Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Lecture — 22
Improper Integral using SageMath
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Welcome to the 22nd lecture on Computational Mathematics with SageMath. In the last
lecture, we looked at the computing integral of various functions using SageMath,
including some numerical integral wherever it was necessary. In this lecture, we will look
at two things; one we will look at what is the average value of a function, and second, we

will look at how to find improper integrals.

Let us get started. If you look at the average value of the function if you are given a function
f(x) is equal to some function y equal to f(x) some function in the interval [a, b] then how
to find the average value? If you recall the average of a set of values or set of numbers,

one finds using adding all of them and dividing by the total number of the points.

The idea of finding the average value of the integral is also very similar. Instead of adding
these values in the case of individual points, you integrate the function; that means, find
the area in that interval and divide by the length of the interval what we called the average
value of the function. So, this is how we calculate. Of course, we need a function to be

Riemann integrable, then only this integral will make sense, we can find the area.



For example, if | look at a simple problem, a car traveling with velocity y = 4t + 10
between t equal to 0 and t equal to 5. If you have to find the average velocity, then what
will you do? You will just integrate this function between 0 to 5 and divide by the length
of the time interval which is 5.

Let us calculate this using Sage. It is quite simple. Define t as a variable aand b as 0 to 5.
This is the velocity. And the average velocity is 1 upon b minus a into the integral of v(t)
with respect to t from a to b. And if you print, this is what you get. 20 is the average

velocity when the car is traveling using this velocity.
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4*t410
g avg_vel = 1/(b-a)*integral(v(t),t,a,b)

print(avg_vel

20

Problem: Suppose  cup of coffee has temperature 90° in a room where the temperature in 25°. According to the Newton's Law of

T(1) =25+ 80e”%

What is the average temp. of the coffee during first 20 minutes?

BPTER Type here to search o AR ECECTHO&M o |

Similarly, let us look at another problem. Suppose you have a room in which the
temperature is 25 degrees Celsius. And keep a cup of coffee at 90 degrees Celsius. Then,
according to Newton's law of cooling, suppose at t minute, this temperature of the coffee

is given by 25 plus 80 into e to the power minus t by 40.

Then what is the average temperature of the coffee during the first 20 minutes? How do
we calculate? Again, it is quite simple. If you look at this cooling function as a time defined

as capital T and then calculate the average value of this capital T between 0 to 20.

(Refer Slide Time: 03:24)



C O locabost ax »@Q:

o File Edt View Run Kemel Tabs Settings Help

m B B O» mC» Cde v SageMath 9.1 O
87.9558944459787
B Mean Value theorem of integrals
. If f is a continuous function on [a, b] then there exists a number ¢ € [a, b] such that
o 1 b
m/ flxydx = f(c).
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F(x) = exp(-x*2)*sin(x)
a,b=9,2
f.plot(a,b, figsize=4)
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That is 87.955 is the average temperature which is quite high. So, it simply means that
within 20 minutes if you drink this coffee, it will be hot. Similarly, there is another

important result on the average value of the function.

It says that if you look at the average value of the function in the interval a to b, then this
is equal to f(c) that is it attained at some value c between a and b. This is called the mean

value theorem of integral. Let us look at geometrically what it means. Suppose you have

a function f(x) = sin(x)e™" in the interval 0 to 2.
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favg = 1/(b-a)*integral(f,x,a,b)
favg.n()

8.218582119807774
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Let us plot the graph of this function. That is the graph of this function sin(x)e™*". And
if you calculate the average value, this is equal to 0.210. If you draw a horizontal line at
0.210, then it will intersect this function at two points in this case, so that is the meaning

of this mean value theorem of integral.
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Let me store that value in m. Though, | have written here a numerical integral. In this
example, you do not need a numerical integral. But if you have a complicated function,

you need to calculate the numerical integral.

Now, let us look at what will be the intersection of the function along with this. First, let
us plot the graph of the function along with the horizontal line y is equal to m with red.
You can see here, this is the rectangle of height m in this interval, that will intersect this
horizontal line and will intersect at two points. And we can find out this using the find root

command.
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€2 = find_root(f(x)==m,1,2);c2

B 1.2231964148448884
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This find root of f(x) is equal to m between 0 to 1. You can see that there is 1 root between
0 to 1. There is another root between 1 and 2. The first root | am calling at c1 which is
0.2231. And the second root is c2 which is 1.2231. And if you try to plot both together,
then this we have already seen. This is how it looks. That is the geometric meaning of the
average value of the integral, which is attained at some point of the function. This is called

the mean value theorem of integral.
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f.integral(x,8,00)

undef

integral(In(x)/x,,e,00)
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Now, let us look at improper integrals. If you have an integral f(x) from a to oo, or -oo to b,
a and b are a finite number or - to o, so these kinds of integrals are called improper
integrals. Improper integrals in this case are ones in which either one or both the limits are
o or - . You can also have a situation where the function at some intermediate point a,
or at the endpoint may shoot to plus-minus infinity, such integrals are also known as

improper integral.

One can define when this kind of integral exists, one can define this integral using limit.
For example, if | want to define the integral of f(x) from a to oo one finds an integral from
a to t f(x) dx and takes the limit of that as t goes to oo. If that limit exists, we say that this

integral is convergent, and the value of that limit is the value of this integral.

Sage can find improper integrals, but not everything, of course, has limitations. For
example, if you look at f(x) = sin(x), and if you try to find an indefinite integral from 0 to
oo, then it says it is undefined. For example, in this case, because this integral of sin from

0 to oo will go to oo.
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789
7% eturn max_to_sr(maxima_eval(([max_integrate], [sr_to_max(SR(a)) for a in args]
i 791 except RuntimeError as error
]
pt/sagemath-9.1/local/1ib/python3.7/site-packages/sage/libs/ecl.pyx in !
D 804 lispargs = EclObject(list(args
- 805 return ecl_wrap(ecl_safe_apply(self.obj, (<EclObject>lispargs).obj
806
opt/sagemath-9.1/local/1ib/python3.7/site-packages/sage/libs/ecl.pyx in
376 s = si_coerce_to_base_string(ecl_values
378 char_to_str(ecl_base_string_pointer_safe(s))

ECL says: Error executing code in Maxima: defint: integral is divergent.
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Whereas, if you look at the integral of log(x) upon x from e to «o. Then again, it says that
if you come down with this error; they say that the integral is divergent. This in case the

integral does not exist it may give you integral is divergent or it will say undefined. Let us

look at one example. So, if you want to find this indefinite integral from -oo to oo of

, then what do we get?

DO » = C » Code v

797 elif "Is" in s: # Maxima asked for a condition

798 self._missing_assumption(s)

ValueError: Integral is divergent.
Example: Evaluea [© —— dx.

f(x) = 1/(14x72)*(3/2)
f.plot(-10,10)
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First, let us plot a graph of this function between - 10 and 10. If you plot this graph, this is

how the function looks like. Let me make the figure size small so that it will be visible

properly fig size is equal to let us say 3. You can see here after a certain stage; this

function is almost very close to 0.

What matters is the area in this finite domain rest can be made as small as possible. So that

gives you an idea that this indefinite improper integral exists. And if you try to find out,

this improper integral the answer is 2. So, this is convergent.
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Example: Evaluate [iqln 1) dx

f(x) = In(x)*2
f.plot(e,1,figsize=4)
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Similarly, if you try to look at the integral of log(x) 2 from -oo to o, first try to plot a graph
of log(x) 2. If you take log(x) 2 from 0 to 1, it looks like it. At 0 it goes to oo, but that log
very close to 0 will be quite high in negative, very small quantity in c. And then it is we

who take the square of that will be a very large positive quantity.
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If you try to find the integral of f between 0 and 1, this is equal to 2. Whereas let us find

between 0 to oo, not from - oo to oo, from 0 to oo, and then see what you get?

(Refer Slide Time: 10:36)

= lwyelib x 4+ - 0 x
C O locahost&8d/lab ax 2@

: File Edit View Run Kernel Tabs Settings Help

o B+ XD0O » = C » Markdown v SageMath 9.1 O
JUPLT SAgEmaLI =Y 17 TULEL] 11U/ Py LNUTD L 7] S1LE=PaUKages] Sage/ 1ITCer Taues maxima_ L v, py 1 sraegrar
(self, *args)
789 try:
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-=> 377 raise RuntimeError("ECL says: {}".format(
378 char_to_str(ecl_base_string_pointer_safe(s))))

RuntimeError: ECL says: Error executing code in Maxima: defint: integral is diver|
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Let us calculate from 0 to co. Again, this says it is divergent. Whereas, in 0 to 1, it is finite.
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795 # if "divergent™ in s or "Principal Value" in s: .
--> 796 raise ValueError("Integral is divergent.")
797 elif "Is" in s: # Maxima asked for a condition
o 798 self._missing_assumption(s)

ValueError: Integral is divergent.

Q
& Evaluate [* cos .’ dx.
°¢ integral(cos(x*2),x,0, infinity).n()
0.626657068657750

Example: Consider the function

-

[ 1: f(x) = 1/(x*sqrt(x*2-1))
f.plot(1,18,figsize=4,ymax=10)
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Let us take another example, this integral of cos(x) square from 0 to c. Again, this value

V2T
4

give you 0.6266, so that is the numerical value. This is convergent, and its value is 0.62.

is equal to

. And if you try to find the numerical value of this, then dot n, this will



Similarly, if I look at this function, for example, it is not defined at one. And it is also not
defined as - 0 and - 1.
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If you try to plot the graph of this function first let us try to plot between 0 to 10, then
you can see here it gives you some error that there is domain error at a point very close to

0 and 1 as a problem. So, this is how the graph looks like.
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For example, if you change the domain, let us say 1 to 10, then at 1 again it goes to infinity.
| have restricted the y range to 10, you can make it let us say 100. In that case, again this

is how you can see.
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If you try to find the integral of this, what is the function? The function is 1 upon X into

square root x squared minus 1. The integral of this between 1 to infinity this value is pi by

2. And the same integral between 0 to 1 does not exist.
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You can see here again this integral is an improper integral because it will be hot t will be

hot at 1, it has the function goes to infinity and at O; the function goes to infinity. It is not

defined there. These are called improper integrals. And many times, if the improper

integral exists, then Sage will be able to find it.
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One application of improper integral you must have seen is called beta-gamma function.
How does one define gamma function? So, suppose you define x and n as variables, and
we will think of an integer or it can be any positive number. If you take the integral of
e *xM=1 x this is minus gamma n, x. Whereas, if you assume n to be positive and

calculate this integral, this is called the gamma of n.

The gamma of n is defined as integral from 0 to o of the function e *x (=1, This is called
the gamma function, gamma of n. And this is actually this one can think of as a

generalization of the factorial function.
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For example, if you look at what it is if you try to plot the gamma function, this is how it
looks like. Let us plot in the smaller domain. Let us say 1 to 6, the gamma function is

inbuilt in SageMath though we defined.
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Here it is. There is no problem. Whereas, if you try to define between 0 to 6, then you see

that at 0, it will go to somewhat infinity.
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If you took a look at from minus 3 to let us, say 1, then you will see that at negative

integers, this gamma function is not defined.
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If you try to restrict the y range, let me say y

max is equal to say 20, and let me also say

fig size is equal to 4. y min is equal to let us say -10.
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If you look at what is the value of gamma 7, what is the gamma value of gamma 7 this is
720 which is a factorial of 6. If | look at what is the value of gamma, let us say gamma 5
this should be 24 which is 4 factorial. So, if n is an integer, then gamma n will be n minus
1 factorial. You can verify this.
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Gamma of p is equal to factorial of p minus 1 for any value of any integer positive integer

p. That is why we say that the gamma function is a generalization of the factorial function.



If you look at what is the gamma of the half, this is square root pi. What will be the square

root 7? it will be n is equal to half.

1 -X
e*x 2 thatis 1 upon square root of . eﬁ if you try to integrate which means 0 and o, this

you will get as square root = that is a very important approximation.
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% will be square root 7 which is the gamma of the half. And gamma of x + 1 if you try

to simplify, you can use a change of variable, then that is nothing but x times gamma x.
So, you can verify this. Boolean means it will give you true or false value without Boolean,

it will not give, it will simply return this is equal to double equal to this.
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-0.577215664901533

B
var('t,x,y")
assume(x>0)
°° assume(y>0)
integral (tA(x-1)*(1-t)*(y-1),t,0,1)
beta(x, y)
O
I [ ] bool(beta(x,y)==gamma(x)fgamma(y)/gamma(x+y))
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If you take the derivative of the gamma function and try to calculate what is the derivative
of the gamma function at 1, this gives you negative 0.577 which is negative, or the Euler

gamma constant. This is called the Euler gamma constant, again a very important constant.

Next, if you look at the integral of t&~1(1 — t)®~1  where x and y are positive and t
between 0 and 1. This is called the beta function. So, this is the beta of x, y. And beta x, y
is a function of the gamma function. So, a beta of x, y is equal to gamma x upon gamma y

divided by a gamma of x plus y.
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This is verified here. The beta of x, y is equal to gamma x into gamma y divided by a
gamma of x plus y. So, and this beta-gamma function has lots of applications in statistics.
Similarly, if you try to look at what are some properties of the beta-gamma function, you
can easily try to verify in SageMath.
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At the end, let me leave you with some simple exercises. The first two exercises are to

verify the relationship between the average value and the value of the function or mean

X

value theorem for integrals. Take the function f(x) = Tx?

in the interval 0 to 2, and

verify this mean value theorem for integrals. Now, you can also plot the rectangle as we
did above.



Similarly, you take the second problem which is that the linear density of a rod 12-meter

18

long is — kilogram per meter, where x is measured in meters from one end of the rod

to find the average density of the rod.
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And then try to evaluate these improper integrals. And the 4th one is if you look at this

(x-m)?

function, for example, f(x) = \/%nse(_ 252 ) . 'You can take sigma as well. So, this is

called the Gaussian function.

And try to plot the graph of this function, this will be a bell-shaped graph around m; m is
the mean, is the standard deviation. And try to find this integral from minus infinity to
infinity of f(x). This will be the total area from minus infinity to plus infinity, and this turns
out to be 1, so that is why this is a probability distribution function because the total area

under this curve is 1.

Thank you very much. Next time, we will look at some applications of these integrals.



