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Derivatives

Derivatives using the first principle.

Find the derivative of f(x) = In(x) + 3x” + cos 2x at x = O using the 1st principle.
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Welcome to the 21th lecture on Computational Mathematics with SageMath. In the last
lecture we looked at how to find limit of a function and limit of sequences. Now in this
lecture we will look at; finding derivative of a function and some of the concepts related
to that. So let us get started. So, suppose you have a function f(x) = log(x) + 3x3 +
cos (2x) and you want to find its derivative at x equal to 0. The way you begin with you

find the derivative using first principle which is using the limit.

So, if you want to find the derivative of f. Then you find if the derivative exist you find
the limit of f(x + a) — f(a) divided by x and as x goes to 0. So, this is what we will try
to do. Since we have already found the limit, we have explored how to find the limit we
can make use of that.
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Derivatives using the first principle.

Find the derivative of f(x) = In(x) + 3x” + cos 2x at x = 0 using the 1st principle.

6a’ —4dacos(a)sin(a) + 1

So, let us see so first let us define a, x and h as variables and declare the function f(x) =
log(x) + 2x3 + cos (2x). And we want to find the limit the derivative of this function at

x equal to a which is 0 right.

So, let us look at if I take generic a and look at what will be the limit of this difference
quotient f(a+ h) — f(a) divided by h and if that limit exist then that will be the
derivative. So, in this case the limit at x equal to a of this difference quotient f(a + h) —
f (@) divided by h. As h goes to 0 is (6a® — 4a cos(a) sin(a) + 1)/a.

So, if you can cancel a and then what you are left with is 6a? — 4 sin(a) cos (a) this will
be sin 2 a. So, this will be a into sin 2 a + 1 by a and that is the derivative and at x equal to
a. So, let us verify that using inbuilt function diff. So, if | say f dot diff and substitute the
value of x is equal to a then you will see that this is the derivative which is same as limit

of this difference quotient ok.

So, generally we do not find derivative using this limit of difference quotient we learn
certain rules of derivatives etcetera and then we apply that to the some of the derivative of
standard functions ok. So, | am not going to get into verifying all these rules etcetera that
IS quite easy you can verify.
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OTI(X).SUDS(X=a) =

o 6'3"2 + 1/a - 2*sin(2%a)

Q |
B Problem: Consider a function f(x) = sin(cos(2x)) = e™*~"" Plot the graph of f(x) along with first two derivative in [0.5, 2]
% £(x) = x*sin(cos(2%x))-exp(~(x - 1)°2)

f1(x) = f.diff()

0O show(f1(x))

=2 .xcos(cos(2.x) sin(2x) + 2 (x = et 4 sin(cos(2.x))
f2(x) = £.diff(2)
show(f2(x))

2 A 20617) _ 4 cos(c --17)
=4 xsin(2x)" sinfcos(2.x)) - 4.xcos(2.x) cos(cos(2x)) - 4 (x = 1)e" ") — 4 cos(cos(2.x)) sin(2.x) + 2650
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And so let us look at a function f(x) = sin(cos(2x)) — e~ Suppose we want to
plot graph of this function along with first two derivative first derivative and second

derivative. We already know how to find any kth order derivative using diff function.

So, let us define this function f(x) and let us define f1 as derivative of f which is equal to
this and let us define f2 as derivative of f second derivative of f with respect to x that is

the f2 it looks very complicated, but it is able to find quite easily.
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a3, b= 66

p = plot(f(x),a,b,color="red',legend_label='$y=F(x)$')

p1 = plot(f1(x),a,b,color="green’, legend_label='Sy=\\frac{df}{dx}$')

p2 = plot(f2(x),a,b,color="black',legend_label='$y=\\frac{d"2f}{dx"2}$")
show(p+pl+p2, figsizes=5)
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Now, let us plot graph of the both the functions namely graph of f(x) between -6 and 6 so
this is the plot graph of f(x) and we are giving the legend label to be f(x) then pl is the



graph of f1 and the p2 is graph of f 2 and then add p + p1 + p2 and let me show. So, that
is the graph of f which is red in color derivative which is green in color and second

derivative which is black in color.

Now, you can even relate the behavior of derivative in terms of the various concept that
you would have learned about the function similarly the second derivative right. So, for
example, if you look at this portion of the red curve it is increasing. So, in that case in this

domain the second derivative will be somewhat, second derivative will be negative right.
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Problem:

So, let us look at suppose you have a function f(x) = x sin (1/x) when x is nonzero and
is equal to 0 when x is 0 and second one is x? sin (1/x) when X is nonzero and equal to 0
when x equal to 0. So, if you look at these two functions you must have seen that you can
find the limit of these two functions and the limit at x equal to O exist; but how about the

derivative.

So, if I try to plot graph of both these functions side by side. So, that is where we have
used graphics array. If I plot graph of this functions side by side; then this is how the graphs
look like.
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n 0O X
¢ C O localhost8s8/tak ar »@ :
T Fle Edt View Run Kemel Tabs Settings Help
n B+ XDOD0O» m C » Code v SageMath9.1 QO

‘o asinl /x sinl [z

0.008
0.06
|5 0.006
0.04
u 0.004
% tp2
I ‘ 0.002
o 01 logs 005 |01 | L, ! 3 I
10102 0.1 0,05 0.05 01
€0.002
0.04
£0.004
-0.06
€0.006

f .08
. €0.008

WP Type here o search ot B M CECTMH S Ab

This is a graph of x sin (1/x) and this is graph of x2 sin (1/x). So, in this case if you look
at this is somewhat very sharp turn here sharp edge here in corner | should say. In fact,
you can draw a line y = |x| and you will see that this near O the value is very close to that
mod x function which is not differentiable at x equal to 0.

So, this function you expect this is not to be differentiable at x equal to 0. Whereas, in this
case this is somewhat actually close to y = x? from above and y = —x? from below. So,

this at x equal to 0 that and y equal to x? is differentiable function.

So, you can expect that this x2 sin (1/x) to be differentiable at 0 whereas, x sin (1/x) not
differentiable at x equal to 0. Now let us find out if | want to check whether the limit or
whether the derivative exist. | have to find out limit of the difference quotient, so we want
at x equal to 0. So, we have to say f(x) — f(0) divided by x limit as x goes to 0.
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So, that and f of 0 is O therefore, it is same as limit of f(x) divided by x and x equal to 0.

In this case it says that it is undefined that is it is not defined or indefinite right. Whereas,

if I look at the second 1 the second g(x) limit of g(x) by x at x equal to O this limit is O.

So, the derivative of g exist and it is equal to 0 at x equal to 0. So, graphically we are able

to at least get some idea about whether the derivatives should exist or not and which we

have verified ok.
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Hyperbolic functions

o X
. ¢
sinhx =

I e te
cosh x = —
coshx =

¢1 = plot(exp(x)/2,-2,2,color="red",legend_label="'$e"{x}
¢2 = plot(-exp(-x)/2,-2,2,color="blue’,legend_label='§-e }
¢ = plot(sinh color="black’,legend_label='$sinh(x)$')
show(cl+c24c, Figsize=4)
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Now let us look at so you must have seen how this hyperbolic sine and cosine are defined.

So, hyperbolic sin is defined by (e* —e™)/2 whereas, cosh(x) is defined as (e* +

e ) /2. So, if you look if you want to plot graph of sin hyperbolic and cos hyperbolic one



way to visualize this is we can plot graph of e to the power x and -e to the power -x by 2
and then add these two together and then you will get graph of sin hyperbolic.
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€1 = PIOT(@XP(X)/Z; -Z;2;COLON="Te0"; 18GeNa_1aDeL="3e" (X725 )
color='blue',legend_label="$-e*{-x}/28')
r='black',legend_label="$sinh(x)$')

¢2 = plot(-exp(-x
o ¢ = plot(sinh(x),-2,2,
show(cl+c24c, figsize=4)
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So, if you look at this graph this red is graph of e to the power x by 2 blue one is -e to the
power -x by 2 and when you add these to the graph which you get is the graph of sin
hyperbolic. So, that is how the graph of sin hyperbolic between -2 and 2 looks like.

(Refer Slide Time: 08:50)
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¢1 = plot(exp(x)/2,-2,2,color="red',legend_label='$e"{x}/28')

E% 2 = plot(exp(-x)/2,- olor="'blue', legend_label='$e"{-x}/2§')
¢ = plot(cosh(x),-2,2,color="black’,legend_label='$cosh(x)$")
show(cl+c2+c, Figsize=4)
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Similarly, you can do the same thing for cosh(x). So, let me plot this cos hyperbolic x.
So, cos hyperbolic x how do we do that? Plot the graph of e to the power x by 2 which is



red in color and graph of e to the power -x by 2 which is blue in color and when you add
these 2 you get graph of cos hyperbolic x which is black in color in this case. So, that is
how you can visualize cos hyperbolic and sin hyperbolic right. You can try with other

trigonometrical hyperbolic functions.
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Implicit Derivative

Now, many times you your function is not defined explicitly it is defined implicitly. So,
that means, y and x is satisfied by some equation whereas, y is a function of x. So, in that

case you want to find derivative of y with respect to x and how do we do that?

So, let us take an example, suppose you have this x and y defined by this equation this
implicit equation that is 2(x? + y?)? = 25(x? — y?) and here y is a function of x

therefore, you would like to find derivative y with respect to x.

The way you would have done is find derivative of this entire expression on the left hand
side right hand side and wherever you have y you write that differentiate with respect to x

using chain rule. So, you will get an expression in dy dx and you solve for dy by dx.

But Sage has inbuilt function to find the implicit derivative, but first let us plot graph of
this curve which is represented by this equation and we can use implicit plot we have

already seen how to use this. So, if we plot graph of this function this is how it looks like.
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dyx plicit_derivative(y
show(d:
J‘{,«" +y* ) =25x
4(x2 4y )y +25y
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It is here; it is here a kind of infinity symbols we also call this as figure 8. Now, suppose
at some point so for example, at x equal to 3 you can check that y will be + 1 and -1. So,
(3, 1) and (3, -1) both are lies on this curve similarly (-3, -1), (-3, 1) also lies in on this
curve. So, suppose at that point we want to find the derivative and look at what is the

geometric meaning of this.

So, let me find the derivative implicit derivative using a function called implicit underscore
derivative of y with respect to x. So, if | say you have to say f dot implicit derivative y
comma X. So, that is how the derivative of y with respect to x looks like. So, this you

should try to.. I am sure you can find out by hand also right.
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-~ - 0 X
> weyetad x 4

€ 5 C O locathostssss/ab anr »@Q:

o~ Fle Edit View Run Kemel Tabs Settings Help

m/ B +XD © » m C » Markdown v SageMath9.1 O
show(dyx) -
o 4(x? 4y )x=25x
42 4y )y +25y
B a,b=3,1
m = dyx.subs(x=a,y=b)
T = ban*(x-2)
pt = point((a,b),size=20,color="black')
tgt = plot(T,-4,-2,color="red') I
0O show(curvesptstgt, figsizesd)
6
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Now let us look at this point let me define the derivative at x equal to let us say 3 and 1 is
equal to m. So, that is the in this you put x = 3 and y = 1. And then let us store that in m

and let us define a tangent passing through (a, b) with slope m.

So, that is the tangent line or line passing through (a, b) with slope m is what we are
plotting. Now suppose we want to plot the curve along with this point and the line passing
through (3, 1) with slope m and then see what it means. So, therefore, now you can see

here this | should say 2 comma 4.

(Refer Slide Time: 12:34)
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SHOW(8yX)
4(a +y*)x-25x
4(x +y?)y+25y
a,b=3,1
m = dyx.subs(x=a,y=b)
T = bam*(x-a)

pt = point((a,b),size=20,color="black")
tgt = plot(T,2,4,colors"red')
show(curvesptitge, figsize=4)




Then you can see here this is the point 3 comma 1 and this line which we plotted which is
the line with slope m which is the derivative of the function at this point is tangent to this
curve. So, therefore, that is what the geometric meaning of the implicit derivative is when
you find it. So, it is actually the slope of the derivative dy by dx at this point represents the

slope of the tangent to this curve ok. If I if you try to change this instead of 3 1 if you say
-3 and 1 and in this case.

(Refer Slide Time: 13:14)
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4(x* +y)x-25x

'o T4+ )y + 25y

ab=-31
m = dyx.subs(x=a,y=b)
& T

pt = point((a,b),size=20,color="black")
tgt = plot.",—d,i,:olor:‘rec‘\
show(curvesptetgt, Figsizesd)
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Now, let me say it should be -4 comma 2 in that case you will get, this is the tangent at
this point -4 comma -2 let me put right.

(Refer Slide Time: 13:30)
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o 42 +)2)y+25y
a,b=-3,1
m = dyx.subs(x=a,y=b)
Eq T = bim*(x-a)
°° pt = point((a,b),size=20,color="black")
tgt = plot(T,-4,-2,color="red')
show(curvesptstgt, figsize=4)
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Similarly, you can explore this derivative at other points.
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Problem: Find points at which tangent is parallel to the x-axis

0O ya(P =) r(y=2)=xe(x=-1)*(x-2)

fouy)= y * (y22-1) * (y-2) - x * (x-1) * (x-2)
curve = ipplicit plot(f(x,y), (x,-2,4),(y,-3,3))
show(curve, figsizes5)
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Let us do one more example in this implicit derivative and see what is how we can explore
Sage Math. So, you have a function implicitly defined function this and you want to find
points at which the tangent is parallel to x axis. So, first let us declare this function and

plot graph of this curve.

(Refer Slide Time: 14:02)
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o fx,y)= y* (yr2-1) * (y-2) - x * (x-1) * (x-2)
curve = implicit_plot(f(x,y),(x,-2,4),(y,-3,3))
show(curve,figsizes5)
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Graph of this curve looks like this is quite complicated one. So, if I look at for example,
in this domain some points where the tangent is parallel to x axis there will be several

points. So, what we will do is first of all.

(Refer Slide Time: 14:20)
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dyx = f.implicit_derivative(y,x)
show(dyx)

(x=1)x=2)+ (x= I+ (x=-2)x

2y=20% + (P = 1)y=2+ (= 1)y
nr = dyx.numerator()

Xs = solve(nr==8,x, solution_dict=True);xs

[{x: -1/3*sqrt(3) + 1}, {x: 1/3*sqrt(3) + 1}]

I 3, b = xs[8][x],xs[1][x]

.P;tp Type here to search 0 i P~ e L] E e O

Let us find the derivative of y with respect to x using implicit derivative so that is the
implicit derivative. Now the slope will be parallel to x axis the tangent will be parallel to
x axis if slope is 0; that means numerator this these functions should be 0. So, in particular
numerator is 0.



So, you extract the numerator in nr by using dot numerator function and then you find the

Os of this is a polynomial. So, you will be able to find 0’s of this. So, it has actually three
two 0’s 1 is —1/3v/3 + 1 which is same as 1 — §\/§ and the other one is 1 + 1/3+/3 these

are the two points.

So, and if | look at the curve at 1 + 1/3+/3. So, this is some kind of vertical line and it will
intersect around 4 points similarly this side. So, it looks like there will be 8 points where
the tangent is parallel to x axis. So, now, what do we how do we find out?

So, we have found out the points x at which the derivative is going to be parallel to x axis
at these points you need to find out what is the value of y right. So, let us extract these
points which we have found out the points where x that slope is parallel to x axis. Let us
store this in a and b and let me say what are a and b.

(Refer Slide Time: 15:56)
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xs = solve(nr==8,x,solution_dict=True);xs

0
o [{x: -1/3*sqrt(3) + 1}, {x: 1/3%sqrt(3) + 1}]

a, b = xs[8][x],xs[1][x]

‘E% a,b

So, these are a and b now we want to find substitute x equal to a in this expression so that
| am calling as y and then find roots of that y. So, that will give you there are four points
in this case you can see here there are four points and these four points. So, x equal to a
comma these four points will be these points. Similarly, you can do by substituting x equal
to b. So, that you get another four points.

(Refer Slide Time: 16:30)
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B (1/2*sqrt(4/3*sqr )*(3*sqrt(3)

ptst = [(a,r1[i][8]) for i in range(len(rl))]
°b pts2 = [(b,r2[i][0]) for i in range(len(r2))]

plot_ptsl = point2d(ptsl,size=28,color="red")
0O plot_pts2 = point2d(pts2,size=28,color="black")

show(curvesplof_ptsisplot_pts2)
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Now, all these 8 points so first let us make a list of these first four points for x equal to a
and the second one as points 2 the second for x equal to b. And then let us plot points of
these first four points in red color and second points using point 3d in black color and then

let us add these two points to the curve. So, when we add to the curve.
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These points you will see here these are the 8 points at which the tangent is parallel to x
axis. Of course, you could have also plotted the graph of this the tangent at these points

fine.
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B Geometric Meaning of Mean Value Theorem

% Find the value(s), ¢, quaranteed by the Mean Value Theorem for the function f(x) = x + sin 2xx on the interval |0, 2]. Also plot the
graph that explain the geometric meaning of this result

0O £(x)=x+sin(2°pi*x)
2,b:0, 2

pf=plot(f,a,b)
cord=line([(a,f(a)),(b,f(b))],color="green',linestyle="--")
show(pf+cord, Figsize=4)
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Let us look at all of you must have studied this mean value theorem which says that if you
have a function f(x) defined on closed interval a b which is continuous enclosure interval
a b and differentiable in open interval a b. Then if you look there is a point ¢ strictly
between a and b that is in open interval a b such that f dash at c is equal to f b -f a upon b

-d.

So, let us try to verify that for this function f(x) = x + sin (2 pi x). So, how do we do
that? So, let us define this function f(x) and a is equal to 0 and 2, a b is 0 and 2. And let us

first plot graph of this function.
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pf=plot(f,a,b)
cord=line([(a, f(a)), (b, f(b))],color="green’, linestyle='=-')
show(pficord, figsize=4)

s\/ 1 15 2




So, this is the graph of this function and endpoints are joined by this chord. So, the
geometric meaning of mean value theorem says; this is called Lagrange mean value
theorem it says that if you look at this chord then there are points on this curve at which
the tangent is parallel to this chord.

So, in this case you can say that there will be some point here, there will be some point
here, there will be some point here, there will be some point here. So, there will be four

points in the strictly between a and b at which the tangent is parallel to this chord.
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So, that is the geometric meaning of, so how do we do that? Let me again store m as the
slope of this chord and find the points. So, if you look at this curve this is the slope and

then you want to find out f dash x equal to m. m is the slope of this chord.

So, that means you want to solve or find 0’s off f dash x -m. So that is what is done. So,
first root in this case you can see here there is one root has to be between 0 and point 5 that
is actually 0.25 the second root third root and fourth root they are at 0.75 1.25 and 1.75.
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f1=f.diff()
11(x)=F(c1)+F1(c1)*(x-c1)

pf=plot(f,8,2)
cord=1ine([(8,(8)),(2,£(2))],colors"green’ , linestyles'~-")
t1=plot(f(c1)+f1(c1)®(x-c1),¢1-8.2,¢148.2,color="red’)
t2=plot(F(c2)+f1(c2)* (x-c2),c2-8.2,c249.2, color="red")
t3=plot(f(c3)+f1(c3)*(x-¢3),c3-8.2,¢3+8.2,color="red")
ta=plot(f(cd)+F1(cd)® (x-cd),c4-8.2,¢4+0.2,color="red' )
pepfecordstlst2stistd

sage: show(p,figsize=4)

25

And at these points let us plot the tangent. So, what will be the tangent? The tangent 11(x)
at cl is equal to f(cl) + f1(cl) that is the value of the function at cl into (x — c1).
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And then try to plot tangent to this curve let me show you this is quite easy.
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cord=1ine([(e,f(®)),(2,£(2))],color="green' ,linestyle="--")
tl=plot(f(c1)+f1(c1)*(x-c1),c1-8.2,¢148.2,color="red")

o t2=plot(f(c2)+f1(c2)*(x-c2),c2-8.2,c2+8.2,color="red")
t3=plot(f(c3)+f1(c3)*(x-c3),¢3-8.2,¢348.2,color="red')
td=plot(f(c4)+f1(c4)*(x-cd),c4-0.2,¢448.2,color="red')

EQ p=pficordstlst2stastd
show(p,figsize=4)
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This I do not require Sage here, but that is fine. So, that is the; that is the geometric meaning

of Lagrange mean value theorem; you could also apply to Rolle’s theorem and then explore

it is geometric meaning.
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(n+1)!
O for some ¢ between a and x. where

B i f"(a) 4
Ra(x) = fla) +f (@)(x = a) + —=—(x —a)" + - +

Ryx) = ——(@=-af"™

Theorem: Let f be n + | times continuously differentiable in an interval / containing @ and x. Then f(x) = T,,(x) + Ry(x), where
f"(a)

——(x-af
n
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You could also do .. there is another mean value theorem known as Cauchy mean value

theorem that | left leave this as an exercise try to explore geometric meaning of Cauchy

mean value theorem. Let us look at what is Taylor’s theorem.

So, | am sure most of you would remember, but just in case you do not remember | am

just stating that result. So, if you have a function f(x) defined on some interval I in R

which is n + 1 times continuously differentiable. And then if you have a any point inside

this interval and look at any x in this interval. Then you can write f(x) = T,(x) + R,(x)

where T, (x) is actually nth degree polynomial which is known as Taylor’s polynomial nth

degree Taylor’s polynomial.
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'o Talyor's Theorem
**Theorem: **
Lq Let $f$ be $n+1$ times continuously differentiable in an interval $I$ containing $a$ and $x$. Then
$F(x)=T_n(x)+R_n(x)$, where
$$R_n(x a)+f' (a)(x-a)+\frac{f''(a)}{2!}(x-a)"2+\cdots + \frac{f*{(n)}(a)}{n!}(x-2)"n$$ known as $n$-th degree
o Taylor's polynomial and $$R_n(x)=\frac{f{(n+1)}(c n+1)!}(x-2)"{n+1}$$ for some $c$ between $a$ and $x$.
° where
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And R,, we call as a remainder term which is given by (n + 1)th derivative of f at some

point ¢ between strictly between a and b divided by n + 1 factorial times (x —

a)"*1. And

how do we write this Taylor’s nth degree polynomial this is actually this should be T, (x).
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**Theorem:**

$F(X)=T_n(x)+R_n(x)$, where

Let $f$ be $n+1$ times continuously differentiable in an interval $I$ containing $a$ and $x$. Then
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x-3)*n$$ known as $n$-th degree

$$Thn(x) = F(a)+F" () (x-a)#\Frac{f'' (a)}{2!} (x-a)"2+\cdots + \frac{f*{(n)}(a)}{n!
Taylor's polynomial and $$R_n(x)=\frac{f"{(n#1)}(c)}{(n+#1)!}(x-a)"{n+1)$$ for some $c$ between $a$ and $x$.
where
.
=
TR Type here to search 0O &t i " ° G e w E @ P

(Refer Slide Time: 21:31)

= pyeriad X +
€ C O locathost8838/lab

~ Fle Edit View Run Kemel Tabs Settings Help

.B+3(F[|ﬂ>|c»Code

0 Talyor's Theorem

known as n-th degree Taylor's polynomial and

flnsl)
& Ri(x) = [/
(n+1)

) for some ¢ between a and x. where

F(x) = x*exp(-x*2/2)+sin(3*x)
a,n=9,5

tn(x) = f.taylor(x,a,n)
show(tn(x))
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Theorem: Let f be n + | times continuously differentiable in an interval I containing @ and x. Then f(x) = T,,(x) + Ry(x), where

So,Tn(x) =f(a) + f'(a)(x —a) + (f G )) (x —a)’+. +( (n)(a)) (x —a)™thatis

called nth degree e Taylor’s polynomial. And the function is actually approximated by nth

degree polynomial with remainder. And in case you have higher derivative one can show

that this remainder goes to 0 as n increases right.



So, this is actually a basis for all these numerical evaluations of function. For example,
when you want to find out sin of something cos of something exponential of something
the actually it uses this expansion depending upon the accuracy and gives you the value.
So, that is the very important concept which is kind of used for approximating the value

of the function.

2

Now, let us take an example suppose | have function f(x) = xe 2z + sin (3x). And

suppose we want to find out 5th degree Taylor’s polynomial of f about x equal to 0.

So, here a is equal to 0, n is equal to 5 and then | am defining that Taylor’s polynomial is
tn(x) = f dot Taylor with respect to variable x and at the point a and the degree is n. So,
let us ask it to show 5th order Taylor’s polynomial. If | say instead of 5th if | say 10 this

will give me 10th degree Taylor’s polynomial right.
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So, that is how you can find Taylor’s polynomial or Taylor’s approximation of any
function. Now let us try to plot graph of this function along with the Taylor polynomial.
Let us say we want to plot graph of first order Taylor’s polynomial. First order Taylor’s
polynomial will be nothing, but the tangent. So, it is the linear approximation. So, let us
try to plot it is graph.
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So, you have graph of this function and we are plotting Taylor’s polynomial approximating

the function about x equal to 0 and first order...
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an=0.2

tn(x) = f.taylor(x,a,n)

pf=f.plot(-2,2,figsize=4)

ptn=tn.plot(-2,2,color="red")

shou(pfeptn, Figsizesd, ynax=19, ynin=-10)
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So, that is the tangent. If I increase n to 2 this will be quadratic Taylor’s polynomial.
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an =02

tn(x) = f.taylor(x,a,3)
pf=f.plot(-2,2,figsize=4)
ptnstn.plot(-2,2,color="red")
show(pfiptn, figsize=4,ymax=19,ymin=-18)
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If I increase 2 to 3 then that is the actually in this case third quadratic polynomial is very

quadratic. The 3rd degree term will be missing. So, this is | have to say here n.
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And increase this to 3 right. And if I increase it to let us say 5 this is the 5th and you can
see here this red color which is the graph of the Taylor’s polynomial is very close to this

actual function.

So, that is what | meant by saying as you increase the degree the function will be very-
very close to the actual that polynomial Tn that is nth degree Taylor’s polynomial will be
close to this the actual value of the function. So, you can even create animation for this let

me just leave you ...
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/ »10]
[ ]: var('x')
X0 =0
E§ f = sin(cos(5*x*2))-exp((x - 1)2)
@interact
def _(order=[1..18],x0=(0,(0,2))):
°¢ tn = f.taylor(x,xe,order)

p = plot(f,-0.5,2, thickness=1)

dot = point((x0,f(x=x@)),pointsize=20,rgbcolor=(1,0,0))
| pt = plot(tn,x0-8.25,x+8.25, color='green', thickness=1)
shou(dot + p + pt, ymin = -10,ymax=5)
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... this code using Sage interact which will kind of create an animation where you can vary
the points and also plot the various Taylor’s polynomial and other things. So, you can

explore this you can learn this in Jupyter notebook.
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Exercises
5 1. (1 Find the 1st four derivative of f(f) = In(1 + 1) and plot them along with the graph of f(1).
(if) What is the n-th deriavative of x* for various values of n?
(iii) Find the first four derivatives of f(x) = sin3x + ¥ +1n7x.
2. Consider the function implicitely defined cos(x — sin(y)) = sin(y — sin(x)), where y is a function of
d%y

dy
X. (i) Plot the curve represented by the given function. (ii) Find I_ and T
dx dx*

3. Consider the function

) F@) = @) 4 sin(cos(5 x).
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At the end let me leave you with few exercises. So, these are some of the exercises.
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3. Consider the function

=17)

o flx)=e

Verify the Lagrange mean value theorem for for f in the interval [1, 2]. Plot the graph to explain the

+ sin(cos(5 x)).

geometric meaning.
4, Consider f(x) = ¢™ cos 2x.
g (i) Plot the graph of the function along with Tylor's polynomial of degree 1, 2,3, 6,7, 9, 10

(ii) Use sage interact to create interactive plot to plot Taylor's polynomial along with the curve of

desired degree at a desired point

(iif) Tablualte error term of the approximation of f(x) at x = 1.2 when it is appromxated by Taylor's

polynomial of degree 1to 10 aboutx = 1.
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The first exercise is to find the first derivative of this function and plot it is graph along
with the graph of the function. And for various values of n you find the derivative of x to



the power x. Then the third one is look at this function find first four derivatives then you

look at this implicitly defined function find first derivative and second derivative.

And then the third problem is to verify Lagrange mean value theorem for this function.
And the fourth problem is find Taylor’s approximation to e to the power -x square into cos

2 x and plot it is graph along with the Taylor’s polynomial of degree 1, 2, 3, 6, 7, 9, 10.

So, just this is just to demonstrate the approximation of the function using Taylor’s
polynomial. You can even tabulate the error term and you can create a sage interact whose
code | have already given you. So, these are the some exercises all these exercises are
there. So, you can try to solve them they are quite simple. So, next time we will look at

some more applications of derivative using Sage Math.

Thank you very much.



