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Welcome to the 21st lecture on Computational Mathematics with SageMath. In previous lectures, we 

looked at finding derivatives and some of their applications. In the next few lectures, we will look at 

dealing with integrals and their applications. 
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 Suppose you have to find integration or integral of this kind, the integral of  
𝑐𝑜𝑠(𝑥)

√𝑠𝑖𝑛(𝑥)+1
 dx and the integral 

of the same function from 0 to 𝜋/2. This is called indefinite integral; this is what is called a definite 

integral.  How does one find this in SageMath? 

First, you need to define the function. The function I am calling as f(x) = 
𝑐𝑜𝑠(𝑥)

√𝑠𝑖𝑛(𝑥)+1
  and to find its integral 

indefinite integral, you simply need to use f dot integrate or f dot integral with respect to the variable x.  

You could also use f dot integral, f dot integral that will also work with respect to x.  Both give you the 

same answer. Now in case you want to find this 2nd integral, that is a definite integral where the limit is 

0 to π by 2, then you need to supply that limit after x.  You say comma 0 comma π by 2.  This is a definite 

integral of the same function with the limit going from 0 to π by 2. 
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This is 2√2 − 2. If you want the numerical value, you can just say dot n, this will give you numerical 

value.  Now let us look at, suppose we need to find integral of this function.  This is the integrand and so 

we want to find integral of 
√𝑥+√𝑥2+1

𝑥
  dx and its definite integral between 0 to 1 and 1 to 2.  

This is a fairly complicated function, if you try to do it by hand, it may take some efforts. Now let us see 

how Sage finds these integrals.  Let me again define this function f(x) = 
√𝑥+√𝑥2+1

𝑥
 .  
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And let us plot the graph of this function. This is the function f(x) and its graph. You can see here this 

graph, near 0 it goes to very high value and when x increases this goes to close to 0. That is what you can 

see from this graph. However, let us look at what happens to this between 0 and 1.  
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Again at 0, since the behavior is that, it is going to increase to ∞.  
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That is what you see this graph.  Let me plot, may be between 0.1 and 1, it may be somewhat better. That 

is how the graph looks like between 0.1 and 1  

(Refer Slide Time: 03:39) 



 

If I say what is a graph between 0 and let us say 1 and 2, or 1 and let us say 20, this became 120.  This is 

the graph, so you can see here this goes very close to 0.  Now suppose if you want to find the integral of 

this function.  
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And let us ask it to show what is the integral value. The Sage is able to find integral, but this integral is 

given in terms of the gamma function and f2 function et cetera.  This seems very complicated. I am not 

sure whether you will be able to make sense out of this but let us see, suppose if I want to find out this 

integral between   1 and 2. 

Sage has an inbuilt function called numerical integral.  This finds the integral numerically and this will 

give you the value of the integral along with error.  In this case, you can see here this integral is 1.2369 

and whereas, the error is 10 to the power - 14.  



Whereas the same thing if you try to find out integral between, between 0 and 1.   Let us say take the 

numerical value of this, this is not actually numerical integration it is finding the numerical integral and 

it is finding in terms of hypergeometric function and gamma function. This is what is called the 

hypergeometric function. 
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If I say dot n, if I say dot n of this, this may give me the numerical value of whatever it has found, it takes 

time because this function is fairly complicated.  This is 2.72269 whereas if you apply numerical integral 

to the same function between 0 and 1 and then see what you are getting.  

The integral is 69.98 whereas, from this, we got 2.72 and this is 69.99 whereas, the error this is quite high 

the one cannot accept this kind of error in case of numerical computation.   This is very bad behavior in 

this case. What I am trying to tell you with this example is that just do not believe whatever output that 

you get with any software.  You should try to understand what is happening and then only you accept.  It 

is very important to learn the concept and then use this kind of software to explore it.  This we have 

already done.  
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Similarly, if you try to find, for example, the integral of sin(x) by x between let us say 0 to 1.  It gives you 

the value, this is integral and this is the error term, which is quite alright. If you try to look at this integral 

sin(x) upon x, this is actually a very important and famous integral. And this integral exists. If one limit 

here is infinity, such integrals are called improper integral.  
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This one can find integral of this sin x upon x with respect to x from 0 to ∞, ∞ means infinity, or you can 

write ∞, that also you can do. This is half into π or this is π by 2. If you look at what is the numerical 

value of π by 2, then this gives you 1.5707. 
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Whereas, if you try to find numerical integral using the same function between 0 to ∞.   When one wants 

to find the numerical integral, one has to divide the interval. In that case, the interval of infinite length 

will not be very convenient.  

That is why you can see here when you integrate this now you are getting the answer which is 1.90, 

whereas, actual answer is π by 2.  Of course, you can see here again, the error term is very high 

1.698, quite close to 1.70 which is a very high error. 

Again, when you want to compute numerical integral, even with Sage or for that matter any other software 

of this kind, you should be careful. Now, the question is how does one find such an integral. For example, 

SageMath, how does it find this kind of integrals.  
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Let us try to understand when we say integral of a function in an interval a to b. What it means is, for 

example, there is an integral of this function, we want to find out between let us say minus 2 to 2. Then 

what it means is that you have to find the area between this curve and the x-axis, below this curve from  

- 2 to 2.   

That is actually, you have to say signed area because this side it will be negative.  The integral can be 

negative, whereas, the area is always a positive quantity, non-negative quantity. The signed area is 

nothing, but integral.  That is what we need to do. 
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 If I look at them and try to shade this region, this is what this area of this signed area of this, which you 

need to find out.   For example, here will be the area under this curve this will be negative of the area 

under this curve and when you add these two. This should give you the integral of this function from 

minus 2 to 2. 

From the knowledge of computing area from school, you know certain geometric figure and their 

area.  For example, the way one has to calculate the area under this curve is by splitting this into some 

region whose area we know.  

For example, one of the things we can do is, we can try to approximate this area by means of the 

rectangle.  For that what one can do is, one can divide this domain from minus 2 to 2 in equal parts, let 

us say, n equal parts and for each part try to draw a rectangle.  

For example, if I take between minus 2 and minus 1.5, this is the region you can approximate. You can 

take the triangle by taking the left endpoint or from the right endpoint or the middle point or for that 

matter any point as a height of that rectangle.   
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Let us see what I mean by that. Suppose we divide this interval from minus 2 to 2 into let us say 10 equal 

subintervals and approximate area under this by this rectangle, height is taken as the value of the left 

endpoint everywhere, the left endpoint is the height of the rectangle, and this is the width.  

If you try to approximate the integral using sum of the areas of this rectangle, you will see that these are 

portions are left out whereas these are extra.  You expect that to have some error. Whereas if you increase 

the number of the interval which you are dividing at present, we have taken 10, let me make it 30.  
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When I make it 30, then the approximation will be much better.  Because now you can see here this the 

left-out portion and the extra portion are very small.  
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And if you take a greater number of intervals or divisions, let us say if I take 100, then this will be very 

close to the actual area.  
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That is one way to approximate this area. Instead of approximating the area by taking the left endpoint as 

a height, we can take the right endpoint.  

(Refer Slide Time: 13:09) 

 

For example, let me just do it for the 10 subintervals with the right endpoints. For example, here this is 

the height, the right endpoint, this is the height here, this is the height this is right endpoint so this is the 

height and so on.  One calls this as right Riemann sum.  

(Refer Slide Time: 13:27) 



 

(Refer Slide Time: 13:34) 

 

And you can also take a midpoint, for example, if I take r is equal to 0.5 then it will give you the rectangle 

whose height is the value of the function at the midpoint of each of this interval.  This is what is called 

the midpoint Riemann sum.  And as you increase the number of the subintervals number of points inside 

this subinterval then you will get close to the area. 
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Let us see, you can also in order to define this integral which is called the Riemann integral.  What we 

are doing? We are approximating the integral of f(x) from a to b by means of this sum of the area of these 

rectangles, where; f(x) star is a height and this is the width. If you are dividing the interval into n equal 

parts, the width is b minus a by n and this is the height so this is the formula.  

Now, in the case of the left or lower endpoint left endpoint xk* is xk-1and in the case of the right endpoint, 

you have to take xk in the case of midpoint you take (xk-1) plus xk by 2. In principle, one can take any 

point in between and do this calculation. Generally, in the case of Riemann integral one takes this x* as 

the point at which the minimum occurs. 

 And also, the points at which the maximum occurs, these are called lower Riemann sums and upper 

Riemann sums and then one has to take what is called supremum and infimum of these 2 sums.  Here 



𝑥𝑘 = 𝑎 + 𝑘(
𝑏−𝑎

𝑛
) , and k will take value 0 to n. For example, if k equal to 0 you are at a, and if k is equal 

to n, you are at b and so on.  
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If you try to see what is the approximate area when you take the left end points, let us take this division 

as 20, or divides this interval into 12 equal parts. The value of the actual integral which is calculated using 

sage, it is minus, 4 whereas, this approximate area is minus 3.6.  
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As you increase, this interval, let us say make it 50, then it will be minus 3.84, which is somewhat closer 

to this.  If you increase further, let us say make it 100, then you will get much closer.  In, this case, you 

have this approximate area is minus 3.92 whereas, actually is minus 4.0 and so on. 
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And you could do it with the left endpoint and right endpoint.  In this case, if I make r is equal to 1, this 

will use the right endpoint.  
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This is the right endpoint; you can see here.  If you take the right endpoint, approximate area is somewhat 

more than the actual area. These codes can see is fairly simple What we are doing is, we are taking the 

function a and b are the endpoints n is the number of intervals. 



r decides whether you want to take the left endpoint or right endpoint or midpoint.  Accordingly, you 

calculate the delta.  Delta is the length of each of this interval and r delta is r times delta.  If r is equal to 

0, it will take the left endpoint if r is equal to 1 it will take the right endpoint if r is equal to 0.5 it will take 

the midpoint.  

Initially, xk is a and then this is the set of all the points because you need to plot these rectangles.  These 

rectangles, the way you need to store these rectangles.  
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Let me just first make it a small interval, let us say 10, the way you need to plot these rectangles is first 

your plot, let us say this point, then plot this point, then this point, and then you again go to this point and 

then you go to next point and like this. 



 You add all these rectangle’s vertices together and then at the end, you have to also add this endpoint, 

here 2 comma 0, in this case.  And then you plot this using what is called a polygon plot.  Using polygon 

plot you plot these and this is the graph of the function and then you are filling this graph between the 

function and the x-axis and here S is calculated as the Riemann Sum.  

At each point, you can see here S is equal to S plus y, y is the value of the function which is the height. 

And then you keep on adding the height and then at the end, S is multiplied by the width of each interval. 

(Refer Slide Time: 19:18) 

 

You can also create animation for this using the sage interact function. You can also create a user-defined 

function for left Riemann sum, this is quite simple.  Similarly for right Riemann sum and midpoint 

Riemann sum.  If it is left Riemann sum, you supply the value of the function f, the endpoints a and b and 

the number of intervals, and this is the delta. Then for each thing, you are calculating the height and then 

ultimately at the end you multiply by the length of each interval  

If you take the function f(x) equal to x square and try to find the left Riemann sum this is 2.66, the integral 

of x square will be x cube by 3.  From 0 to 2, that is 8 by 3 which is quite close to 2.6666. Similarly, if 

you take the lower right Riemann sum, then you just need to define this as x plus delta into i plus. And 

again, you can call, this let us say instead of 2000, let me just have 200 points.  This is also very close to 

this. 
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Similarly, the midpoint rule, you can call this function again, let me call only with 200 points.  The 

midpoint rule will be much closer to the actual value.  This is how you can approximate the integral from 

a to b of f(x) dx.  
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I will skip this because, all you need to do is just put add @interact and put all the codes that we have 

seen earlier.  This will create an animation where you can change the function, you can change a and b, 

you can change the number of points.  All these things will be interactive.  
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The way one defines the Riemann integral is, as I said earlier, instead of left and right endpoints, you just 

tk* where tk*is the point at which the function has a minimum in the interval xk-1 to xk.  
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Where you take a partition P, P is any partition of this interval a to b.  
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You take any partition and then define what is called the lower Riemann sum. Similarly, instead of tk* 

star if we take the point where the maximum of the function occurs. The maximum and minimum will 

occur because we are considering f to be bounded. For the existence of integral, we assume that f is 

bounded on the interval [a, b].  

And so you consider this L(f, P) and U(f, P) for each of this partition and take all such left Riemann sum 

and right Riemann sum for all the possible partition.  Then you define what is called supremum L(f) of 

L(f, P).  

One can show that this supremum exists because this will be bounded above by b minus a into the 

maximum value of the function in the interval [a, b]. And similarly, this will be bounded below. It will 

have supremum of L(f, P) and infimum of U(f, P),  you find out the infimum and supremum of these 2.  In 

case these 2 supremum and infimum, which were we are calling as L(f) and U(f) agree to each other, they 

are the same, then we say that f is Riemann integrable and the value of L(f) is the Riemann integral is a 

to b f(x) dx.  That is the notation. Riemann integral this is how we denote.  This was given by Riemann 

which is why it is called Riemann integral. 

But the here problem is that to find this f(tk*) and f(sk*) will be a somewhat tedious process. But in case 

the integral exists, then you can divide this interval into, let us say n equal parts and you take n very 

large.  Then the value of this Riemann sum will be close to the actual integral.  That is how one defines 

the Riemann integral of a function. 
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Next, let us look at the fundamental theorem of integral calculus.  The integral which we find is based on 

these two fundamental theorems. It says that, in case the function is differentiable and at the same time f 

dash is integrable, Riemann integrable, then integral of f dash x dx from a to b will be nothing, but f(b) 

minus f(a).  That is how you find the integral. 

To find this integral, you need a function whose derivative is the actual function and then you take the 

difference of the value function derivative of that function whose derivative is the integrand then you look 

at the difference.  
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Similarly, if you define, let us say, if the function is integrable, you define integral of f(t) from a to x dt, 

that is, the variable with respect to which we are integrating. This is the function of x.  What actually we 



are doing? We are taking any x and we are finding the area under this curve f(t) from a to x. This function 

F(x) is called antiderivative or indefinite integral of f. 

This will be differentiable, in case f is f is continuous at x.  Ten capital F will be differentiable at x and 

not only that the derivative of F(x) is f(x).  That is what is called the second fundamental theorem of 

calculus. 

If you define this indefinite integral of f, take the derivative that is what you get capital F dash x is small 

f(x).  This is called the second fundamental theorem of integral calculus. This is called the first 

fundamental theorem of integral calculus.  The calculation of this Riemann integral is actually based on 

these two facts.  
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Let us look at a small example.  Suppose I have a function f(t) is equal to t square and if I find the integral 

from t to x. I call this F(x) and if I look at what is the graph of this function F(x) along with the graph of 

an f(x).  This is how you see; this red curve is a graph of F(x).  And the blue one is a graph of derivative, a 

graph of this indefinite integral of f. You can see this is the parabola, the graph we have taken as f(t) equal 

to t square and this is you what you are getting is cubic.  



(Refer Slide Time: 27:12) 

 

If I try to find the derivative of capital F(x) with respect to x you should get x square. That is what you 

get.  Similarly, you can take another example.  This is somewhat more complicated. 𝑓(𝑥) = 𝑥𝑒2𝑥, and 

let us define this indefinite integral as g(x) from 1 to x and then find what is derivative of g at 1.  
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This is again very simple.  Define t and x as variables, define g(x) as indefinite integral and then find the 

derivative of g.  Let me call this as g1 and evaluate g1 at 1 which is e to the power 2.  That is the 

verification of this fundamental theorem of integral calculus.   
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Suppose you need to define, for example, the integral of tan(x) square from 0 to 1. Again, you can find 

this integral using integral, but in this case, you see that this does not give you the integral. It simply 

returns, whatever you have written. So that means, for this integral   Sage is unable to find this integral in 

closed form.  In that case, what you can do is, you can find the numerical integral. 
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If you say this n will not work.  What it says is this is not callable so you need to find this as numerical 

integral.  In this case, you will get the value.  In this case, numerical integral is 0.3984 and with the error 

of the order 10 to the power minus 15. Many times, if you have the definite integral Sage may not be able 

to find it in closed form and therefore, in that case, you need to find the numerical integral.  

Similarly, let us take another example.  Suppose you have function f(t) is equal to t minus t square and 

define this anti-derivative F(x) is equal to 0 to x f(t) dt and find the positive value of x such that F(x) starts 



decreasing.  That is the problem.  It is quite simple.  First, let us plot a graph of the function f and graph 

of indefinite integral F(x) and then see what happen. 
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This is the graph of the function F and you can here when does it start decreasing.  You can see here this 

is the point when it starts decreasing.  And suppose we also plot the graph of the function this should be 

let us plot this f and F together so that we can compare. 
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Let me put this in red, colour equal to red.  The blue one is a graph of the function f, and the red one is a 

graph of indefinite integral capital F(x). You can see here, this at this point from which f goes to negative. 

Before that, the indefinite integral, that is, capital F(x) will go on increasing.  

Whereas the moment the function becomes negative, then the capital F(x) will start decreasing. Here it is 

at 1, the capital F(x) will start decreasing.  
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We saw that some integral does not have closed-form of antiderivative in that case you need to find 

numerical integral. Similarly, if you try to find out, for example, the integral of sin x square, again this 

integral of sin x square gives you something in terms of erf, that is called error function and this error 

function, is defined as erf x is equal to 2 upon square root pi integral form of e to the power minus t square 

0 to x square.  



Those who have done a little bit of statistics would be aware of this function. This integral is given in this 

error form, of course, you can find what is integral of e to the power minus x square with respect to x.  It 

will be error function times square root pi by 2.  

That this scaling factor is coming here and if you want to find integral of such function. For example, the 

integral of sin(x) upon x gives you in terms of Ei of x. Again, you can look at what is this Ei function. 

Often, the integral of some of the standard function is defined in terms of some other function, either error 

function or Ei x. 
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You can find numerical values of these things. For example, here, in this case, I can say dot n is not 

giving, we have seen already because this is the indefinite integral, dot not makes sense. 
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Whereas if I put this limit 0 to for example, infinity then this integral is pi by 2. 
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Let me leave you with some easy exercises of computing definite and indefinite integrals. Some of them 

are quite straightforward, some of them are not so straight forward, when it comes to calculating by hand. 

The last problem is that if you look at this sin of x square, we saw that this integral is not in closed 

form.  But you just find out left and right Riemann sum. We have already defined what is the function 

and tabulate this value for n is equal to 10, 20, 30, 50, 80, 100. This is just to demonstrate that this integral 

will actually converge to the actual integral. 

Thank you very much, we will look at some more examples in the next class. 

 


