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Lecture - 47
Interpolations in SageMath
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Welcome to the 47th lecture on Computational Mathematics with SageMath. In this
lecture, we shall explore some methods of Interpolations. So, let us start with Lagrange
interpolations. So, what is Lagrange interpolations method? So, in case you are given, let
us say, set of n plus 1 points in the plane, where y i is, let us say, value of a function f of x

i, and this x i may or may not be equally placed.

Then we want to, what we want? We, one can show that then there is just a unique nth
degree polynomial passing through these n plus 1 points. And this polynomial P n, let us
say, call this polynomial P n, is given by 10(x)y0 + 12(x)y2 + ... + In(x)yn, where 1 1,11}

will be O if i is not equal to j, and is equal to 1 if i is equal to j.

So, one can show that, or one can find that I i is given by this formula, which is product of

(X-X0)*(x-x1)*... *(x-x(i-1))*(x-x(i*+1))*...*(x-xn). So, numerator is product of x minus X



J, i not equal to j, and denominator is (Xi-x0)*(xi-x1)*...(xi-xn). So, the product will be x

i minus X j, when i is not equal to j.

So, that is li. So, this is what is, any interpolating polynomial like this is known as Lagrange
interpolating polynomial. So, let us see how we can create this Lagrange interpolating
polynomial; it should be quite easy to write a program, Sage program that finds this

Lagrange interpolating polynomial.
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However, we will use inbuilt methods in Sage. So, let us start with, we have these five
points minus (1, 1), (2, 2), (3, -2),(-2, 9) and (1, 3), and let us plot these points. So, these
are the set of five points, to these five points, we want to fit a Lagrange interpolating
polynomial. So, here since there are five points, the Lagrange interpolating polynomial

will be of degree 4.
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Now, how do we do that? So, first define R to be PolynomialRing over this X,
PolynomialRing over R, and with symbol x. This is what is generally, we call R x. And
then the Sage has inbuilt method over this R, called Lagrange, Lagrange underscore

polynomial, and that you fit it to these nodes, which are these five points.

Now, if you look at what is this; what is this f; let me ask you to show what is this f, this
is the interpolating polynomial you have got, these are the coefficients. So, this is
coefficient of x power 4, this is coefficient of x power cube, and so on, so that, it has inbuilt

method to find interpolating polynomial.

Now, let us plot the graph of this interpolating polynomial along with these set of points.
So, we simply add this plot f between minus 2 and 3. So, you can see here this, right, the
x coordinate of these points lies between minus 2 and 3. So, let us plot this, and we will
plot points in red color, and the curve in blue color. So, that is the Lagrange interpolation
polynomial along with the set of points.

And you can extend this to any finitely many points. Of course, if you have large number

of points, then it will take lot more time, right, ok? So, this we have already done.
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Next, you can evaluate value of f at any point, intermediate point between minus 3 and 2.
So, fat 0.5 is this; if you evaluate, let us say, for example, f at node point. So, for example,
fat minus 2, f at minus 2 is 9. And what was the f at minus 2? That is also 9, minus 2 is 9;
fatlis3.
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So, for example, if I say fat 1 is equal to, fat 1, then it will be 3. So, this polynomial passes

through all these points. So that means, if I, the p, if I call this polynomial as f, then f of x

iisy i, right?
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And similarly, you can, you can even find out f, the value of f at, let us say for example,
5, it will give you, of course the question of accuracy, the, it may not be all that accurate,
ok? Similarly, let us look at, suppose we have a function f(x) is equal to 1 upon 1 plus 4 x
square, and let us say, divide this into n equal parts for various values of n, and let us find

out Lagrange interpolating polynomial to this.

So, how do we do that? We can take f(x) equal to 1 upon 1 plus 4 x square and then let us
plot this function first, and then again define R to be polynomial ring over QQ, or over
RR. And let us take, we have 20 points. So, plot these 20 points xi and yi; yi is f at xi, and
then fit, find out this polynomial which is Px, | am calling this as Px, and then plot the
points along with the given set of polynomials. So, let us see how it looks like. Yeah, so,

this is how it looks like.
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Let me, let me reduce the figure size, show this with fig size is equal to, let us say 4. So,
this is what you get, this is a, so, you can see here, | mean this fitted polynomial would be

quite close to the actual graph of the function.

So, in this case, these are the set of points and the fitted polynomial. You could also plot
graph of this, the function f of x. So, let me, let me plot, let us say, yeah, this is already

plotted, this is in black color, and this fitted polynomial in, in blue color and you can see



here, both are almost close to each other, except somewhere here, which is not all that

close.
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So, if you increase the number of points, for example, if | increase instead of 20, let us

make it to 50, and then it will be much more closer actually, right? So, one can find out

what is the error term.
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You could also create, for example, plot several interpolating polynomials together.
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So, this is just, we are plotting inter, interpolating polynomial by dividing this interval

minus 1 to 1 in 4 parts, in 6 parts, in 8 parts, and in 10 parts.

So, all these together you can also plot. So, this, this is just to demonstrate that in case you

increase the degree of this interpolating polynomial, then this approximation is much better

than, much better, or it is very close to the actual graph.
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You could also create an animation for this using Sage interact, using Sage interact.

However, here | am running Jupyter lab, Jupyter lab seems to have some problem when it

comes to running this animation.

So, what I will do? I will run this in Jupyter. So, let me go to my desktop, and let me start

Sage notebook.
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By the way, you can run more than one Sage server. So, | am running Jupyter lab, at the

same time, | am also starting Jupyter NoteBook.
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Now, let me start a new NoteBook, that is new SageMath kernel.

(Refer Slide Time: 09:23)

In [*]: ### Creating interactive plot
#% Run this in Jupyter
R = PolynomialRing(QQ, "x")

ginteract
def _(pts=input_box([(1,-2),(2,2),(3,5),(4,11),(5,12)], 1abel="Enter the points',width=169)):
n = len(pts)
P(x) = R.lagrange_polynonial(pts)
P = expand(P)
G = point2d(pts,size=20,colors'green’)
for k in range(n):
v = kil
G += text("$%s$"Nstr(pts[k][1]), (v,P(x=v)-1))
G += plot(P,x,1,n,color="red")
G += text("$y = ¥s$"¥str(latex(P(x))), (n#1,P(x=n)+1))
G.show(titles'Lagrange+Polynomial passing through given points’)

Enter the p. 1,-2),(2,2).(3,5), (4, 11), (5, 1%
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®
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And let me paste it here, and let us execute this, let us execute this. It is taking time, yet it
should come, right?

(Refer Slide Time: 09:44)

megrate | X | 2 Home X @ Untithedd X 4 =)

C  ® lcalhost2889/notebooks/Untitledd ipynbkemel n

~ Jupyter Untitled4 cast Checkpoint: a few ssconds ago (unsaved changes)

=

2+ % @B 4 ¥ NRin B C|H Coe v B

Enter the p. 101,-2).12.2).(3.5). (4, 11). (5. 12

Lagrange Polynomial passing through given points

Fo
®
LS P— on @ RN0CESGQ® o0

So, this is what you get, and it should also give you, just one second, let me run once again.
So, this gives you the set of points along with the polynomial which it has found out. And
you can change these points.
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G.show(titles"Lagrange Polynomial passing through given points’)

Enterthep... | [, 172, 1), (3.5) 4. 116,12

Traceback (most recent call last)
7/site-packages/ipywidgets/widgets/interaction.py in

249 value

50 self kwangs[widget._kuarg] = value
» 251 self.result = self.f(**self kuargs

252 shou_inline_matplotlib plets

%3 £ self.auto_display and self.result is not None

<ipython-input-2-8¢321661de75> in (pts
6 def _(pts=input_box([ (Integer(1), Integer Integer(2),Integer(2)), (Integer(3), Integer
(5)),(Integer(4),Integer. Integer(5), Integer ],1abel="Enter the points',width=Integer(

7 n = len(pts)

<> 8 _tmp_=var("x"); P = symbolic_expression(R.lagrange_polynomial(pts)).function(x
9 P = expand(P
10 6 = point2d(pts,size=Integer(28),color="green"

P
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So, for example, we have taken 1, minus 2; | can take 1, for example, 1, 1; 2, let us say 1.
And then run, automatically this will change.
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So, this is how one creates, this is what is called as the Sage interact.

So, first, you are giving the set of points, that is, some default points, and this is the label,
and then we are saying what is the width of this, and then all you need to do is, just add
these commands which we used for plotting interpolating, Lagrange interpreting
polynomial along with the set of points, that is all is required.



So, you can, you can create this for actually, this is what is called interactive graph, right?

Let me go back to the Sage Jupyter lab.
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Once, next, yeah, let us look at, Sage has also inbuilt function to, you can also use scipy

in order to find interpolating polynomial. So, how do we, how do we do that? So, let us

first import scipy, and once you have imported scipy, then inside scipy, there is a, there is

a, there is a module called interpolate.
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Interpolation using scipy
import scipy.interpolate
scipy. interpolate.splprep

from scipy.interpolate dnport lagrange

polyld([-0.27380952, -6.1395238, 1.85714286, 1
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So, if | say Sage scipy dot interpolate, and then dot, and then press tab, let us run this, and
then press tab. You will see all the several, just one second, scipy dot interpolate, inter, oh
there is inter p dot, just one second. Now, we have to import, let us import interpolate,
scipy dot interpolate, ok? Now, you can ask for scipy, scipy dot interpolate dot tab; then

you will see the several, there are several methods, including one which is Lagrange.

So, this is Lagrange interpolation. It also has spline interpolation, and there are many other
things. So, you can explore this and it also has b spline, right? So, how do we make use of
this Lagrange interpolation from scipy? So, let us import numpy as np and from, in Sage,

from scipy interpolate import lagrange. And then how do we create?

Suppose you have these points xx, the x coordinate of the set of points four points is what
| have taken here, yy is the y coordinates of this set of points, and just say lagrange(xx,yy),
and then it will give you the polynomial. Of course, in this case, it gives you the

coefficients of the Lagrange interpolating polynomial.

And again you can find out what is the value of Lagrange interpolating polynomial at any
point, let us say, for example, 1.2, right? So, this is how you can use Lagrange interpolating
polynomial, either using this method Lagrange underscore polynomial, or you can use
scipy, right?
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Now, let us look at spline interpolation. So, spline interpolation is actually very powerful
tool and it is used very heavily in many engineering branches, whenever you want to
approximate some curve, then we use spline interpolation. So, Sage has inbuilt function
called spline. So, you can, you can take help on spline, and then see what are the facilities

available inside this document, right?
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So, let us create spline. So, first of all, you take, define the set of points. So, here the points
we are taking as (0, 1), (1, 2), (4, 5), (5, 3), and we simply say spline over this set of points,
list of points, and then let us see what is S. It gives you S as it has created the spline that
fits to this set of points, and it says that you can, this spline is fitted over the set of points.

Now, you can find out what is the value of the S at any point, intermediate point.
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]
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So, suppose if I say S of 1, it should give me 2; if | say S of any value between 1, 0 and 5,
it should give me. So, for example, if | say S of, say 3, then it is this value, 3 is not part of

any of this x, value of the nodes.
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But if 1 say S of, let us say 7, then it will give you none value; if | say anything beyond

these x values. So, S of, let us say, minus 1, it will also give you none value.



(Refer Slide Time: 15:37)

vierleb X Intecraled does not inegrate X | = Home x| @ Untitledd X 4 = )
“ C O localhost8888/lab¥Numerical-Integratior OR +¢ e H
~ File Edt View Run Kemel Tabs Settings Help

™) Al CMSM Lecture7-6ipynb @

B+ XDOMO»mC» Cde v SageMath 9.1 O
O s = spline([(e, 1), (1, 2), (4, 5), (5, 3)]); S
[(2, 1), (1, 2), (4 5), (5, 3)]
Q
B s(1
2.9
o,
L]
s(-1
0
Y $(-1),5(6)
s[1] = (2, 3 t e
S
[(e, 1), (2, 3), (4 (5, 3)]
e "o
is-;
NLF ©  SageMath0.1|Idle Saving completed Mode: Command @ Ln 1, Co
ﬂap];L1,:e}'e'eluzea'L‘v o Z e n : 0 G E @ & ~rol

So, this, unlike Lagrange interpolating polynomial, this spline will fit only within these set
of points, not beyond this. Yeah, so, this | already explained. You could even change the
value of one of these nodes after you have fitted this spline. So, for example, S of 1, S of
1 will be this 1, 2 was S of 1; that is the second point, in this case, was (1,2). Now, suppose
I change that to (2,3), and then you can again run, it will recompute this spline and gives
you the value, right? So, you do not have to do this procedure again; you simply just

reassign one of this node, it will compute.
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Similarly, you could, you could even delete one of these nodes. So, suppose I, if we delete,
delete the first point; what was the first point, (0, 1). Suppose we delete this first point and

then see what is S; you will see that now first point is not there.

You could even, you could even append a point; now, let us say, append first point 0,
instead of (0,1), let us say (0,-1) and then. Now, of course, it will append at the end, not at
the beginning; but it does not matter whether, this order does not matter, you can still, you

will be able to fit this spline.
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a ##Exanple
L pts = [(i + sin(i*2)/2, i-cos(i*2)) for 1 in range(16)]

f = spline(pts)
show(point(pts) + plot(f,e,9, color='red'))
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You could, now let us plot the graph of set of points; the points we are taking as i plus sin
i square divided by 2, and the second coordinate is i minus cos i square by 2, i is varying

between 0 to 9. And when you fit this spline to this set of points, and let us plot this graph.
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##Example

&% pts = [(i + sin(i*2)/2, i-cos(i"2)) for i in range(18)]
f = spline(pts)
show(point(pts) + plot(f,e,9, color='red'),figsize=4)
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So, you can see here, this is actually very very smooth. So, fitting spline is, let me, let me
reduce the figure size, fig size is equal to let us say 4; yeah, if you increase the number of

points, for example, instead of 10, let us make it 50 and then this is, this is.
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[30]: ##Example
|g pts = [(i + sin(i*2)/2, i-cos(i*2)) for i in range(56)]

f = spline(pts)
show(point(pts) + plot(f,0,9, color='red'),figsize=4)
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So, in this case, these set of points has gone out.
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[32]: ##Example
I% pts = [(i + sin(i*2)/2, i-cos(i"2)) for i in range(5e)]

f = spline(pts)
show(point(pts) + plot(f,0,58, color='red'),figsize=d)
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So, I should say here n; oh no, this is, this is 50, right? So, that is how you can fit.
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pts = [(i + sin(i*2)/2, i-cos(i"2)) for i in range(18)]
f = spline(pts)
bq P = point(pts) + plot(f,e,9, color="red")
P1 = plot( lambda x: f.derivative(x),
X, 8, 9, figsizes[5,3], color='blue' )
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Similarly, let us take; you could, once you have fitted this spline to given set of points, that
spline you can even find the derivative, you can find derivative. So, for example, let us
look at the same spline and then find out derivative of this f; f is the spline fitted to this set
of points, and we can find out the derivative of this, and then plot the graph.
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So, let me again reduce the figure size, figsize, figsize is equal to let us say 5, in this case,
right?
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pts = [(i + sin(i"2)/2, i-cos(i"2)) for i in range(18)]
f = spline(pts)
hq P = point(pts) + plot(f,e,9, color="red")
P1 = plot( lambda x: f.derivat:
X, 0, 9, figsizes[s,

3], color='blue’ )

ou show(P#P1, figsize=d)
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So, no, 5 is slightly big. So, let me make it 4, you can, right? So, this fitted spline, this is
actually a differentiable function.
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I [36]: f.definite_integral(e,1)

I [36]: -2.243870521633206

Practice Exercises

{," 1. Create a Sage routine to find the Lagrange interpolating polynomial to a given set of points.
(¥
u@
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Similarly, you can, you can even integrate. So, you can find out f dot definite integral of
this between 0 and 1. So, you can find different, integral of this between 0 and 1, or 0 and

whatever is the number, for example, we have taken here 10.
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'] f.definite_integral(e,2) _
-0.8918559178187253

Practice Exercises

1. Create a Sage routine to find the Lagrange interpolating polynomial to a given set of points.

s’:‘ 2. Consider the function f(x) = xe *". Generate 10 points x}, x, ..., xjo which are equally placed between 0 an
ey ?
i\ | F©  SageMath 0.1 |idle Saving completed Mode: Command @ Ln 1, Col
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So, we can ask 9, sorry 9 is | think beyond. Yeah so, within that limit, it will give you the
definite integral, ok? So, you could also explore, for example, | would expect you, in case
you have learned other interpolation method like Newton's method, which uses equally
placed points in an interval; then you could actually create your own Sage subroutine for

Newton's backward and forward interpolation, similarly for Newton's divided difference,
right, ok?
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[ Practice Exercises
L) . .
L 1. Create a Sage routine to find the Lagrange interpolating polynomial to a given set of points.
o 2. Consider the function f(x) = xe™ . Generate 10 points xy, x2, ... . xi which are equally placed between 0 and 1. Define y; = f(x;)
Find the Lagrange interpolating polynomial passing through {(x;. y;)}. Plot the points along with the Lagrange interpolating
polynomial
3. Obtain the polynomial P(X) that interpolates f(x) = I+ using 21 evenly spaced points. Then, for each of the 21 evenly spaced

points, find the values of f and $P. What is the largest difference between these values.
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So, let me leave you few simple exercises. The first is, create Sage routine to find Lagrange
interpolating polynomial to a given set of points, we have used inbuilt methods. Next one
is consider a function f(x) equal to x into e to the power minus x square. Generate 10
points, random points x 1, x 2,..., x n which are equally placed, between 0 and 1, and

define y equal to f(x i).

So, you have 10 points (x i, y i); now find the Lagrange interpolating polynomial passing
through this, and then again plot these points along with this. So, | expect you to do this
for your user-defined function that you have created for Lagrange interpolating
polynomial. And the last one is, obtain the polynomial Px which interpolates this using 21
evenly spaced points, and then for each of these 21 evenly placed points, find the value of
f, and the value of P, and value of P and also tabulate the difference between the value of

f and the value of P.
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o° 1. Create a Sage routine to find the Lagrange interpolating polynomial to a given set of points

2. Consider the function $F(x)=xer{-x"2}$

i ldots, x_{10}$ which are equally
@ and 1. Define $y_i=f(x_i)$. Find

omial passing through

nomial,
3. Obtain the polynonial $P(xk$ that interpolates $F(x)=\frac{x}{1+25x°2}$ using 21 evenly spaced points.

* Then, for each of the 21 evenly spaced points, find the values of $§ and $9$. hat is the langest difference between
these values.
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[ Practice Exercises
& .
] 1. Create a Sage routine to find the Lagrange interpolating polynomial to a given set of points.

0o 2. Consider the function [(x) = xe™'

¥i = f(x;). Find the Lagrange interpolating polynomial passing through ((x;. y;)). Plot the points aleng with the Lagrange

Generate 10 points x|, X2, ..., Xjg which are equally placed between 0 and 1. Define

nterpolating polynomial

5

3, Obtain the polynomial P(x) that interpolatls f(x) = N using 21 evenly spaced points. Then, for each of the 21 evenly spaced

points, find the values of f and P. What is the largest difference between these values
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Let this, let me put this as small x, right? So, that is the, these are the three exercises; you
could use here spline interpolation or Lagrange interpolation, and in both the cases, you

can, you can, you can compare, right? So, this, these are some simple exercises you could

try.

So, thank you very much.



