Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Linear Algebra with SageMath
Lecture — 29
Working with vectors in SageMath

Welcome to the 29th lecture on Computational Mathematics with SageMath. In this
lecture, we will start exploring concepts in Linear Algebra. So, first, let us look at basic
objects in linear algebra, for example, vectors, and matrices. So, let us see how we can
define vectors in SageMath, and do various operations or computations using vectors.
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So, the easiest way of defining vectors in in SageMath is to declare vector, in the square
bracket, write their entries.

So, for example, in this case, 1, 2, 3 are the coordinates of this vector u, and here 1, 2, 3
are integers. So, if I, if | declare this, and ask what is the type of u, it says that it is a vector
coming from module called vector underscore integer, and dense, right? So, this is very

similar to how we declare array in numpy, except that there we had array, now we have



vector, and everything else is the same. You can also mention the domain from which

entries are taken.

So, by default, here all these entries are integers, so it says that it is vector, integers vectors,
right? Next, you can declare entries coming from rational numbers, from real numbers,
from complex number, even from finite fields. So, several options are there in order to

give the domain from which the entries are defined for any vector, right?

So, these are, for example, if I, if I now, if | ask, we have declared u5 as a vector over finite
field F be 5. So, this will take all the integers modulo 5, it will give, only entries will be
integers having entries modulo, in modulo 5, right? So, let us see various operations that

can be, can be done on vectors.
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So, for example, let us look at three vectors a, b, c. Let us declare these three vectors a,b,c.
Again, | have not mentioned the domain from which each of these vectors are taken, and
since, these are integers, it will be vectors over integers. Now, first thing you can do is,

you can plot the graph of a vector.

So, any vector which is declared in two, and three dimensions, you can plot using same
plot function. So, if | say a dot plot it will plot vector a, I am mentioning the colour red, b

dot plot will plot vector b, and ¢ dot plot will plot vector ¢, and then ask it to show this,



these three vectors. So, when you run this, it will plot graph of these three vectors you can

rotate again, and see.
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So, red one is the vector a, green vector b, and blue one is vector c. You can reduce the,
the size of this vector, and rotate, ok? So, this is how we can plot graph of any vector, and

visualize, right?
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Now, suppose you want to do, let us say scalar multiple of a vector, and add to another

vector. In particular, you can take any linear combination of vectors. So, here we are asking



for 2 times a plus 3 times b minus 4 times ¢, or let us say 2 times a minus, minus 3 times

b plus 4 times c. This is gives me this vector.

So, any linear combination, a scalar linear combination of vectors can be obtained.
Similarly, you can find length of a vector using a function called norm. A method called
norm on a vector, right? So, a dot norm so, for example, let me, let me first say a dot norm,

if you look at the vector, ais 1, 2, minus 3.

So, the norm of this is going to be square root of 1 square, plus 2 square plus, minus 3
square. So, it should come at as square root 14, right? So, this is what is called Euclidean
norm. So, you can even mention inside the bracket 2, that is a Euclidean norm, it is also

known as L2 norm, right?
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If you want to find the numerical values you know what needs to be done, you can say dot
n. Similarly, you can find L1 norm, which is actually sum of the modulus of the each entry,
this is called L1 norm. So, if you are, in the bracket if you mention 1, it will give you sum

of the mod of each entry or each component.
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Similarly, you can find what is called Sup norm, which is by giving option infinity in the
bracket. So, this is actually maximum of the modulus of each entry. So, that should be 3,
right?

So, this is how you can find length of a vector, and you can verify various properties of
length. For example, length of vectors satisfy triangle law of inequality; so, length of a
plus b will be less than equal to length of a plus length of b, right? You can also find dot
product of 2 vectors. So, if you have two vectors a, and b, which we have already declared,;
a is this, b is this. And if I look at what is dot product of a and b, so, you can simply say a
dot, dot underscore product, in the bracket you write b. So, this is a dot b. (Refer Slide
Time: 06:29)
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You could also write dot product as a star b. So, if | say a star b, it will give me dot product
of a and b, right? So, you can mention a star b or a dot dot product. This is more natural,
because many times when you write a star b, it could be just entry-wise multiplication in
many other packages, but here gives me dot product. So, you see, Sage is somewhat
intelligent. It understands the context, and based on that, it does appropriate operation.

Similarly, you can find cross-product of two vectors.
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So, aand b are, we already know what are a and b. If | say a dot cross underscore product,
it will give me cross product of two, two vectors. So, for example, | am sure you know
that if | take cross product of a and b, it is a vector quantity, and it lies along the direction

which is perpendicular to a and b, and the direction is given by the right-hand thumb rule.

So, if suppose, if I store this cross product in w, and check whether w is perpendicular to
a or not, the answer should be true. This is perpendicular, because this dot product of w
with a is 0, and hence, w is perpendicular to a. Similarly, you can say w is perpendicular
to b. So, cross product is perpendicular to a and b. You can again try to plot a, b, and c,

and then, then see whether it is perpendicular to the, any linear combination of a, and b.

So, for example, let me, let us just look at, if I say, plot a plus plot b plus plot, let us say

w, and let us put this color in red.
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So, color is equal to red, and when you, when you run this, you can see here, this somewhat

you can rotate in various form, and, but a and b are blue in color, and this is the
perpendicular to, to a and b, right? (Refer Slide Time: 08:47)
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Similarly, you can find out orthogonal projection of a vector onto another vector. So, for
example, we, we have declared two vectors a and b, and let us check whether there is some

inbuilt function to find orthogonal projection of a onto b or not.
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So, if | say a dot, and then press tab, and if you go through this list, just once second, if
you go through this list a dot tab, if you go through this list you will not find anything
which is related to orthogonal projection, but we already know what is orthogonal

projection of a onto b.
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So, we can just compute that. So, orthogonal projection of a vector a onto b is given by a
dot product with b divided by length of b square times b. So, it is a parallel to b, and that

therefore, it will be some constant t times b, and that constant is given by this, this scalar



right, but we can declare our own function. So, this is our orthogonal projection of a onto

b, we can declare our own function.

So, we, let us define orthogonal projection of v onto u as what it returns? v dot product
with u divided by norm of u square times u. So, that is the orthogonal projection of v on
to u. And let us now check that suppose, if | take orthogonal projection of a onto b, and
store it in p, and then, so this is orthogonal projection, and suppose, if we subtract p from

p minus a, and how is it related to b?

So, if we take the dot product of p minus a, minus p with b, it should be 0, because this is
how actually geometrically you define orthogonal projection of a vector onto another
vector. So, a minus p is perpendicular to b, and in fact, using this only, you obtain this, this
formula for orthogonal projection, right? So, this is a way to verify that p is orthogonal
projection of a onto b, right?
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Similarly, you can define a scalar triple product. So, you have three vectors a, b, c. So,
how do | define? The scalar triple product of a, b, c is, take b cross c, and take its dot
product with a, take its dot product with a. So, let me run this, this gives you 3, minus 3.
So, and you must have studied some properties of a scalar triple product. So, actually it



gives you volume of a parallelepiped whose base is b, and c, and along a, or the volume of

a parallelepiped spanned by three vectors a, b, and c, right?

Similarly, you can find vector triple products of three vectors a, b, c. So, if a, b, c are three

vectors, vector triple product of a, b, ¢ is given by a cross product with b cross product

with c. So, it is a cross b cross c, right?
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So, let me run this. It gives you a vector which is this, and you can again verify various

properties of vector triple product, right?
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p= )

p = p+line3d([b+c,asb+c],color="black')

return show(p, frame=False,aspect_ratio='automatic’)
a = vector([2,9,1])
b = vector([1,

= vector([4,

plot_parallelepiped(a,b,c)
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Suppose, you want to plot the parallelepiped spanned by these vectors a, b, and c. It is very
simple; you can just plot a, b, and ¢, and then plot the join the line from a to a plus b, b to
a plus b, b to a plus b to b plus ¢, ¢ to b plus c, and then a plus b to a plus b plus c, and
things like that this is what is done here.
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So, first these three vectors are plotted and then in that you add a line in 3D that is, because
these three vectors are taken inr 3. So, ato a plus b, b to a plus b, a to a plus c, ¢ to a plus
c,btoabplusc, ctobplusc,aplusbtoaplusbplusc, aplus ctoaplus b plus c, b plus
c to a plus b plus ¢ and then show at all these things together and do not use the frame,

right? So, that is the user defined function to define a parallelepiped.

Now, let us take some vector a, b, ¢ and let us plot the parallelepiped spanned by these
three vectors using this inbuilt functions. So, this is how it looks like. So, you can go
through this, this does not look very nice, but, yeah.
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So, suppose, let me say | have this 2 comma 0 comma O, this is, let us say, 0 comma 1
comma 2, and this is, let us say, 0 comma 1, or let us say 0 comma 3, | think somewhere |

made a mistake, this is square bracket is missing, right?
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Now, if I ask it to plot the parallelepiped this may look much better, yeah. So, that is the
parallelepiped, right, ok?
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You can find the volume of this parallelepiped spanned by a, b, c. So, volume is given by
the scalar triple product.

So, take the cross product of a and b, and then take its cross product with this, dot product
with ¢, or you can take, let us say, this cross product with b and ¢, and then take dot product
with a, dot product with a, this is 6, right? Now, let us look at how to define matrices.
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So, the easiest way of declaring the matrix is to use this function called matrix. So, you
can take help on this matrix, and go through this help document, how this, what is the
meaning of this function? How it is used, with so many examples. So, let me, let me
remove this help document, right? (Refer Slide Time: 15:11)
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And let us declare a matrix, say A, which is a 4 cross 4 matrix.

So, this again, very similar to how you declare a matrix in numpy using array command,
except the array is replaced by matrix, and you can again mention the domain from which
the entries are taken, like very similar to how we did for vectors. So, here we are saying
that the matrix entries are from rational numbers. So, this is the first row, this is the second

row, third row, fourth row, and if | asked you to show this matrix, this is how it looks like.
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| can even ask for latex command of this.

So, if I say latex A, it will give me latex command of, command of this, and you can do
various operation on, on matrix just by saying A dot, and then press tab, and if you go
through this list, you will see all the standard operations on the, on a matrix are available
here. You can find adjoint, you can find transpose, you can find determinant, you can find
inverse, you can find eigenvalues, eigenvectors, rank, trace all these things are available.
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So, in principle, you do not need to actually remember all these commands, because there
are, there is too many, nobody can remember, but dot tab will give you all these, these
methods that can be applied on A. So, if | say A dot transpose, transpose, and then empty
round bracket, this will give me transpose of this matrix. If | say A dot, dot det, this will

give me determinant of this matrix.

By the way, transpose can also be obtained as A dot capital T. These two are the same

thing, exactly the same thing we saw in case of numpy array, right?
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You can find square of a matrix, or if I say A star A, it will give me matrix multiplication
of A with itself.

Of course, the matrix should be compatible, and if | say, you can also generate a random
matrix over integers or over rational numbers. So, for example, this gives you a random
matrix, 4 cross 5 random matrix whose entries are coming from integers, varying between

minus 10, and 20.

So, if I say this, let me call this as M, and so, let us see what is this M. Of course, it will
keep changing. So, this is a 4 cross 5 matrix, right? You can also declare matrix from

vector.
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So, for example, we already have declared these three vectors a, b, c. Then we can define

a matrix whose first column is a, second column is b, third column is c, by declaring

column underscore matrix, and in the bracket, you write list of vectors.

So, this first column was 2 0 0, second column 0 1 O, third column 0 0 3. So, that is a

column matrix. Next, you can extract columns of a matrix using A dot columns command.



So, suppose if | store this into a small a, then small a is list of columns, so, list of columns

of a.
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Now, if |, for example, if | say, what is a of 0, it will give me first column. If | say what is

a of 2, it will give me third column.

So, many times we when, we do some computation with, with a, we work with columns.
So, it will be easier to extract columns of a. You can look at what is dimension of a matrix.
So, in this case it is 4 cross 4. You can even find out any sub matrix of a matrix. You can

take any slice of a matrix, because it is actually a list of a list.

So, any slice of a matrix can be obtained exactly in the same way as we did in slicing of

an array in Python. So, for example, if | say submatrix O, 1, 2, 3. So, the first one is the



starting column, starting row, this is the starting column, this is the number of rows, this

is the number of column
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So, it says that from A. So, let us just look at what is A. So, it will be easier to look at A,
this is A, and this is the second row, and then first column. So, it will start from here, and

then how many rows? Two rows, so, it will take the second, and third row, and 3 columns.
So, it will give you 4, 3, 2, 6, 7, 8, let us just see, that is correct.
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If I, if I mention here, let us say 2 so, it will start with third column, and of course, it will

give you error, because after that it, it does not have 3 columns.
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So, let us say only two columns. Now, it will give you, it is starting from first row, and

third column. So, first row third column, and then the two rows, and then two columns.
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So, if | say, for example, take three rows, and two columns it will give me all the rows
after that, right?

So, this is how you can take any sub matrix of any matrix, and try to explore other concepts
that you have learned. For example, finding inverse, determinant, and verifying some of

the properties of inverse, determinant, transpose, you can just try to explore, ok?
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Let me leave you with few simple exercises. So,the first exercise is to verify these formula
which is known as Lagrange formula; a cross b cross ¢ which is a vector, is a dot ¢ times
b minus a dot b times c, and then a dot b cross c is equal to, is same as b dot ¢ cross a is

equal to, same as c dot a cross b, that is a cyclic kind of rule.

And if you have two vectors u and v, find orthogonal projection of let us say v onto u, and
verify that v minus p, p is orthogonal projection, is perpendicular to u, and then verify this

formula.

This is actually known as parallelogram law, which says that sum of the diagonals square,

the length of the sum, sum of the diagonal square is equal to twice sum of the squares of



each side. And then, the next one is to find the area of parallelepiped generated by this.

Actually, it should be volume of a parallelepiped.
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Let me just change it to volume, volume of the parallelepiped spanned by three vectors u,
v, and w. The next exercise is to create a Sage subroutine to find angle between two vectors
in degree, and the last one is to find the area of a triangle which is, whose vertices are A,

B, C, the coordinates of A, B, C are given as vectors, ok? (Refer Slide Time: 22:29)
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So, these are the few exercises. In case you want to look at some reference, there are two

things you can look at. One, you can possibly go to this is linear dot ups dot edu a website.



This is an online book which is freely available, A First Course in Linear Algebra. This is
by Robert Beezer, and you can download the PDF version of this, or you can use online

version, both are available.
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Online version again, you can see the topic-wise it is given or you can also go to my
personal website, and go to the section book. This is ajitmathsoft dot wordpress dot com,

and for example, you have a book on Linear Algebra. (Refer Slide Time: 23:11)
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This is along with Sang-Gu Lee, and a few others. This is freely available, you can
download from this website.

So, you can make use of these, these things. So, let me stop here. In the next class, we will

look at solving system of linear equations using various methods.

Thank you very much.



