Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Lecture - 43
Solving System of linear ODE using Eigenvalues and Eigenvectors
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Solving System of Linear ODE using Eigenvalues and Eigenvectors
o Example:
00 =2 |
* Consider a system of linear equations X' = AX .‘sh-:'e\=‘] 2 1]m.\m,=1:]
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Welcome to the 43rd lecture on Computational Mathematics with SageMath. In this
lecture, we will look at Solving System of linear Ordinary Differential Equations using
Eigenvalues and Eigenvectors. So, let us start with an example. So suppose you have a
system of ordinary differential equations as X dash t is equal to AX. So, X here, X is X 1,
X 2, X 3. So, X dash will be X 1 dash t, X 2 dash t, X 3 dash t, and AX is this, where A is

this matrix X. So, what will you get?

X 1 dash is going to be minus 2 times X 3, and X 2 dash is going to be X 1 dash t plus 2
times X 2 dash t plus 3, plus X 3 dash t, and X 3 dash t will be X 1 dash t plus X 3 dash t
and this is ordinary, this is initial value problem. So, X 0 which is 1, 2 and 3 column; that
means, X Lat0is1, X 2at0is2,and X 3 at 0 is 3. That is the system of linear ordinary

differential equation we are looking at, and we want to solve this.
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0 Strategy to solve system using diagonalization.
Suppose A is diagonalizable. Let A 3 PDP~" vihere D i diagonal matrix of eigenvalues of A
g ¥
X' =AX=pOP'X = PTX' = DP7'X
k- Let7 = PIX. Then 2/ = p1X!
o The system is reduced to
2" = DZ with Z(0) = PZ(0).
* The solution of this system is
z="70)
This implies,
X = P p~'X(0)
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Now, how do we solve this system? So, so, first let us assume that this matrix is
diagonalizable. Suppose, this matrix is diagonalizable, then we can write A as P into D
into P inverse, where D is the diagonal matrix of eigenvalues, P is the matrix which
diagonalizes this E, right? So, in this case, now what is the X dash? X dash has become X

dash, which is AX, which has become P into D into P inverse X.

And this implies that if you multiply both sides by P inverse, then what you will get? P
inverse X dash is equal to D into P inverse X, right? So, in case we substitute this P inverse
Xas Z. So, if | take Z is equal to P inverse X then Z dash will be nothing but P inverse X
dash. So, this differential equation now has become, Z dash is equal to DZ, where Z at 0
is P times X at 0.
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o ### Strategy to solve system using diagonalization,
Suppose $A3 is diagonalizable. Let $AsPDP*{-1}$ where $0$ is diagonal matrix of eigenvalues of $43.
8 $$X'=AX=PDP*{-1}X \Longrightarrom P*{-1}X'=DP*{-1}x$$
Let $7 = PA{-1}X§. Then $Z' = PA{-1}X'$.
% The systen is reduced to
$52' = 02 \text{ with } 2(0)=P0).55
The solution of this system is
$$ 2= e"{D(t)}2(0).5%
* This implies,
$5X=P e*{D(t)}P*{-1}X(0).5%
0
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This would be X at 0. So, let me change that, this is X at 0, right?
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Strategy to solve system using diagonalization.

[
Suppose A is diagonalizable. Let A = PDP™" where DD is diagonal matrix of eigenvalues of A
o X' =AX=PDP'X = P"'X' = DP"'X
letZ=P'X.ThenZ' = P"'X'
O
The system is reduced to
* 7" = D7 with 7(0) = PX(0)
Y
The solution of this system is
Z=¢"7(0)
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So, that is the, the differential equation. Now, Z dash is equal to DZ. And where Z at 0 is
P into X at 0. Now what is D? D is diagonal matrix. So, what you are looking at? You are
looking at differential equation Z 1 dash t is equal to some lambda 1 times Z 1, and Z 2
dash t is equal to some lambda 2 times Z 2, Z 3 dash t is equal to some lambda 3 times Z
3.



So, those are very easy to solve. This differential equation D, dX by dt is equal to some
constant times X is easy to solve. | am sure, you must have already solved this. The

solution is in terms of exponential.
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o X'=AX=PDP'X = P'X' = DP"'X
[ letZ=P'X.ThenZ' = P'X'
The system is reduced to
O° :
7" = D7 with Z(0) = PX(0).
D The solution of this system is
Z=¢"700)
* x
X =pPpx(0)
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So, what will be the solution of this system? This will be, Z is equal to e to the power D t,
D times, this is D into t here, into Z at 0. So, e to the power t is going to be the exponential
of the, let us say lambda 1t differential diagonal matrix, exponential of lambda 1 t,
exponential of lambda 2 t, exponential of lambda 3 t, diagonal entries and multiplied by Z
0, so that is the solution.

So, in case the matrix is diagonalizable, the solution can be obtained by taking the
exponential of diagonal matrix and the diagonal matrix, the diagonal entries are nothing
but eigenvalues. So, this, this, and now if you substitute in this, X is going to be P inverse,
X we have substituted as P inverse, Z we have substituted as P inverse X therefore, X is

going to be P times Z.

So, you just write P into this, that is the solution. So, that is how we can solve this system
of ordinary differential equations using eigenvalues, eigenvectors. In particular, when the

matrix is diagonalizable.
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Now, let us see how we can use this in SageMath. However, Sage has an inbuilt function
to solve a system of ordinary differential equation. This is known as de underscore solve,
desolve underscore system. And what you need to do is first declare the variable with
respect to which you want to solve, and x1 is a function of x1 t, X2 is function of x2 t, x3
is a function of x3 t. Then define the first differential equation, which where derivative of

x1 is, is equal to minus 2 times x3, that is what you have this matrix, right?

And then x2 dash, the 2nd differential equation in this system is x2 dash t is equal to x1
plus 2 x2 plus x3, and 3rd equation in this system is x3 dash t is equal to x 1, x1 t plus 3
times x3. Now you just call desolve underscore system. Then give the list of differential
equations and mention the variables with respect to which you want to solve. And mention
the initial conditions. So, here initial condition is 0, 1, 2, 3 that simply means that x1 at 0
is1,x2at0is 2, x3at0is 3, and mention the initial variable this is t here. So, if | ask it to
solve and then it will give you the solution. It may take a few seconds, but it will give you

the solution, right?

So, this is the solution. x1 dash t is minus 7 into e to the power 2 t plus 8 into e to the
power t, 2nd x 2 t is 6 e to the power 2 t minus 4 e to the power t and x3 is 7 e to the power

2 t minus 4 into e to the power t, that’s the solution.
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E'Q var('t')
A = matrix([[(e,0,-2],(1,2,1],(1,0,3]])

Xesvector([1,2,3])

Now we find the matrix P such that P~'AP = D
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Now, we want to look at how we can solve this using diagonalizability method, right? So
first let us define this coefficient matrix A and the initial vectors in X 0. So, these are the
matrices and declare t as a variable. And next what we need to do? We need to find the
matrix P, such that P inverse AP is D. That is, we need to diagonalize this matrix and that

we know how to do that.

So, we can simply say A dot eigen matrix underscore right, this will give me the diagonal
matrix of eigenvalues and this matrix P. So, let us, let us run this. So, these are, this is the
diagonal matrix, so it has 2 eigenvalues 1 and 2; 2 has multiplicity 2, whereas 1 has
multiplicity 1, and the eigenvector with respect to eigenvalue 1 is 1, minus half, minus
half, with respect to 2 there are 2 eigenvalues 1, 0, minus 1, and 0, 1, 0, ok? So, these are
the, the D and P.
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o, A*P==P*D
True

dt = matrix([[t,0,0],(6,2"t,8],[0,0,2*]])
exptexp(dt

* show(expt)
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Now, what do we do? Next, we will, we will, you can also check that whether A into P is
P into D, that is correct, we have, we have this. Now what we need to do? Let us find the
exponential of this diagonal matrix. | am calling this dt, and what is the exponential in this
case? First, we find out the matrix d into t, t times d which is the diagonal matrix t, here it
is 2 tand here it is 2 t, right? This is lambda 1 times t, this is lambda 2 times t and this is
also lambda 3 times t. Lambda 3 and lambda, lambda 2 and lambda 3 are 2, right? And
then Sage has inbuilt function to find exponential of a matrix as well. So, if | say
exponential of dt, it will give you the exponential. So, let us look at what is exponential of
this matrix. So, this exponential is the, exponential of a diagonal matrix is nothing but the
diagonal matrix of the exponential of the diagonal entries so, e to the power t, e to the

power 2 t, e to the power 3 t, right?
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" XeP*expt*P. inverse() X0
show(x)
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Now, what is the solution? The solution is X is equal to P into exponential of dt into P
inverse times X 0, right? And so when you do that, this is what you get. So, the first
solution is minus 7 times e to the power 2 t plus 8 into e to the power t and the 2nd
component is 6 e to the power 2 t minus 4 e to the power t, 3rd component is 7 into e to
the power 2 t minus 4 into e to the power t. And if you compare this with the solution
which we got, obtained using inbuilt function, they are the same, right? So, this is how you
can solve a system of linear ordinary differential equation using, using this
diagonalizability. So, you, once the matrix is diagonalizable, then solving this system is

very easy, right? Of course, the price you pay in the diagonalizing, this the matrix, right?
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Now, what if that matrix is not diagonalizable? So, how do we solve that? So, in order to
solve such matrices, such a system of ordinary differential equations, one has to use a

notion of Jordan canonical form.

So, in case the matrix is not diagonalizable, you, what you can, you can ask for what’s the
best you can do, right? As we looked at, what is the best possible curve that you can fit to

given system of, given set of points.

So, similarly here we can ask, in case the matrix is not diagonalizable, what is the best
possible way, or what is kind of matrix which is best, or very close to the diagonal matrix?

So, this is what is known as diagonal Jordan canonical form. So, let us look at an example.
Sage has inbuilt function to find Jordan canonical form, let us look at 2 examples. From

there I will explain, but this is very useful concept in linear algebra.
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So, suppose you have a matrix A, which is this matrix, and you can find Jordan canonical
form of this matrix.So, there is inbuilt method called A dot jordan underscore form, and
you need to mention what kind of, here the transformation is true, that option. So, it will
give you 2 matrices; one is J, which is Jordan canonical form, Jordan matrix, and P is the

matrix which converts A into this Jordan form.

This will be, this will be a matrix of, a kind of Jordan basis, ok? So, let us ask it to show

what we have got. So, this J is, it has 2 blocks; each block is called a Jordan block, so here



first block is 3. So, this means that A, A has an eigenvalue 3 with multiplicity 1, whereas
A has another eigenvalue namely 2 with multiplicity again 1, that is why this matrix is not

diagonalizable. It is easy to check that this matrix is not diagonalizable.

So, this is what is called Jordan block. So, Jordan block is basically going to be a matrix
of this form, where the diagonal entries will be a particular eigenvalue and just above the
diagonal will be all ones, right? So, this is, and this is the, the matrix P, the first column,

this is going to be eigenvector with respect to eigenvalue 3.

And these 2 vectors is, what is called actually, generalized eigenvector, with vectors with
respect to the eigenvalue 1, ok? So, | am not going to get into too many, | mean much

details on finding Jordan canonical forms, ok?
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Bamatrix([[e, €, 0, 9, -1, -1],[0, -8, 4, -3, 1, -3],(-3, 13, -8, 6, 2, 9],[-2, 14, -7, 4, 2, 16],
B [1,-18, 11, -11, 2, -6],[-1, 19, -11, 19, -2, 7]]
show(B
% ] 1] 0 0 -1 =1
0 -8 4 -3 1 3
U -8 6 )
0 14 -7 4 10
| 18 11 -1l -6
* 1 19 =1l 10
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So, now let us see another example, slightly bigger example. So, this is a matrix, this, this

is a 6 cross 6 matrix.
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° J,P=B.jordan_form(transformationztrue);
show(3); show(P)
B8 ,:,7" 0 0] 0 0
0f=1 1 0[0 0
0L 0 =1 1[0 0
% 00 0 -1]0 0
DR EE
0O 0ol 0 0 0] 0 -
o 1 11 s 1
* =2 00 5 0
221 30 220
=21 =20 -1 0
g =i 1§ 4 2
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And let us find out Jordan canonical form of this matrix. So, when you find Jordan
canonical form of this matrix, this, this is what you get. So, you have 3 Jordan blocks here,
1 block is with respect to eigenvalue 2, other 2 blocks are again with respect to eigenvalue
1, sorry minus 1.

So, this is a 3 by 3 block of eigenvalue minus 1, and this is 2 by 2 block, Jordan block,
with respect to eigenvalue minus 1. So, you can have more blocks, or several blocks with
respect to a given eigenvalue, ok? And you can, you can check that in this case, the, the
characteristic polynomial of this matrix is going to be x minus 2 into x minus, minus 1,

that is x plus 1 to the power 5.

So, this is easy to check that this is the characteristic polynomial, which is x minus 2 into
x minus x plus 1 to the power 5. So, it has only 2 eigenvalues, namely 0, sorry 2 and minus
1, minus 1 has algebraic multiplicity 5, right? And when you, so this is the matrix P. So,
this is a, a matrix consisting of Jordan basis, this is the eigenvector with respect to
eigenvalue 1, these are all eigen, not eigenvectors, these are what is called generalized

eigenvectors of A with respect to eigenvalue minus 1, right?
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So, this is how you can find Jordan canonical form of any matrix, and if you want to look

at step by step procedure or some kind of algorithmic approach of finding Jordan canonical

form of a matrix, you can visit this site which is created by myself and Professor Sang-Gu

Lee.
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Jordan Canonicdl Form; an algorithmic approach

Ajit Kumar at ICT, Mumbai

Sang-Gu Lee at SKKU, Korea

In this worksheet. we look at steps to compute a Jordan Canonical form of a matrix. Let A be an 2 x n matrix. Note that if A does not have enough eigenvectors, it may not be
diagonalizable. In this case, we wan to transform A into its Jordan Canonical form. For more information on the Jordan Canonical Form, users are encouraged o consult any
standard Linear Algebra textbook. Let A be an eigenvalue of A of multilicity . Suppose v # 0 be an eigenvector corresponding to an eigenvalue X, then

(4 Mp o

If the above equation has fewer than 1, inearly independent solutions, then we would not have enough eigenvectors to dagonalize A. In this case
are us\e‘fyl Avector vis said to be a generalized eigenvector with respect to the eigenvalue A if
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for some positive integer k.
1 10
Example: Find generalized eigenvectorsof A= | 1 1 1),
0-11

of A.

Compute th polynomial and their

2 peA.characteristic_polynomia.

3 print "Characteristic Polynomial is", p

4 print p.factor()

5 "A has only one eigenvalue with multiplicity 3"

1 A-HtPiX(OQ.I[lll:ﬂl-[hl.l]i f)’.-l.l]])

Language: | Sage v

'ﬁa‘:@m“ Syniax Hghlighiing

1 ev=A,eigenvectors_right()
2 Xi=ev[@][1][@] # which is also a generalized vector of index 1.
) print "the only eigenvector of A is X1=",X1

WB(Eate)

.‘PwLTypeherelcsearch 0o e ;u 9 ﬂ 0 f

So, that is the website it gives you several examples along with the, the, some kind of

algorithms.
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Check if (A — AT)zy = 0.

1 Aematrix(00, [[1,1,8], 11,11, 8, -1,11]) R

2 EYE=identity_matrix(3)
3 B=(A-EYE)*X1;8

Yt (Evaluate)

Langusge: [Bage v
Synlaa Hghligriing

Solve (A — AT}z, = 2y to obtain 2.

1 EYE=identity_matrix(3)
2 XK2=(A-EYE).solve_right(X1);X2

i (Evaluate)

Language:[Sage v

Syntax Highligniing

Check f (A - M)z, 0

G

8(Evluate)
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Soive (A~ Al)xs — 75 to odtain x5, M

‘ 1 X3=(A-identity matrix(3)).solve_right(X2)
2 X3

Language: | Sage v
b3 Gl 0 SyiacHghigring

Checkif (A — A)ay = 0.

[ 1 ey

Language: | Sage v
hBiRskas)y S g

Check i (A — ATy =0,

[1 aeeve)as

‘PWLTypeherlluseavch o i e n ﬁ u o ‘
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Check i (A - M)z =0

[ 1 ueveyranis
Language:[Sage v

Gy o

Check i (A — M)*zy =10,

[ @-eve)ans

Language:[Saga v
- W¥(Evaluate) Symex Hghlghing

si Mza 40 (A XVro £ 0and (4 M¥re 0 3a — (10 Nisa of A ofindex 3
ng ~
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To find the Jordan form, carry out the following procedure for each eigenvalue of 4.

Procedure:

1. First, solve (A — ATJv = 0 for each eigenvalue X of A. Let | be the number of linearly independent solutions of (A — AI)v = 0. If 7, = r, then we are in good shape;
otherwise

2 Sowe (A /\I)zv 0. Let r be the number of Iinearly independent solutions of (A ,\I)Zv 0.1fro — 7, then we are in good shape; otherwise

3. Solve (A — AJ) ) = 0. Let 73 be the number of inearly independent solutions of (A= AT Jv = 0.1y = r. then we are in good shape. We continue this process unti
we get ry = r for some N.

‘The number IV Is the size of the largest Jordan block associated to A~, and r s the total number of Jordan blocks associated
tol A

4. Nextwe define, ; =7y, 8 =Py — 11,83 =13 — T2, ... 8y =Ty — TNy =T —Ty_p.
8y Is the number of Jordan blocks of size at least k x k assoclated to A~
5. Nextdefine, my = 8; — 8, My = 8y — 83,M3 = 83 — 8y, ..., My_1 = 8y_1 — Ty andmy = 8y.

‘Then . is the number of k x k Jordan blocks associated to A,

.‘PwLTypehemusearch o e ;| ﬁ n Q ‘
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r
3011 0000 0 0 0
1300 0000 0 0 0
0031 0000 0 0 0
0003 0000 0 0 0
0000 3211 0-3 1
Example: Find a Jordan CanonicalformofA=]0 0 0 0 1 200 1 1 1
0000 11306 5 -1
0000 0214 1 3 1
0000 00O0ODO0OC 3 0 0
0000 0000 2 5 0
0000 0000 -2 0 5
1A= matrix(QQbar,11,(3, @, 1, 1, 0, 8, 8, @, 0, @, O, 2
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1 print "The transition matrix for the Jordan Canonical Form is P="
2 show(P)

Language: | Sags v
Synax Highlighiing !

‘ 1 p=A,characteristic_polynomial();show(p)

Langusge:[Sage v
1 Smax Hyhlghing

‘ 1 p.factor()

Language: | Sage v
Syniax Hghlgriing

A has two eigenvalues, A = 5 of multiplicity 2 and A = 3 of multipliciity 9,

1 1d=3
2 .eigenvectors_right();ev

ng A

.'Fr)ﬁl'lypeherelnsﬁv:h o &t e -u ﬂ u 0 G Aol

(Refer Slide Time: 15:16)

Z ity X @ It Uit Sogee X o — X

€206 @

Since rank(A 3!)‘ 2, there are nine linearly Independent solutions of (A 31)‘0 0.Thatis, rg — 9 r. We stop at this stage.

[1ra=

Language: | Sage v

Syniax Hghlighiing

Now let us find 5y, 89, 53, 54 and my, g, mg, my.
Thusthereisa2 x 2, a3 x 3and a4 x 4 Jordan block corresponding to A = 3.

That is, we have

Soocw
cownr
cw-o
w— 2

Now consider the second eigenvalue A = 5

Since there are two linearly indedepnt eigenvectors corresponding to eigenvalue A = 5, there are two 1 x 1 Jordan block with respect fo A = 5.

414

Thus the Jordan canonical form of A looks like

(310000000
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J 000003110000

00000030000

0000000(31/0°0

0000000O0[0300

0000000[00/50

0000000O0[00/05

Finding the transiton matrix P such that P *AP = J,

Since there s a Jordan block of order 4 x 4, we want a vector vy suchthat (4 -~ 31)'v, — Oand (A~ 31)°y, /0
Since there is a Jordan block of order 3 x 3, we want a vector vs such that (A — 31)"v5 = 0 and (A - 31)v; # 0.
Since there is a Jordan block of order 2 x 2, we want a vector vs such that (4 — 31)*vg — Oand (A -~ 31)uy /0

Example: Find the Jordan canonical Form of

0 0 0 0 -1-1

-3 B -8 6 2 9 r E |
2 4 T 4 2100
1-18 11-11 2 -6

.'PuLT",‘neherelcsearch o e < '] @ ¢ Aol

How to find Jordan canonical form of a given matrix, so there are several examples also.
(Refer Slide Time: 15:17)

Z iwytelib X @ JFakithm UvithSogee X o - 8 X
€206 @
| A=matrix([[0, @, ©, 8, -1, -1],[0, -8, 4, -3, 1, -3],[-3, 13, -8, 6, 2, 9],[-2, 14, -7, 4, 2, 10],
2 [1,-18, 10, -11,.2, -6),(-1, 19, -11,°10, <2, 7]])
show(A)
Language: | Sage v
48 (Evaluate) Syniax Honlgring
Permalink, Shortened Temporary Link
0o 0 0 011
0 -8 4 -3 1 -3
3 13 8 6 2 |
-2 4 -7 4 210
118 11 11 2 -6
-1 19 -1 10 -2 7

Powered oy SDJE.

p=A.characteristic_polynomial();
print "The characteristic polynomial is"
3 show(p)

HY(Evaluate)

&P B L1y bere tosearch ot @m0 @F¢ ~ol

Pemalin




(Refer Slide Time: 15:18)

p=A.characteristic_polynomial();
print "The characteristic polynomial is"
show(p)

N Langusge:[Saga v
Y8 (Evaluate) Synex Hghlghing

Permalink, Shoriened Temperary Link

213102 15 952

Powared oy SDJE.

‘ p.factor()

Langusge: Saga v
Sy Hohlghiing

A (Evaluate)

Permalink, Shortened Temporary Link
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And it also has an inbuilt Sage cell. So, you can, you can run each of this, ok? So, you can

look at this website.
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ku.ackr/JCF/ICF-algorithm.htm

B £ 8
Example Consider a system of linear equations X' = AX where A =| 2 | =2 |and X(0) = 32
-1 0 5
L)
o
¢ Solve the above system using the inbuilt function.
D « Use the JCF to solve the above system.
ﬂ?‘,‘.d. ©  SageMath 9.1 |Idle Saving completed Mode: Command @ (n 1, Co
%‘%}m
"
£
8 TBLrpe b toseach on@eam0®e@ ~ot PR

Now, let us look at how we can solve a system of ordinary differential equation using

Jordan canonical form.

So, the procedure is exactly similar, except there, A was split into, into P inverse DA, in
case A is diagonalizable. In this case, now it will be split as P inverse JP, and so Jordan

canonical, that exponential of a, Jordan of a matrix A will be actually written in terms of



exponential of Jordan blocks. An exponential of Jordan blocks is also very easy to, to find

and this is what it is, it uses.

(Refer Slide Time: 16:14)
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+ Solve the above system using the inbuilt function.
ﬁ ¢ Use the JCF to solve the above system.
% t = var('t")

x1 = function('x1')(t)
x2 = function('x2')(t)
x3 = function(

de2 = diff(x2, X14x2-2°X3
de3 = diff(x3, 148%x242%x3
* sol=desolve_system([del, de2,de3], [x1,x2,x3],ics = [@,8,32,5],ivar=t)

Saving completed

099!-4 ©  SageMath 9.1 | Idle
A

Lede -

\\
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So, let us look at this example, and you can first, again solve this system using inbuilt

Mode: Command @ Ln 1. Co

SageMath 9.1 O

[s)

Y | ”r

function, inbuilt functions, desolve system, these 3 differential equations.
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o t = var('t')

x1 = function('x1')(t)
x2 = function(
LQ x3 = function(
del = diff(x1, X14X24X3

de2 = diff(x2,t) 14x2-2%3

a de3 = diff(x3,t) ==- x1#0*x242°x3

o sol=desolve_system([de1, de2,de3], [x1,x2,x3],ics = [@,8,32,5],1var=t)
sol

O [XI(t) == 21*t*ert + 12%er(3*t) - 4%e’t,

X2(t) == -42't'eMt + 28%e7(3't) + 8'e’t,
X3(t) == 21'tert - 12%A(3%) + 17%ert]

08 4 @ SageMath91|ldle

K
i‘”ﬁ LT,se here to search

Saving completed
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So, let us, let us ask it to show what is the solution we have obtained.
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[XI(t) == 21*t"ert + 12%e7(3't) - 4%e’t,
X2(t) == -a2*t*e’t + 24%e"(3%t) + 8'e’t,
Q x3(t) == 21't*ert - 12%e*(3%t) + 17%"t]
[ ]
sol
i
]: solxl, solx2,solx3 = sol[@].rhs(), sol[1].rhs(),s0l[2].rhs()
solx=matrix([[solx1],[solx2],[s01x3]])
D show(solx)

ses
[Vs;at ©  SageMath 9.1 | Idle
L
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Saving completed
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So, that is the solution, now let us look at how we can solve this using a Jordan canonical

form.
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o Strategy to solve system using JCF
g Suppose A = PJP~" where J is JCF of A. We write X" = AX = PJP"'X. This implies P~'X" = JP~'X which results in
(P'X)" = J(P""X). This suggest that we can use the change of variable, say Z = P X. Then we need to solve, Z/ = JZ. Thus the
solution to the original system is X = PZ
u
The initial condition for ' = JZ is Z(0) = P~'X(0). Hence we have Z = ¢/P "1 X(0). Thus the final solution is given by
X = PP x(0).
O
A= matrix([[2,1,1],[2,1,-2],[-1,0,2]]); show(A)

n;.A @ SageMath 9.1 Idle
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Saving completed

Mode: Command @  Ln 1, Co

So, what is the strategy we are going to adopt? So, here A is P into J into P inverse, J where

J is Jordan matrix of A, consisting of Jordan blocks, right? Now, so in this case, and we

have the equation X dash t is equal to AX. Therefore, this is going to be P into J into P

inverse. So, multiply both sides by P inverse, you have P inverse X dash is equal to J into

P inverse X.



Now, if you substitute P inverse X is equal to Z, then the system may become Z dash is
equal to J into Z, and with initial condition X, X 0 is equal to some, some matrix. So,
therefore Z0 will be P inverse X 0, right? So, what will be the solution in this case?
Solution of Z dash t equal to Z, this is going to be e to the power J of t times P inverse X

0, right, e to the power Jt.

Now, J is Jordan canonical form of A, and finding Jordan canonical form of this,
exponential of Jordan canonical form is an easy task, you can always find this, so that is
the solution. Now, let us look at, so this is exactly same as diagonalizable matrix, except
that you need to find exponential of Jordan canonical matrix, right? So, let us take, define
A as this matrix, which is the, the coefficient matrix of this system X dash t is equal to
AX.
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0

A.eigenvalues()
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SageMath 9.1 | Idle Saving completed Mode: Command @ (n 1, Co

0 8.4 fc]
o)

\

WP TBLpe bere tosearch o @ n 0] @C¢MH ~ e )

And let us find eigenvalues of A. So, eigenvalues of 3 and 1 and 1, but if you look at the
determinant of this matrix is 3. So, determinant is 3 right, so this, and let us look at what
is the eigenmatrix of A? So, eigenmatrix of this, you see that one eigenvalue is 0, one, this
is a 0 matrix. So, it cannot be diagonalizable, this matrix is not diagonalizable, that is what

it means. It does not have enough eigenvectors to make a basis, right?
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Clearly the above matrix is not diagonalizable.

5] W find the JCF of A.
. 3,P=A. jordan_form(transformationztrue);
] show(3); show(P)

: R
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So, in that case, we will find Jordan canonical form of A. So, let us find Jordan canonical
form of A, and this is the Jordan canonical form. So, it has 2 blocks, one is 3, other one is
Jordan block with respect to eigenvalue 1, whichis 1, 1, 0, 1. And this is the diagonalizing,
this is a matrix P whose first column is eigenvectors with respect to eigenvalue 1, and these

2 generalized eigenvectors corresponding to eigenvalue 1, right?
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So, now what we will do? Let us, you can ask what is the, the parents of J? You can ask
whether P inverse AP is J, that is true, this is just to check what you have obtained is

correct.
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And then you can ask it to find what is exponential of this Jordan canonical form. So, here
this is the, this is the diagonal entry. So, here it will be just e to the power 3t and this is a

exponential of Jordan block whichis 1, 1, 0, 1.

So, you see here e to the power, e to the power t, t times e to the power t. If it were 3 cross
3, then it will, next it will come as, t square by 2factorial into e to the power t and some
things like that. So, you can, you can take some, let us say 5 by 5 Jordan block with respect
with, with some diagonal entries, let us say 2, 2, 2 and diagonal, next to the upper diagonal

as 1,1, 1 and then find out its exponential, right?

So, this is the initial vector, that is X 0 is equal to 8, 32, 5 that is the X 0. So, X0, X 1 at0
is8, X2at0is 32, X3at0isb5, right?
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O l 0 0 y"
Xo=matrix(3,1,(8,32,5]

s01)=P*exp(J*t)*P. inverse()*xe

L | ]: show(sold)

O 2+ 12680 -4¢
—420¢ + 2480 4 8¢

i 20 =12 +17¢
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Now, we know what, how to solve this. So, we already have the solution is given in this
form as X is equal to P into e to the power J, J times t into P inverse X 0. So, that was
solution, this is what you get, right? So, if you compare, you can see here, both these are
same. x1 dash t is same as what the first component here, and so on. So, this is how we
can solve system of ordinary linear differential equations using eigenvalues, eigenvectors.
In case it is diagonalizable; it is quite easy, if it is not diagonalizable, then one can use

Jordan canonical form.

This Jordan canonical form again is very important concept. | did not look at the theory of
this Jordan canonical form, it is slightly involved, but however, it has this application, and
once we know Jordan canonical form of a matrix, which we can find out using SageMath,

we can make use of this quite nicely, right?
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Practice Exercises
[
1. Solve the system of ODE X’ = AX using the inbuilt Sage function desolve and using diagonalization method, where
% 112 =36 =36 1)
=27 27 -84 8l 0
A= , X(0)=
-9 8 =25 2 2
O 5 "
34 -12 -10 3
* 2. Solve the system of ODE X' = AX using the inbuilt Sage function desolve and using diagonalization method, where
I 10 =2
1= k ] X0 =1
0 -11 3 |
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So, let me just leave you with couple of exercises. One is solving this system of ordinary
differential equations; this is 4 equations in 4 variables. So, in both these cases, you should
try to solve this system using inbuilt function, desolve, desolve underscore system, and
also use this diagonalization method. So, whether it, if it is diagonalizable, you can use

diagonalizability of A, if it is not, you have to use Jordan canonical form, right?

So, let me stop here. So, we will look at some more applications of linear algebra in next

class.

Thank you very much.



