-Lipyo @

B+ XDB»nCw» Cde v SageMath 9.1 O

o 4

from numpy import argmax,argmin
def Pouer_Nethod(A, X0, maxit=5
err=1 # Initialization of tolerance
] i=0
while(icsmaxit and err>=tol):
yB=A*X0
O ymod=y@. apply_nap(abs)
inax=argmax(ynod)
clsy ax ]

i=i41
xe=x1 A
ev = x@.dot_product(A*x0)/xd.dot_product(x@)

return x9, ev

# "o
Fiiy
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So, how do we do that? Everything remains same, except that instead of printing the values
of y k’s and ¢ k’s and x k’s, we are just returning, at the end we are returning value of x 0

and the eigenvalue which is some eigenvalue which is computed using Rayleigh quotient.

Of course, in this case, we saw that this ck itself will give me eigenvalue, so therefore, we
can simply return eigenvalues as ck, right? So, this is exactly same, except that | have put

this in, in user-defined function, and the name of this is power underscore method.

So, input A, the matrix A, x 0 is the, the initial guess vector, and maximum number of
iteration, iteration is less than 50, tolerance limit is 1e minus 5, that is 10 to the power

minus 5, error, initial error is 1, starting value is 0.

Now, this is the maximum number of iterate; and as long as the maximum number of
iterate is less than equal to, i is less than equal to maximum number of iterate, and the error

is bigger than equal to the tolerance limit, you compute this, and let me run this.
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o A=matrix([[1,-3,3],[3, -5, 3]

xp=vector([1.0,1.8,1.0]) 4 I
Pouer_Nethod )

x@=vector([1.0,1.8,1.8]) ## Initial guess
Power_N

| 2]: |A = mateix([[1,2,1],[0,1,2],[

I ]: ((2.501052631578343, 1.80900002000000, 9.06218526315785474), ][‘54]-12287553_525:\

ro
y

e e onmECh uO0CEERA I
And let us call this function for a matrix A which is 1 minus 3 1, 3 minus 5 3, 6 minus 6
1, and so on. So, let us run this. So, in this case, the eigenvector is this, and the maximum
eigenvalue is 3.999. So, this is the, what you get. And if you change this, let us say | have
thismatrix 1,0, 1and 0, 1, 2; 0, 0, 1.

So, this is a triangular, upper triangular matrix, and the diagonal entries are 1, 1, and 1. So,
this means all eigenvalues, in this case, are 1. So, this does not have dominant eigenvalue,
ok? So, in this case, if you apply this power method, it will still work, but however, the
convergence will be very slow. So, in, actually in case of power method, the convergence

depends upon the ratio of lambda 2 by lambda 1.

So, if lambda 2 by lambda 1, if lambda 2 is small, much smaller than lambda 1, that will,
will go to 0 much faster, right? So, lambda 2 upon lambda 1 to the power k will go to 0
quite quickly in case lambda 2 is smaller, much smaller than lambda 1. So, and in this case,
since all our lambdas are same, the convergence will be very very slow. For example, you

have to run here 2000 iterates, and still it is not very close to 1, right?
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Poier_Nethod(A,x9,28)

0

((2.500001907348633, 0.500001997348633, 1.00020000000200), 3.99999237058577)

5] A = matrix([[1,0,1],(0,1,2],(0,0,1]])
x0=vector([1.0,1.0,1.0]) ## Initiol guess
Poner_Method(A, x0,28)

L}
((0.511627906976744, 1. 0.0232558139534884), 1.04627249357326)
.

* .

"
o
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If | take only 20 iterates, then you have 1.04 which is not very close to 1 numerically,
right? So, this is how you compute dominant eigenvalue and eigenvectors, corresponding
eigenvector, using power method. And as | said, this dominant eigenvalue of a matrix has
several applications, including Google search, and even the twitter uses this, and several
other algorithm in machine learning like, dimensionality reductions etcetera uses this, this

particular notion.
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Inverse Power Methods

In case, a reasonably "good approximation” of an eigenvalue is known, then we can use the "inverse power method" to find an

eigenvalue and the corresponding eigenvector.

Let & be an approximation to an eigenvalue 4; such that |4) = 6| « |4 = o] foralli = 2,3 ... Thatis, & is much closer to 4; than to

the other eigenvalues.

f;
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Now, suppose you wanted to find, let us say, the smallest eigenvalue. And let us assume
that the matrix is invertible, therefore, the all eigenvalues are, are non-zero, therefore, it
will have a smallest and largest eigenvalue, of course, in mod, and in case we assume that
all eigenvalues are real so, therefore. So in, and you know that eigenvalue of A inverse is
1 upon eigenvalue of A; if lambda is an eigenvalue of A then 1 upon lambda is an

eigenvalue of A inverse.

So, if you look at eigenvalues of, if you find dominant eigenvalue of A inverse, that will
be nothing but the smallest eigenvalue of A, right? So, you can apply power method to A

inverse in order to find the smallest eigenvalue of A.

However, finding inverse of a matrix, especially for large matrix is quite expensive task.
So, in that case, finding inverse and finding the largest eigenvalue numerically will be
somewhat quite expensive. So, in that case, one can apply what is called inverse power

method, and how does it work?

So, in this case, what we look at is, first, we look at some approximation of eigenvalues,
of eigenvalues, and then, then we, what do we do? Suppose sigma is an approximation of
eigenvalue lambda 1 which is the largest eigenvalue. And then we assume that this sigma
1 is away, far away from remaining sigmas, that is why this modulus of lambda 1 minus
sigma is less than equal to sigma lambda i minus sigma in mod for all i between 2 to a, 2

and n, right?

So, it simply means that sigma 1 is much closer to lambda 1 than any other, right? So, this

inverse power method is based on this notion.
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Now, if you look at, for example, if, look at, if lambda 1 is an eigenvector value of A, then
lambda 1 minus sigma will be an eigenvalue of A minus, A minus sigma times identity; A

minus sigma times identity.

So, one has to apply this power method to, to A minus sigma times lambda, sigma times
identity, the inverse of that actually, right? So, what is, how this algorithm works? So, let
me tell you this, the inverse power method algorithm goes as follows. Start with, again

initial estimate, let us say sigma, it should be sufficiently close to lambda 1, right?

Now, in, in, in principle, how do we select such thing? That one has to do some experiment
and then, then find out this, and one can look at what is the convergence criteria for
convergence of these, these algorithms. Now, then you look at, start with x 0, again whose
largest entry is 1, a vector x 0 with the largest entry as 1, set k equal to 0, and then solve

A minus sigma times identity, yk is equal to xk.

So, you are solving this particular equation at every stage, again you can see here, when
we want to solve this, solving does not always involve finding inverse ok, solving can be
done using other algorithms which does not require inverse, right? So, instead of finding

inverse, we are just trying to solve A minus sigma i, and this is, this you solve for yk and



then define ck to be again the largest component of the, the absolute value in the vector,

in the vector it should be yk, in the vector yk.
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B Inverse Power Method Algorithm
% ect an initial estimate $\sigma$ sufficiently close to $\lambda_1$.

a vector $x*{(0)}$ whose largest entry is 1.

-\sigma T)yr{(k)}=x*{(k)}$ for $y*{(k)}$.
_k§ to be largest component in absolute value in the vector %’ k)}$.
a+\frac{1}{c_k}$.
* Define $x* . e Ky {(K)1S.
8. Check if the convergence criteria is met. Otherwise
9. Set $k=k+1$ and go the the step 4.
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B Inverse Power Method Algorithm
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2. Select a vector x'” whose largest entry is 1
3.5etk =0
4.Solve (A = al)y = xW for y»
5. Define ¢y to be largest component in absolute value in the vector y
* 6.Finddy =6 + —‘
7. Define x**! = %-.“'
8. Check if the convergence criteria is met.[9therwise

9.Setk =k + 1 and go the the step 4.
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And then, define dk to be sigma plus 1 upon ck, and this ck as k goes to infinity, as k
becomes larger and larger, this, this actually will converge to the largest eigen, the, the

eigenvalue, right?

And define x k plus 1 as 1 upon ¢ k y k and then check if the convergence criteria is met.

In case that convergence criteria is met, you stop, otherwise, increment this iteration by 1,



k equal to k plus 1, and go to step number 4, that is, again solve A minus sigma times

identity y k is equal to x k for y k. So, that is the algorithm.
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The inverse power method is also know as inverse iteration with shift method.
O Remark Note that the inverse power method is nothing but the power method applied to the matrix (A — o) !
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And this algorithm, let us look at how we can implement. So, in this case, this dk will

converge to lambda k and this x k will converge to the corresponding eigenvector, right?

This is, since here we are using inverse of this, this matrix in some sense, that is why it is

called inverse iteration with shift method; shift in the sense, here we are using, we are

shifting lambda by sigma, minus sigma actually, lambda minus sigma. So, that is why this
shift method, right?

And if you can notice that the inverse power method is nothing but the power method

applied to the matrix A minus sigma i to the power minus 1, that is inverse of this matrix,

right? So, let us implement this in Sage.
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0

The inverse power method is also know as inverse iteration with shift method.

Q
B Remark Note that the inverse power method is nothing but the power method applied to the matrix (A - ol) 1
)
-}
10 -8 4
O Example 3. Find the smallest eigenviue and the corresponing eigenvectorof A = | =8 |3 § |starting with
-4 4 4
* xp = (1,1, 1) using the inverse power method
| e I
e
"
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So, let us take a matrix A, which is this 10, minus 8, 4, minus 8, 13, 5, minus 4,4, 4 and

find out its, find out its smallest eigenvalues, in this case, we have to say smallest

eigenvalue. (Refer Slide Time: 26:23)
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In the above algorithm dy converges to 4 and x™ converges to the corresponding eigenvector, 3

0

The inverse power method is also know as inverse iteration with shift method.

Q
B Remark Note that the inverse power method is nothing but the power method applied to the matrix (A = 61)”".

**gxample 3.%* Find the smallest eigenvlue and the corresponing eigenvector of

O $A=\left(\begin(array}{rrr
106 -8 84 \\
-8&1345\\
44484

* \end{array}\right)$ starting with

$x_0=\left(1,1,1\right)$ using the finverse power methed.
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Find out the smallest eigenvalue and the corresponding eigenvector of A right, using
inverse power method; using inverse power method; using inverse power method, right,

ok.
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[ ]: From numpy import argmax,argmin
A=matrix([[10,-8,-4],[-8,13,5],(-4,4,4]])

Lq n = A.nrows()

Td=identity matrix(3)

x@=vector([1.6,1.9,1.0]) ## Initial guess

°° mgm:za #

dig=8 # nus

tol=0, 00001 # ference of two consecutive eigenvectors

(] errz1 # Initial

sig=1.9 # Init
ise
* while(iczn and err>=tol):
yo=(A-sig*1d). inverse()*x@

ynodey®. apply_map(abs)

imax=argmax(ymod)

cl=y@[imax]

dl=sig+l/cl

x1=y0/cl

print( "Iteration Number:", i+1)

gf? print( "y"sstr(i)+"=",y0.n(digits=dig), "d"+str(i)+"=", d1.n(digits=dig))
i &; finel mniienriiayien un o

@ NoKemel | Idle Saving completed Mode:Command @  Ln 1, Co!
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rumber of itera

shown is dig-1

So, again the algorithm will be exactly very similar to what we, we saw, we, we import

argmin and argmax, this is the matrix, let us say n is the number of rows in A and then

define the identity matrix, in this case | should say, actually n here this is the initial vector

which is 1, 1, 1 and maximum number of iterate we have taken as 20.
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from numpy import argmax,argmin
A=matrix([[10,-8,-4],(-8,13,5],[-4,4,4]])
B n = A.rows()

* while(iczn and err>=tol):
y0=(A-sig*Id).inverse()*x@

ymodey®. apply_map(abs)

imax=argmax(ymod)

cl=y@[imax]

dl=sig+l/cl

x1=y/cl

print( "Iteration Number:", i+1)
"y"estr(i)+

{ - A
b @ NoKemel | Idle Mode:Edit @ L8, Col
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, "d"sstr(i)+"=", dl.n(digits=dig))

If you want you can take, let us say, 30, number of digits is 8, tolerance is 10 power minus

5, error, initial error is 1, and sigma value you start, with let us say, 1.9.
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while(i<=n and err=tol):
O y0=(A-sig*Id).inverse()*x@
ly_map(abs)
B
% r®, i41)
0.n(digits=dig), "d"+str(i)+"s", d1.n(digits=dig))
,X0.n(digits=dig))

R?: Practice Fxercises
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And then, i is equal to, start with i equal to 0, and yi is less than equal to n, and error bigger
than equal to tolerance limit, you compute y is equal to A minus sigma times identity the

inverse of that into x 0.

Now, here I, though | have written the inverse of, find the inverse, but you could apply
some other method to solve this, ok. Since this is not a very big example, this is only 3 by

3 matrix, finding inverse may not be all that difficult.

But in principle, if you want to implement this for any generic matrix, you should avoid
this, finding inverse, right; and then again define y mod is the modulus of all the entries of
y i, maximum is the argument of the maximum, c1 as y1 that is yO upon the maximum of
the yi, define d1 as sigma plus 1 upon c1, and x 1 as y0 upon c0. And then print all these
y0, ¢, y0, c0 and x 1, and then, then increment i by 1, and then redefine, or x 1 you store it
in X0, and then continue this loop, ok?
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o print( "Iteration Number:", i+1)

print( "y"sstr(i)+"=",y0.n(digits=dig), "d"sstr(i)+"=", d1.n(digits=dig))
.n(digits=dig))

print( "x"sstr(itl)+"s",

i=is1
[ -
) Iteration Number: 1
L yo= (3.0273924, -3.8029171, 13.486304) do= 1.9741493
x1= (1.0060000, 1.0000000, 1.8000000)
D Iteration Number: 2

56, -3.3806960, 10.247717) dl= 1.9975827
3, -0.28198365, 1.0000002)

4019, -3.3366981, 10.017333) d2= 1.9998270
70686, -0.32989747, 1.0020002)

Number: 4
6670698, -3.3335702, 10.001219) d3= 1.9999878
x4= (0.16695081, -0.33389245, 1.0000002)

I [15]: A.eigenvalues() 1
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So, let us run this, when you run this, in this case, it requires only 4 iterates, iterates and in
this case we, we have obtained in 4 and 4th iterate this, this is the eigenvector and this
should be eigenvalue. So, let us look at what are the eigenvalues of A, the smallest

eigenvalues of A is 2, you can see here, and you can also find out what are the eigenvectors
of A.
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Iteration Number: 3
o y2= (1.6724019, -3.3356381, 10.017333) d2= 1.999827¢

X3 6, -0.32983747, 1.0000002)

Iteration Number: 4

Q y3= (1.6679698, -3.3335702, 10,001219) d3= 1.9999878
E xd= (0.15695081, -0.33389245, 1.0000000)

A.eigenvalues()

3 A.eigenvectors_right()
e[
) (1, -2, 6)
L),
(3.3212201246579912, [(1, 1.0848474844178642, -1/2)], 1),

(21.67877987534291?, [(1, -1.2098474844178642, -1/2)], 1)]

Exercise. Explore the folloing methods and create Sage routines.

* Rayleigh Quotient Iteration Algorithm
« QR Method

#
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So, let us find out A dot eigenvectors , and so, the eigenvalue corresponding to eigenvector;

eigenvector corresponding eigenvalue 2 is 1 minus 2 6. And in this case, actually this is,



since it is divided by 6, the maximum value you can see here, this is 1, and this will be

minus 2 by 6, which is minus 1 by 3, and this is 1 by 6, right?
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X @ SopeldsndEubnsMethodpd! X | 4 = a X
G O kealostssi ax 8@ :
T Fle Edt View Run Kemel Tebs Setngs Help
™) A CMSM _Lecture8-lipynb X

B+ XDO0O» ®C» Cde v SageMath 9.1 O

o Practice Exercises
1 1 =19 114
8
7 14 -40 -27
1. Find the largest eigenvalue and the corresponding eigenvector of th ematrix using the power method.
S N AU
L7
o 1 =1
P B B )
O =21 -3 A
2. Find the largest eigenvalue and the corresponding eigenvector of th ematrix using the power method,
203 4 -M
b3 7 -1 -1 Y

12
3. Find the smallest eigenvalue of A = ‘ 01 4 ’a") the corresponing eigenvector using the inverse power gethod.
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So, that is what you, you have got, right? There are other methods which one can use in
order to find eigenvalues, eigenvector; one is Rayleigh quotient iterations algorithm. So,
it uses Rayleigh quotient and in this case, in fact, one can also find other eigenvalues and
eigenvectors. And then the other one is called QR method, which uses QR factorization
and in this case, actually you can find all eigenvalues and eigenvectors, corresponding
eigenvectors together.

Although, this, this method is quite expensive because at every stage you need to compute
QR factorization of a matrix. So, that is quite expensive, so, but it, it can, in case of a small

matrix, you can, you can try out.

So, I, I expect you all to go through this method, look at help on these methods, and try to
implement it in Sage, right? Let me leave you with two-three simple exercises. Find the
largest eigenvalue and corresponding eigenvector of this matrix using power method, and
this is the second problem, next one is find the smallest eigenvalue of A and the

corresponding eigenvector using inverse power method.

So, these are the three simple exercises we, we have already written user-defined function

for each of this, though we have not written user-defined function for inverse power



method, but 1 am sure we can, you can just make small change in this, this syntax and

convert into user-defined function, ok?

So, let me stop here, this is how we find numerically eigenvalues and eigenvector, which
are dominant eigenvalues and eigenvectors, and it has several applications in science and

engineering.

Thank you very much.



