Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Lecture - 46
Numerical Solutions of System of Linear Equations in SageMath
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Welcome to the 46th lecture on Computational Mathematics with SageMath. In this
lecture, we will look at Numerical solutions of system of linear equations. So, we have
already seen how to solve a system of linear equations in SageMath. So, for example, if
you, if you have a system of linear equations Ax equal to B, we can solve this using A dot

solve underscore right.

Here A is square system, right, or we can use solve function, in that case, we need to create
each equation, and we, you will solve, and in the square bracket, we will write list of
equations, and solve with respect to the given variables, right? Of course, you can look at
help on solve A dot solve underscore right to find out how this program solve underscore
right is written. So, in case you have a large system, then solving this system using A dot
solve right may be slightly difficult. Similarly, solving manually using RREF may also be
quite time consuming. So, in that situation, one can use some numerical methods to, to

solve system of linear equations iteratively.
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B Gauss-Jacobi and Gauss-Seidel methods
We write the system AX = B as
5 )
% Xist = HXi 4 C
Kere H is called an itration matri
0O
LetA = L.+ D+ U/ where D is the diagonal part, I. and U/ are strictly lower and upper triangular parts of A
] Then AX = B reducesto (L + D + U)X = Bwihich can be written a5 DX = ~(L + U)X + B

I D s invertible then
X=-D'UL+U)X+D'B
Hence the iterative sequence is given by

XM= p 4+ UXY 4D 'R

Thus the iteration matrix H = =D '(L+ U)and C=D '8
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And 2 important methods we will discuss; one is Gauss Jacobi, and Gauss Seidel method.
So, let us see how does it work? So, suppose we have the system AX equal to B, then we
write this system AX equal to B as an iteration scheme X k plus 1 is equal to H into X k
plus C, where H is called iteration matrix, and C is another matrix.

So, how do we write this H and C? So, what we do? We, we split A as L plus D plus U,
where D is diagonal part of A, L and U are strictly lower and upper triangular parts of A,
right? And then what do you do? You, you write AX equal to B as L plus D plus U X is
equal to B, and then you can separate DX from the left-hand side. So, DX will become
minus L plus U, the whole thing times X, plus B. And in case D happens to be invertible
matrix, that is, all diagonal entries of D are non zero, then you can write X as minus D
inverse L plus U into X plus D inverse B. So, this minus D inverse L plus U is what is
defined as H, the iteration matrix, and C will be D inverse B. This particular scheme is
known as Gauss Jacobi iteration scheme, and in this case, one can show that this iteration
scheme is convergent, no matter what is the starting guess value, starting guess solution
X0, if and only if the spectral radius of H is strictly less than 1. Now, what is spectral

radius?
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Spectral Radius If A is n X n matrix. Then the spectral radius p(A) is defined as

PA) := max{|A(4)] where A(A) is an cigenvaluc of A}
Diagonally dominant Matrices

% A square matrix A = [ay] is called diagonally dominant if

jaie| 2 Z jay| forall i = 1.2,....n
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Spectral radius of a matrix is nothing but the maximum of the modulus of all the
eigenvalues of the given matrix. So, one can, one can find spectral radius, this is quite
because, we are taking modulus because it could also be negative and it, eigenvalue could
be negative, it could be also complex eigenvalues. So, we take modulus of this, and since
A is n cross n, it will have at most n real eigenvalues, it will have at most n eigenvalues,

and then we take the modulus of all of these and then take the maximum.

Now, another condition on the convergence, the necessary condition on convergence is
that, in case this coefficient matrix A is diagonally dominant, diagonally dominant, then
this, this matrix D, the diagonal will, entries, all will be non zero, and hence you will be

able to invert this D, you can find the inverse of D.

And what is diagonally dominant matrix? In case the modulus of the, the diagonal entries,
let us say mod Al[i,i], is bigger than equal to summation of the modulus of the remaining
entries in each row, in ith row in this case, then we say that A is diagonally dominant,

right? And in case this inequality is strict, we say that A is strictly diagonally dominant.

So, in case A is strictly diagonally dominant matrix, one can show that this iteration
scheme will always converge no matter what is the starting guess value. And of course,
this is not a sufficient condition; the sufficient condition is the spectral radius should be

strictly less than 1, right?
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So, I, I leave this as an exercise to, for you to write a subroutine, Sage subroutine to check,

if a given matrix is strictly diagonally dominant, this would be quite easy to, to create.
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Now, let us write a program in order to, to, to create this iteration scheme, Gauss Jacobi
iteration scheme. So, how do we do that? | am just giving a name Gauss underscore Jacobi,
you give input A, the matrix A, the right-hand side matrix B, and the X 0 is the initial

guess, and then see how many iterates you want to, to, to give.



So, n is the number of iterates. Now, let us take n to be the number of columns of A and
define H, C, and L to be 0 matrix, n cross n 0 matrix, and D also, D, L, U, everything to
be 0 matrix, and we are taking X to be, starting guess value is all 1s, right? And then take,
first thing is the, we, we, we need to define what should be this diagonal matrix? What
should be the upper strictly upper triangular? And what should be strictly lower triangular

matrix?

So, this is a small code which separates capital D, capital U and capital L, that is the
diagonal. So, diagonal entries, you just. D[i,j], is A [i,j], because D was n cross n, n cross
n 0 matrix. So, diagonal entries, you replace it by A[i,j], and similarly, in case i is strictly
less than j, then you get U[i,j] is equal to A[i,j], which is upper, strictly upper triangular,
and otherwise you take L[i,j] as A[i,j], which is strictly lower triangular. And then let us
define D1 to be the inverse of D, and H is defined as D inverse times L minus D inverse
times U, and C is equal to D inverse B. And then, then what you do? You start with, let us
say, call X 0, store X 0 into Xold and then run this iteration scheme capital N times, let us

run this.
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And let us now call this function for a given matrix A and B and X 0, we are taking, let us
say 0, 0, 0 you could take anything.
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For example, | can take x1 to be 1 and you can notice that this is a diagonally dominant
matrix, and then let us call this Gauss Jacobi method, and this is what you get after 20

iterates.
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If I take, for example, 50 iterates, this is what we get. Now, let us verify what is the solution
using inbuilt function? So, you can use A dot solve underscore right, or A backslash B, A
backslash B is a command which is very similar to MATLAB command. So, this is the

actual solution using inbuilt function, and what we are getting is very very close to this



actual solution. So, what we have created is, is a numeric numerical method to solve Ax

equal to B using Gauss Jacobi iteration scheme. (Refer Slide Time: 08:46)
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Now, similarly, you can, you can try with other matrix. So, this is, let us say, if | take this
matrix, and so this matrix, actually it is not diagonally dominant, you can see here, and if
| take any guess value for example: 0, 0, 0, or | can take, let us say, for example, 1, 2, 3

and try with this.
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So, you can see here, this does not seem to be converging instead of 2, 20 iterations, if |

take 200 iterations, it is becoming very very large, whereas, whereas if you try to solve



this, if you try to find what is solution of this, A backslash B, the solution is this, which is

not what you are, you are getting.
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So, this, it, it also means that initial guess, in case the matrix is not diagonally dominant,
you may not get solution using Gauss Jacobi method, right? So, in case, and in case the
matrix is diagonally dominant, no matter what is the starting guess value, this iteration
scheme will always converge. Of course, you can, you can find out what is the spectral
radius of the, the iteration matrix H, and then see whether in this case spectral radius would

be more than 1, right?
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Gauss-Seidel Method
5 LetA = L+ D+ U where D is the diagonal part, L and U are as before. Then AX = B reduces to (L + D + U)X = B which can be writen as
(L+D)X ==UX+8
8
8 If L+ D is invertible. Then we have
X=-(L+DI'UX+(L+Dy'B
O
Hence the iterative sequence is given by
XS =+ Dy'UXY + L4+ D) 'R
* ! vatr = ~(1,+ D)™ U and C = (L + D',

t of in Gauss-Jacobi method.
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So, let us look at the next method, which is Gauss Seidel method. So, Gauss Jacobi method
actually what it does is, it finds x 1 from the previous iterate, x 2 from the previous iterate
and so on. Whereas, Gauss Seidel method x 1 for example, if you are computing x 3 at kth
iterate, then x, x 2 and x 1 you would have obtained in kth iterate itself. So, x 3, for
computing x 3, we need the value of x 1 and x 2 from the kth iterate, and from, and x 4
onwards, you need from the previous iterate, that is k minus 1th iterate. So, again, you can

create this, this iteration scheme in matrix form.

So, in this case again, the splitting is exactly the same. But, however, instead of writing D
X on the left-hand side, now we, we write D plus L times X on the left-hand side. Therefore
D plus L times X is equal to minus UX plus B. D plus L will be lower triangular matrix
including the diagonal part. So, in case this D plus L is invertible, you will have X is equal
to minus D plus L inverse into UX plus D plus L inverse B. So, H becomes now minus D
plus L inverse times U, and C becomes D plus L inverse B. So, this is the change apart
from that everything is exactly similar to Gauss Jacobi method. And in this case again, this
iteration scheme converges, if and only if this spectral radius is strictly less, spectral radius

of H, that is iteration matrix, is strictly less than 1, right?
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O [ 1: def Gauss_Seidel(,8,x0,N):
.ncols()
trix(RR,n,n)
B _matrix(RR,n,n)
O
ERIETER)! i
H=-(D4L). inverse()'U
C=(0sL). dnverse()*3 P
xoldexe
for 1 in range(1,N)
xsH*xold+C

j" 5 xold=x
i return x
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So, let us create the program for this. So, in this case, only H and C are changing, except
that everything is same. So, let me, let me just run this run this. And then show you, and
then, ok.
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else: 73

(] U, f1sAlL)

B nverse()*s
for & in range(1,k)
°° x=H*xold+C
xoldsx
return x

A=matrix(aR, [[15.

-10.8,2.0],(2.9,-5.0,19.9]])

@], [e.e), [e.e]])
Gauss_Seidel(A, 8,x9,20)
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Now let us call this Gauss Jacobi method and one can show that the Gauss Seidel method

is faster than Gauss Jacobi method. So, this is what you get, and using inbuilt function also

you should get the very similar result.
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So, the 2 solutions are very close to each other, and instead of, let us say 20 iterates, if I

say 100 iterates, then also you will get solution which is much closer to the actual solution,

right? So, these 2 are very simple methods of solving system of linear equations iteratively.

There is another method which is called relaxation method.
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So, in this relaxation method the, in again this iteration scheme, the H and D, so we write
this iteration scheme of AX equal to, AX plus, AX equal to B as, again the same splitting
A as D plus L plus U and x k plus 1 will become H times x k plus D, where capital H is
given by D plus w L inverse into 1 minus omega, this is omega, D plus omega L inverse
into 1 minus omega D plus omega U, this, that H, omega is known as relaxation factor. In

this case, we are actually, what is called successive over relaxation scheme.

And D is given by this. So, and one can show that this, this method actually it converges

for, under certain conditions.
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So, I will just mention that separately, so again, let us create a user-defined function for
SOR, Successive Over Relaxation scheme. So, x everything is again same except that,

except that H and D changes.
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So, let us, H and C changes. So, there, just for uniformity, let me write this capital X, and
this to be capital C here. So, this is, this becomes capital C. So, that it will be uniform right
now. So, again in this case, we are just writing D, capital H and capital C using that formula
above, rest everything are same.
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So, how do we, how do we write? So, in this case, the input we have to give is A, B, X 0

and omega, the value of omega. That is the, the, the term which, which is the relaxation



term and then the number of iterates. So, once we, we, we let us say run this program, and

then we can now call it. So, let us call this program and see, what is the solution?

(Refer Slide Time: 15:19)

verlek X Inegratef) does not megrae X | 4 =0
€ 2 C O locathost2s8s/labsNumerical ntegration Qax @
~ Fle i Tabs ~ Settings ~ Hel
m | Eovs Sipnd @

B+ XO0O»wC» Cde v SageMath 9.1 O
B
i
(6]

0.518023562510990 l

l e
{,\w.
3@ SageMath 8.1 | Idle Saving completed Mode. Command @ [n
WP TBLrye bere to search o ¥ @ " N0CHES Y |

So, in this case, you can see here the, both the solutions are also very close to each other
using inbuilt function A dot solve and using SOR method, right?
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Now, suppose you, you take this and choose the various values of, let us say, omega. So,

for example, let us say, choose omega to be minus 0.5, in case we choose omega to be



minus 0.5, you can see here this, this scheme does not converge, or if I choose omega to

be, let us say, let us say 3. Then also this does not converge.
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o x1=matrix(RR,[[8.9],[e.€],[e.0]])
show(SOR(4,B,x1,1.2,50))
shou(A.solve_right(3))

5

#7 Experinent with different values of w <@ and >=.

* shou(SOR(4, 8, 41,3,50) )

s
{ti 3
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However, if we choose omega, let us say 0.5, then this converges.
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shou(A.solve_right(3))
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show(SOR(A,B,x1,1.2,50))
show(A. salve_right(s))

B
s
0O [l)il‘\l!:?if\filil‘)‘ﬂ)
* shou(SOR(4,8,x1,1.5,50))
0.234921751362759
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If we choose omega to be, let us say, anything between 0 and 2, this scheme will converge.
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Suppose that the matrix A has positive diagonal elements and that () < @ < 2. The SOR method converges for any starting vector x'" if and only if A is

B symmetric and positive definite.
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O Practice Exercises
*» 1. Modify the Gauss-/acobi, Gauss-Seidel and SCR methods to inicude tolerance limits.

2. Consider the system of linear equations AX = B where

31 -5 13
§ 2 -2 ‘ and b= [ MJ
-10 5

Set up the iteration schems X**' = HX* 4 d, for Gauss-Jacobi and Gauss-Seidel methods, Find the spectral radius of H in bott}

ce of these iteration schemes.
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So, that is a necessary condition for this SOR method. So, what does it say? If you have a
matrix A which has positive diagonal elements, and you take any omega between 0 and,
strictly between 0 and 2, then this SOR method converges for any starting guess value x

0, if and only if A is symmetric and positive definite.

So, in case A is symmetric and positive definite, then no matter what is your omega, which

| mean, whatever omega you choose between 0 and 2, and then take any initial guess value,



this SOR method scheme converges. So, there are several other methods as well, but we

will not go into all these methods.

So, these are 3 methods which I thought I will cover. So, one is Gauss Jacobi method,
other one is Gauss Seidel method and one can show that Gauss Seidel method is faster
than Gauss Jacobi; that means, the convergence is, | mean faster than Gauss, convergence

is, Gauss Seidel is faster than Gauss Jacobi.

And then you have the relaxation method, over relaxation method SOR and all these
methods are generally, it is very simple to implement. Of course, when you, when you
solve this, solve Ax equal to B using inbuilt SageMath method that is A dot solve right,

you do not know what method it is using, but it is quite simple to create these methods.

Now, let me leave you with few exercises. 1 exercise is, | already gave you to, to create
Sage subroutine in order to check, whether a given matrix is diagonally, strictly diagonally
dominant. And you can also, for example, the, the method that we have created, the

subroutine which we have created, it uses the number of iterations for a stopping criteria.

You could also include the tolerance limit. So, tolerance, how will you include? The
difference between the 2 successive iterates, because this, the successive iterates are
vectors. So, difference we have to take as norm. So, norm of the difference between 2

successive iterates, if it is less than some predefined number, then you stop.

So, that in, in the above program, you can, you can incorporate, you can use while loop
and also include this tolerance limit. And the next problem is, consider the system of linear
equations for this, write this iteration scheme and then find out what is spectral radius of

H and then check whether this system converges. Let me stop here.

Thank you very much.



