Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Lecture — 17
Solving Equations in SageMath

Welcome to the 17th lecture on Computational Mathematics with SageMath. In the last
lecture we started learning SageMath and basically we explored integers we looked at
various methods that can be applied to an integer. Now, let us explore more things in
SageMath. So, let me start SageMath Notebook, let me double click this icon.
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So, it will start SageMath server and it will open a Jupyter Notebook.
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Let me go to the directory in which | have all the files. So, for example, this is the file we

created last time computational mathematics with SageMath lecture 3.1.
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<h3 style="text-align:center">Lecture 14</h3>

<hl style="text-align:center">Computational Mathematics with SageMath¢/hl>
"text-align:center"> Ajit Kumar</h2>
‘text-align:center">Institute of Chemical Technology, Mumbai</h2>

<h2 styles
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Exploring integers with SageMath
In[1]: M n= 7682

In[2]: M type(n)

0ut[2]: «<class 'sage.rings.integer.Integer'>
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So, if I click on this it will open the file which we created in the last lecture. | just added

the heading. So, let me just copy this and let me create another notebook.
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So, how do | do that? I will go to New and click on SageMath 9.1, this is the again you
can see here untitled notebook. So, let me give the name computational mathematics which
SageMath_lecture 3-2.
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And then it will create a file name with default extension .ipynb. Now, in so, let me create

a heading for this also.
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So, | can convert this into markdown and let me just paste what | copied from lecture
previous lecture. This was lecture 14, now | will call lecture 15. So, and let us explore how
to solve various objects in SageMath. So, let us explore solve function. So, solve function
is very useful function in SageMath which can solve one equation, it can solve system of
linear equation, it can solve inequalities, it can solve non-linear system of equations all

these things can be done. So, first let us let me write a subtitle.
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Explore solve in SageMath
In [1]: MW solve??
In [3]: N f(x) = x"24x-2

{ In[]: M show(f(x)}
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So, we want to let us say explore solve function in SageMath. So, that is the sub heading
I am giving ok. So, first let us take a help on solve. So, | can say solve and let me put
double question mark (‘solve??’); | in the last lecture | explained what is meaning of
double question mark and single question mark. So, this will open a help detailed help

document along with source code. So, let us look at what it does.
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So, this is what you see here. Let me make it slightly bigger let me also. So, this is the
help document on solve and it tells you how what is it; it says algebraically solves an
equation or system of equations over complex numbers and for detail for given variables

it can also solve inequalities and system of inequalities all these things can be done.
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are always solved in the real domain.

EWPLES:
sage: x, y = var('x, y') !

sage: solvel[xty
5, ¥

sqrt(-1/ -"s-.rx(\b +302)),
12 I*sart(3) - 1/2, y == sart(-1/2*T*sart(3) + 3/2)],
12 Thsqrt(3) - 172, y == -sqrt(1/2'Trsart(3) + 3/2)],
1/2°Thsqet(3) - 172, y = wr!(ll?'l‘lqu[]) +32)),

Ji?‘i‘(ﬂrll” 12, y

art(x) + sart(y) 4y =10, %, )

ot(5) + 5, y == SiTesn() + 5], [x == 5/21'sqrt(5) + 5, y == -5/21*sqrt(5) + 5]]
=solve([x*24y*2 L ¥"2 == X + x + 1), x, y, solution dict=True)

on in solutions: print("{ . fornat (solution[x].n(digits=3), solutionly].n(digitss3)))
: , 127 ¢ 03811

.500 - 08651 , 1.27 - 0.341°L

-0.500 + 0.865°1 , -1.27 - 0.341'1
-0.500 + 0.866°T , 1.27 + 0.41°T

0.000 , -1.00
0.000 , 1.00
Whenever possible, ansuers will be symbolic, but with systess of

equations, at times approcisations will be given by Maxina, due to the
underlying algoritha:

sage: sols = solve([x"3ewy,y*2e=x], [x,y]); sols[-1], sols[e]
([xs=0,y=e],

[x == (9.3099163343749475 + .9519565162351535°T
y == (-0.8030169943749475 - 0,5877852522924731"
sage: s01s[0][0].rhs().pyobject().parent()

) Complex Double Field
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artix) + sart(y) == 5, x +y == 0], %, )

sqrt(S) 5, y == 5/2°I%sqrt(S) + 5], [x == 5/2*1%sqrt(S) + 5, y{u -5/2*1*sqrt(5) + 5]]

L, ¥ 2 == x*3 + x + 1], x, y, solution
fornat(soluticn(x] nm.m-a), solutionly).n{digits=3)))

solutions=solve([*24y"2
for solution in solutions: print(
00 - 0.865°T , ~1.27 + 0.341°T
0.500 - 0.866%1 , 1.27 - 0.341°1
-0.500 + 0.866°1 , -1.27 - 0.341°I
-0.500 + 0.866°T , 1.27 + 0.341°T
0,000, 100
000 , 1.00

Wherever possil
squations, at
underlying algoritha: :

answers will be sysbolic, but with systems of
£11 be given by Maxina, due to the

imes approxinations

sage: sols = sulv.(' “3eny,y"2emx], [x,y]); sels[-1], sols[e]
((x=9,y
[ (0. S0SBLE3M68475 + 0.9510S65162851535°1),
y == (-0.6090169943749475 - 0.587785252094731°1) )
sage: s015{0](0).ohs().pyobfect() . parent()

Complex Double Field

sage: solve([y"6==y],y)

[y == 1/4%sqrt(5) + 1/4*I*sqrt (2"
“1/&sqre(5) + 1/4'T*sqrt(-2"sart(5) + 10) - 1/4,
1/4%5art(5) - 1/4%Tsqrt{-2"sart(s) + 10) - 1/4,
y - J/umus) - 14 T*sqrt(2sqrt(5) + 10) - 1/4,

art(s) + 10) - 1/4,

e]

solve( [y*6 == y], y)==solve( y*6 =y, y)
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[x o= -1, x == 1]

We must solve with respect to actual variables:
sage:

sage: solve([8%2 +y == 3, -2 +T%y
Traceback (nost recent call last):

1y,2)

TypeError: 5 is not a valid variable.

If we ask for

ionaries containing the solutions, we get thes:
sage: solve([x*2-1],x,solu
[{x: -1}, {x: 1}]
solve([x"2-4*x+4],x,solution_dictsTrue)

2]

: res = solve([x*2 == y, y == 4],x,y, solution dict=True)

: for soln in res: print("x: ¥s, y: %" % (soln[x], solnly]))

TF there is a parasster in the answer, that will show up as

x

& CVSM_Lectured-1

x| +

o oew vaciable. In the following o1 ds m

constant (because of the *°r
sage: forget()
sage: x, y = var('x,y'")
sege: solve([xry 2'x2'y = 6],x,y)
[[x==orl ¢ 3, y == r1]]
sager var('h, <)
(b, )
sage: solve((b-1)*(c-1), [b,<])
[(best, conru], [basron, € o
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Especially with trigonometric functions, the dumy variable may
be dmplicitly an integer (hence the “'z°):

sage:
[x
sage: solvel
[[x == 1/a%pi + pi

solve( sin(x)==cos(x), x, to_poly_solve=True)

1

xty == 8],x,y)
pitz...]]

Expressions which are not equations are assumed to be set equal

to zero, as with "x in the following example::

sage: solve([x, y = 2],1,y)
[(x == 6, y == 2]]

s it is
the list then no
note that the first
“3ea3" evalustes to “True’, not to @

sysbolic equation,

If “True’" appears in the list of equatis
ignored, and if **False"* appears &
solutions are returned. E.g.

Here, the first equation evaluates to “False™", so
there are no solutions

sage: solve([

n

3, 1.00000000600000"x"3 == 9], x)

Copletely synbolic solutions are supported

) sage: var('s,i,bng’)
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Conpletely sysbolic solutions are supported

sage: var('s,,b,,8")
(s, 3, b, m, 8)

(b - g)*w/(b%)]]

»
[[s += 1, § == 8], [s == @b, j == (b - g)*w/(b
sage: solve(sys, [5,3])

lls=1,1 ) (8= g/b, == (b - g)*w/(b%)]

sage: r = var('2")
sage: solve((x-2)"
[x== 2 - sqrt(2), x

=2,

%)
2+ sqrt(2)]
Inecuslities can be also solved::

solve(x"2>8,x)

[x ¢ -2'sqrt(2)], [x> 2'sart(2)]]

sage: x,y=var('x,y'); (In(x)-1n(y)>0).solve(x)
{(Log(x) - logly) > €]

sage: x,y=var('x,y'); (In(x)>In(y)).solve(x) # random
[ecy, y<x 0<x]]

lly ¢x 0¢y])

4 simple exanple to show the use of the keyword
multiplicities

sage: ((x°2-1)42).50lve(x) [
X1, x == 1]

soge: ((x°2-1)%2). solve(x,miltipl.
1, (2, 2))

ities=True)

ities=True,to_poly_solve-True)

HWPTER Type here to search o Hi
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[y ¢x, 0 ¢y

imple exanple to show the use of the keyword
“multiplicities

sage:
[ )
sage: ((x'2-
(Ix == -1,

sage: ((x*2-1)%2
Traceback (most recent call last):

((x*2-1)*2). salve(x)

42).solve (x, miltiplicitiessTrue)

itiessTeue, to_poly_solvesTrue)

NotInplenentedError: to_poly_solve does not return multiplicities

Here fs how the *explicit_solutions' keyeord functions

solutions=True)

, % == sin(x)]
solve(x*sin(x)=x’2,x,exp
[x == 0]

t_solutions=True)

The following examples show the use of the keyword *"to_poly_sclve

19, x)

sage: solve(abs(1-abs(1-x))

[abs(abs(x - 1) - 1) == 10}
solve(abs(1-abs(1-x)

-10, x == 12]

9, %, to_poly_solvesTrue) [

sage: var('Q')

) sage: solve(Q'sart(Q2 + 2) - 1, Q)
N 10 theanion « M)
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The following examples shou the use of the keyword *"to_poly_sclve

10, x)

sage: solve(abs(1-abs(1-x),
[abs(abs(x - 1) - 1) == 1
solve(ab:
10, x

1-abs(1-x)) == 16, %, to_paly_solvesTrue)

sage: var('Q
Q

sage: solve(Q'sart(Q'2 + 2) - 1, Q)
(Q == 1/sqrt(Q" 1

+2)

The following example is a regression in Maxina 5.39.0.
Tt used to be possible to get one nore solution here,
“Usart(sart(2) + 1), see l

I1sourceforge. net/p/naxima/bugs/3276/

sage: solve(Q'sart(Q*2 + 2) - 1, Q, to_poly_solvesTrue) el
1Q == ~sart(-sqrt(2) - 1), Q == sart(sart(2) + 1)*(sqre(2) - 1)]
kn effort is made to only return solutions that satisfy
the current assumptions::
: solve(x'2=4, x)
[ 2, x
sage: assune(x<0)
sage: solve(x"2v=t, x)
[x = -2]
sage: solve((x*2-4)%2 == 8, x, multiplicities=Troe)
([x = -2], [2) |
sage: solve(x*2ss2, x)
[x = -sqre(2)]
sage: z = van('2')
sage: solve(x\2=:2-2, x)
[x == -sqrt(-2 + 2)]
HPTER Type here to search 0 &t
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sage: forget() A
sage: solve(cos(x)==8, x)
[x == 1/2%i]
+ solve(cos(x)=s8, x, to_voly_solvesTrue)
2, %, to_poly_solve='force’)
1
The seme say also agply if & returned unsolved expression has &
denowinator, but the original one did not::
sage: solve(cos(x) * sin(x) == 1/2, x, to_poly_solvesTrue)
[sin(x) == 1/2/cos(x)]
sage: solve(cos(x) * sin(x) == 1/2, x, to_poly_solvesTrue, explicit_solutionssTru
[x == 1/4%1 + pi*z
sage: solve(cos(x) * sin(x) == 1/2, x, to_poly_solve='force')
{ 1/4%i + pi ]
Ve use ""use_grobrer’* in Maxims if no solution is obtained from !

Maxima's *“to_poly_solve

("% y'); €lny)s(x-5)"24y%2-16; c2(x,y)=(y-3)"20x"2-9

soge: x,ye
sage: solve(
[[x == -9/68%qrt(55) + 135/68, y
[x == 9/68%sart(55) + 135/68

15/68%sqrt(55) + 123/68],
5/68%sart(55) + 123/68]]

Ve use SyaPy for Dicphantine equations, see
Expression. solve_diophantine

sage: assune(x, ‘integer’)
integer')
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And of course, it gives you gives you several examples. So, any of this example you can
copy and paste it in sage worksheet. So, let me go to the worksheet. So, let us see. Suppose

we want to first define a function.

So, the simplest way of defining a function let us say y = f(x) in this is declare f(x) =
x"2 + x — 2 that is the function. So, unlike Python here you can use for power you can

use caret (‘*”) symbol or you could have used double star (‘**’) both are same.
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In [1]: M solve??
In[3: M f(x) = xA24x-2

In [4]: M show(f(x))

2
X +x=2

] In[]: M latex(f(x))




So, let me just say x2 + x — 2. Now, this is very simple way of defining a function. You
could have also defined a function as we did in Python using def keyword. | can ask it to
show what is f(x), this will show you f(x) in pretty print format this actually is rendered

by LaTeX package.
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In[3]: M £(x) = x24x-2

In [4]: M show(f(x))

©+x-2

In [5]: M latex(f(x))

[5]: xM2y +x-2

$8F(0= 02} + x - 268 |

%)
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In fact, one can generate LaTeX code of this if | say latex(f(x)) this will give LaTeX
code as output. So, in case you are aware about LaTeX package, you would know what it
does, you can copy paste this in this notebook. For example, | can just say a ctrl-C of this
and let us say next cell I will convert into markdown and if | type $$ and paste this LaTeX
code and then again $$ closed | can say f(x) is equal to.
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In [l N f
ut 4
I
‘\ In [7): W f(-pi).nf)
w; out[7): -pi + pir2 - 2
In[]: M
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And then if I run this you will see that it has written this it has given you LaTeX output
f(x) = x% + x — 2. So, this is what we are dealing with. Now, once we have created this

function I can evaluate f(x) at any point let us say at f at 2 or f at -pi.

So, and so when | evaluate f at pi it gives me the value in pi itself if I want the numerical
value by now you already know we can say dot n() and it will give me the numerical

values. So, that is the numerical values. (Refer Slide Time: 06:42)
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Out[8]: 4.72801174749956
In [9]: M solve(f(x)==8,x)

ut[9]: [x ==1, x == -2]

In [18]: M solve(f(x)==8,x,solution_dict=True)

out[10): [{x: 1}, {x: -2}]

)
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So, now let us see how we can solve. So, we want to solve this f(x) == 0, we want to
find x for which f(x) = 0. So, how do we make use of it? We can simply say solve and

in the bracket f(x)==0 because it is an equation and with respect to variable X



(‘solve(f(x) == 0,x)"). So, it will tell me what are the roots. So, the roots are 1 and -2.

So, it has given the roots as a list which has two elements; x ==1 and x ==2.

You could also say an option; for example, if you want to print these roots as a dictionary
there is an option called solution_dict == True ,capital T r u e then the solution will be

a list of dictionaries.

So, this is a list of 2 dictionaries. First dictionary say that x is 1 and second says that x is -
2. So, this is very nice features in fact, one of the reason why I introduced dictionary when

we were learning Python so that this kind of thing we can very easily explored.

And especially if you have lots of roots or solutions etc and you want to play with those
solutions, you want to make use of those solutions it is much more convenient to get them
as a dictionary so, that further calculations will become easier. You could also find. So,
here again we have created f let me see what is the type of f. I do not know what it will

give.
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Wt[9]: [x == 1, x == -2]

In [18]: M solve(f(x)==0,x,solution_dict=True)

t1e]: [{x: 1}, {x: -2}]

s
In [11]: M type(f) -

t[11]: <class 'sage.symbolic.expression.Expression'>

In[]: N f.coefficients()|

o)
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It says that it is an expression. So, this is an expression class. And you can apply tab on

this also a dot tab.

(Refer Slide Time: 08:50)

& ~ NPTELLectures X B OMSM Lectured 2 X hopyerPager X | @ cvstlectued 1 x| + - 8 X
C O localhost8888/notebooks/NPTEL Lectures/CMSM_Lectured-2ipynb Q # 0 :
¢ M Gmal @ Youluse Q Maps ) ThePhonmathM.. @) Python Numpy Tut
7 Jupyter CMSM_Lecture3-2 sascros Logot
File Edit View sert Cel Kemef Widgets Heip Trusted ¢ | SageMath 9.1 O
B + ¥ @B 4 ¢ NRin B C » Code vi@

Out[9]: Faps T
f.add

In [10]: M f.add_to_both_sides lrz:lrue)
. f.additive_order
Out[18]: £ arccos
f.arccosh
In [11]): Mif.arcsin
___ f.arcsinh 3
ut[11): ¢ arctan sion.Expression'>
f.arctan2
| n[]: WF
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out[s] £.assune ¥
.base_extend !‘
In [18]: M f.base_ring =True)
_ o rny, f.Dinomial
Out[10

" f.canonicalize_radical
f.cartesian_product
In [11]:  Mif.category
. f.coefficient
" f.coefficients
f.collect
| In[]: WF

sion.Expression'>
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0ut[]: ¥.default_variable R i
f.degree
In [10]): W f.denominator q’tﬂrue)

f.derivative
out[10]: £, diff
f.differentiate
In [11]: W f.distribute
f.divide_both_sides
0ut[11]): £ divides sion.Expression'>

f.dump v
| In[]: N
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Out[9]: . aumps = = i
f.exp
- f.expand =
In [18): M Ju=True)

f.expand_log

Out[10]: f.expand_rational
f.expand_sum
In [11]: Nf,expanu_trig

f.factor
out[11): f.factor_list sion. Expression’>
f.factorial i
| In[ ] MOl
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out[10] f.%nverse_laplace
f.inverse_mod
f.inverse_of_unit
f.1s_algebraic
out[11): f.is_constant

f.is_exact
| In[]:
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In [1): M £ 1ist t=True)
out(10]:/f.log
f.1log_expand
In [11]: f.log_gamma ‘
f.1log_simplify
Out[11]:|f.1low_degree sion.Expression'>
f.match il
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Out[9]: ¥.numerical_approx 3 =
f.op
In [10): N|f.operands t=True)
f.operator
out[18]: f.order
f.0rder
In [11]): W f.parent
f.partial_fraction [
Qut[11]: £ plot sion.Expression’>
f.poly v
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out[9):
f.save
_— f.series
In [10] . $how t=True)
[10] f.simplify
* f.simplify_factorial
f.simplify_full
In [11 M f.simplify_hypergeometric
out[11] f.simplify_log sion.Expression’'
£.simplify_rational 8|
£ cimnlify real
nf)]: M
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out[9]

' |f.simplify_rectform
f.simplify_trig
In [18]: M#.sin t=True)
a1, F.sinh
¢l
f.solve
. f.solve_diophantine
In [11): Mg gqrt
out[11]:|f-step Rsion. Expression'>
f.subs w
f.substitute
m(l: NF
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f dot tab if you apply there will be again several options which you can explore. So, for
example, one of the options just now | saw is for example, coefficients let us see. So,
coefficients yes. So, if I click on coefficients it will tell me what are the coefficients of x,

x square and things like that, right.
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out[12]: [[x [--> -2, x |--> @], [x |--> 1, x |--> 1], [x |--> 1, x |--> 2]]

In [13): M f.roots()
3 [, 1), (-2, 1]
In [14]: M (x*24x+1).roots

Out[14]: [(-1/2*I*sqrt(3) - 1/2, 1), (1/2*I*sqrt(3) - 1/2, 1)]

In[]: M var('ab,c') I

solve(a*x"2+b*x+c==8,x)|

If I want to find roots | can say f dot roots (‘f.roots()’) and it will give me the roots. So,
it has two roots; 1 and -2 and this gives me multiplicity. So, this f.roots() finds roots of a
polynomial including complex roots. So, for example, if I say, let us say | have x? + x +
1 == 0 and let me just say dot and then say roots, it should find the complex roots these

are complex roots right.

So, you can see here this solve function not only can solve in real over real fields, but also
over complex fields. Now, suppose you want to for example, solve ax? + bx + ¢ = 0 for

a, b, c arbitrary. So, how do we do that? a b ¢ we have to declare as a variable.

So, by default in Sage x is thought of as a variable. For example, we declare the function
f(x) we did not declare x as a variable by default it thinks of x as a variable, but any other
thing when you want to declare or when you want to use as a variable you have to declare.
So, how do I declare? | will say variable and the bracket a, b, ¢ and then | want to say solve

for example, a * x *2 + b * x + ¢ equal to O for x.
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In [14]: M (x*2+x41).roots
out[14]: [(-1/2*I*sqrt(3) - 1/2, 1), (1/2*I*sqrt(3) - 1/2, 1)]
In [15]: M var('a,b,c')
01 = solve(a*x"2+b*x+c==0,X)

t[15]: [x == -1/2%(b + sqrt(b*2 - 4*a*c))/a, x == -1/2%(b - sqrt(b*2 - 4*a*c))/a]

il

HPTED Type here to search o @ " M CECETEHMBY ~2ax

Then it will show you the firstrootis —1/2 * (b + sqrt(b"2 — 4ac))/a and the second
rootis —1/2 * (b — sqrt(b"2 — 4ac))/a . So, let us store this in solution sol.
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In [16]: M var('a,b,c')
sol = solve(a*x"2+b*x+c==8,x)

In [17]: N show(sol

b+ \/b‘ ~4ac b- \/b' -4ac
x= x=
2a 2a

I In[]: M sol = solve(a*x"2+b*xsc==0,x;sol)
solution_dict=
sol
solve
solve_diophantine
solve_ineq
solve_mod

BPTER Type here tosearch o B " NCECETEHBO ~1ax

And if | ask it to how show solution sol then it will print the solution in nice pretty print
format. You could have also said that display this as a dictionary. So, if | say solution. So,
| am just typing keyword sol and pressing tab then already it gives me the options and then

choose the appropriate option and this is true.
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In [19]: M sol = solve(a*x"2+b*x+c==8,x,solution_dict=True)
sol
t[19]: [{x: -1/2*(b + sqrt(b*2 - 4*a*c))/a}, {x: -1/2*(b - sqrt(b*2 - 4*a*c))/a}
In [28]: M var('x,y')
solve([xsy==6,x-y==4], [x,y])

€20): [[x == 5, y == 1]]

In[]: M solvel [x*y::'c,x-y::-i],:x,ybsclu:jcn_dict:Trud

ED Type here tosearch o B An N CET EHBO® ~tEx

= \\

So, now if | ask it to see what is solution, it gives you as a dictionary. So, this dictionary
option is very useful later on also we will make use of this. You can also solve system of
linear equations using solve function. So, for example, let us say | want to solve two
equations letussay x + y = 6and x — y = 4 with respect to x, and y, how do | do
that?

So, first we need to declare y as a variable, x is already a variable, but y we need to declare.
But it is also a good idea to declare both x and y as a variable because it is possible that
you might have used x as some variable i.e. you might have stored some value in the

variable x in that case it may create problem.

So, let me create x and y as variables and now we will say solve. So, you need to give the
two equation as a list. So, first equation is x + y == 6 and second equation is X - y ==
and you want to solve with respect to x and y. So, in the bracket you can write x and y,

you can write this without bracket also. So, that is the solutionx =5andy = 1.
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it[26]): [[x == 5, y = 1]]
In [21]: M solve([x+y==6,x-y==4],[x,y],solution_dict=True)
utf21]: [{x: 5, y: 1}]
In [22]: M solve([x+y==5],[x,y])
t[22]: [[x == -r1 +5, y == r1]]

In[]: Movar('xy') 1
solve([x"2+y 2==4, x*y==2],[x,y])

ED Type here to search o B w :ig ] Eli ALE N ‘/\

Again here you could have said solution dictionary equal to True. So, | can say solution
dictionary is equal to True then it will give you solution as a dictionary and you can extend
this to two equations, in three equations, or in four equations in as many variables as you
want and if you for example, if the system has multiple solutions it will print the solution

in terms of variables.

So, if for example, if | have said solve let us say only one equation with respect to x and y
this is let us say 5; then it will print the solution in terms of variable r1, rl can take any
value. So, it has infinitely many solutions, if | want to find a particular solution one can
give value of rl i.e. some particular value of rl1 and then find it. You could also solve

system of non-linear equations using the same solve function.

So, if let us say | want to find intersection of let us say circle x*2 + y*2 = 4 and
hyperbolax * y = 2. So, if you imagine geometrically it should have 4 solutions. So, let
us see what we get. So, if | say again let us declare x and y as a variable you do not need

to declare again and again, but it is a good practice actually.

So, when | say solve and the first equation is x2 + y”*2 == 4 and the second equation
isx * y == 2 and we want to solve with respect to variable x and y, then it gives you 2

solutions, only 2 solutions.
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In [22]: M solve([x#y==5],[x,y])
0ut[22]: [[x == -F1 + 5, y == r1]]
In [23]: M var('x,y')
solve([x\2+y"2==4, x*y==2],[x,y])
out[23]: [[x == -sqrt(Z% y = -sqrt(2)], [x == sart(2), y == sqrt(2)]]
| m[l: M
HPTER Type here to search ot " R CETEHBO® ~raE
(Refer Slide Time: 15:17)
J 2 NPTEL Lectures/ X 8o X Jopyer Pager X | @ CvsLecured 1 x| + - 8 X
C O localhoste (s/NPTEL.Loctures/CMSM_Lecture3-2ipynb aw Q:
p¢ M Gmail @ Youlute @ ThePythonmathM.. @) Python Numpy Tut
" Jupyter CMSM_Lecture3-2 wesoschges Logout
Fle Edi View Inset Cell Kemel \Widgels Help Truste SageMath 9.1 O
B + ¥ AQ0B 4 ¢ NRin B C B Code vi@

Out[22]: [[x == -r1+5, y == r1]]

In [24]: W var('x,y")
solve([x"24y"2==4, x*y==1],[x,y])

Out[24]: [[x == -sqrt(sqrt(3) + 2), y == sqrt(sqrt(3) + 2)*(sqrt(3) - 2)], [x == sqr
t(sqrt(3) + 2), y == -sqrt(sqrt(3) + 2)*(sqrt(3) - 2)], [x == -sqrt(-sqrt
(3) +2), y == -1/2*sqrt(3)*sqrt(2) - 1/2*sqrt(2)], [x == sqrt(-sqrt(3) +
2), y == 1/2'sqrt(3)*sqre(2) + 1/2*sqrt(2)]]

| m[il: M
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If I say x * y = 1 then it has 4 solutions.
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out[22]): [[x == -r1 45, y == r1]]

In [25]: M var('x,y')
solve([x"2+4yA2==1, x*y==1/4],[x,y])

0ut[25]: [[x == -1/2*sqrt(sqrt(3) + 2), y == 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)],
[x == 1/2*sqrt(sqrt(3) + 2), y == -1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)], [x
== -1/2*sqrt(-sqrt(3) + 2), y == -1/4*sqrt(3)*sqrt(2) - 1/4*sqrt(2)], [x ==
1/2*sqre(-sqrt(3) + 2), y == 1/4*sqrt(3)*sqrt(2) + 1/4*sqrt(2)]]

| In[1: M solve([x*2#y"2==1, x'y::l/d],[x,y],solution_dict:fruﬂ‘
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So, or let me say x"2 + y*2 =1 and x *y = let us say 1 by 4, then also it has 4 solutions.
And again we could have used we could have used this as a solution we can display in

terms of dictionaries. So, let me say solution dictionary is equal to True.
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|x == 1/2"sqrt(sqrt(3) + 2), y == -1/2"sqrt(sqrt(3) + 2)"(sqrt(3) - 2)J, |x -

== -1/2*sqrt(-sqrt(3) + 2), y == -1/4*sqrt(3)*sqrt(2) - 1/4*sqrt(2)], [x ==
1/24sqrt(-sqre(3) + 2), y == 1/4*sqrt(3)*sqrt(2) + 1/4*sqrt(2)]]

In [26]: M B =polve([x*24y"2==1, x*y==1/4],[x,y],solution_dict=True)
Out[26]: [{x: -1/2*sqrt(sqrt(3) + 2), y: 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)},
{x: 1/2*sqrt(sqrt(3) + 2), y: -1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)}

{x: -1/2*sqrt(-sqrt(3) + 2), y: -1/4*sqrt(3)*sqrt(2) - 1/4*sgrt(2)},
{x: 1/2*sqrt(-sqrt(3) + 2), y: 1/4*sqrt(3)*sqrt(2) + 1/4*sqrt(2)}]

In[]: M




So these are the solutions.
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1/2%sqrt(-sqrt(3) + 2), y == 1/4%sqrt(3)"sqrt(2) + 1/4"sqrt(2)]]
In [28]: M s = solve([x*2+y*2==1, x*y==1/4],[x,y],s0lution_dict=True)
show(s
|
|{ ;\\/_-v- Wit V“‘l(\ﬁ 2)}.
1 LT
{\:;V/\/}+l._\"-;v\/§+2(vﬁ-2]}
Foren. | | &
{.\':-% \/_\/.T+l._\':_1 VERYS —3\/2}.
1/ | rp |l =
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Now, suppose if | store this into s. So, if | ask it to show what is s; these are the values of
s. And so, there are 4 solutions. Each of this solution if I want to kind of extract it is quite

easy. So, you can see here it is a list of dictionary.
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In [31): N s[e]
ut[31]: {x: -1/2'sqrt(sqrt(3) + 2), y: 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)}

In[]: M for slnins:

print(sln
)
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So, this is s[0] this is the first solution. Now, you can run a loop over this solution set. So,

| can say for let us say s or let us say it is solution so, ‘for sIn in s: print(sin)’ and this it

will print all the solutions.
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Out|31]: {x: -1/2%sqrt(sqrt(3) + 2), y: 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)}
In [33]: M for sln ins:
print(sln)
print(sln[x]
{x: -1/2*sqrt(sqrt(3) + 2), y: 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)}
{x: 1/2*sqrt(sqrt(3) + 2), y: -1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)}
{x: -1/2*sqrt(-sqrt(3) + 2), y: -1/4%sqrt(3)*sqrt(2) - 1/4*sqrt(2)}
{x: 1/2*sqrt(-sqrt(3) + 2), y: 1/4*sqrt(3)*sqrt(2) + 1/4*sqrt(2)}
In[]: M

BPTER Type here to search

Now, each one of these is a dictionary. So, | can even say sin solution the value of x.
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out|31]

Code ¥

{x: -1/2*sqrt(sqrt(3) + 2), y: 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)} .

In [34]: M for sln ins:

print(sln[x]jslni)d])

-1/2*sqrt(sqrt(3) + 2)
1/2*sqrt(sqrt(3) + 2)

-1/2'sqrt(-sqrt(3) + 2)
1/2'sqrt(-sqrt(3) + 2)

-57;3 Type here to search o B "R ECET RS ~aE

So, let me ask it to print; so this is the first solution.
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Qut[31]: {x: -1/2*sqrt(sqrt(3) + 2), y: 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)}

In [36]: M for sln ins:
print(sln[x],sln[y])

-1/2%sqrt(sqrt(3) + 2) 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)
1/2%sqrt(sqrt(3) + 2) -1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)
-1/2*sqrt(-sqrt(3) + 2) -1/4*sqrt(3)*sqrt(2) - 1/4*sqrt(2)
1/2%sqre(-sqrt(3) + 2) 1/4*sqrt(3)*sqrt(2) + 1/4*sqrt(2)

| In[]: M solve(x*-2*x-158,4

HPTED Type here to search ot B " N CETERY ~raEy

So, for each one it is printing sIn x and let us say this is the first solution this is the second
solution so it gives you a list. So, | can make a list. So, this is how you can extract these
solutions.

So, this is advantage of using this option called solution dictionary so that it becomes easier
for you to extract. And you can also solve inequalities using solve functions so for
example, let us say | say solve and let me write inequality say x*2- 2+x —1 > 8and

you want to solve this for x.
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In [36]: M for slnins:
print(sin[x],sln[y])
-1/2'sqrt(sqrt(3) + 2) 1/2*sart(sart(3) + 2)*(sart(3) - 2)
1/2*sqrt(sqrt(3) + 2) -1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)
-1/2*sqrt(-sqrt(3) + 2) -1/4%sqrt(3)*sqrt(2) - 1/4*sqrt(2)
1/2%sqrt(-sqrt(3) + 2) 1/4*sqrt(3)*sqrt(2) + 1/4*sqrt(2)
In [37]: M solve(x*-2*x-158,x
out[37]: [[x > 8, x < (1/9)]]
In [39]: M var('x,y')
B(X,y) = x*242*x*y-3*y+exp(-x"2-y*2
[ mil: el
) Wik N

.F{p Type here to search o AR N CET"TEHBO ~2 @ v {



So, it gives you the solution of this inequality or you can have list of inequalities that will
also work. So, you can see here this solve function is very useful which can solve one
equation in one variable, it can solve system of linear equations, system of non-linear

equations, it can also solve inequalities. So, it is quite useful.

So, if you want to for example, in between we give some say sub heading you can do that.
So, how do I do that? For example, here we have to solve system of inequalities system of

non-linear equations.
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In [22): M solve([x+y==5],[x,y])
[[x == -r1 +5, y==ri]]
In [25]: M var('x,y')
solve([x"2+y"2==1, x*y==1/4],[x,y])
t[25]: [[x == -1/2*sqrt(sqrt(3) + 2), y == 1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)],
[x == 1/2*sqrt(sqrt(3) + 2), y == -1/2*sqrt(sqrt(3) + 2)*(sqrt(3) - 2)], [x

== -1/2%sqrt(-sqrt(3) + 2), y == -1/4*sqrt(3)*sqrt(2) - 1/4*sqrt(2)], [x ==
1/2*sqrt(-sqrt(3) + 2), y == 1/4*sqrt(3)*sqrt(2) + 1/4*sqrt(2)]]

### Solving a system of non linear equations|

In [30]: M s = solve([x"2+4y*2==1, x*y==1/4],[x,y],s0lution_dict=True)
show(s

So, | if I want after this one | can insert one cell and convert this into markdown and then
we can say; solving a system of non-linear equations. Similarly, you can do it with other
things. So, it is quite convenient to use this solve function. Now, let us look at suppose you

want to declare say function of two variables.

So, the way to do is first you need to declare the x and y as a variable and then just let us
just write g(x,y) = x"2 + 2*x*y — 3*y + exponential of (-x"2 — y"*2). And again whatever
methods that you want to apply on g all these things will be available using g dot and tab.

So, you can go through this list and then explore these functions.

So, this of course, we will come to this kind of functions when we do when we explore
calculus. Now, another thing I just wanted to tell you, last time | told you, if you go to

SageMath website it provides you lot of documentations, but when you install sage this



also has some inbuilt document. One help document is when we take help on a particular
function or particular method using help( ) or using question mark “?” or double question

mark <??’.
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In [36): M for sln in s: Keyboard Shortcuts
print(sin[x],slnly]) Edit Keyboard Shortculs

-1/2*sqrt(sqrt(3) + 2) 1/2"sqrt(sqr

1/2*sqrt(sqrt(3) + 2) -1/2"sqrt(sqr  Notebook Help z

-1/2*sqrt(-sqrt(3) + 2) -1/4*sqrt(3
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) Sage Tulorial @
Out[37] x>0, x < (1/9
R @onl Themalic Tutorials (2
In [39]: N var('x,y') FAQs ¢
8(X,y) = x"242*x%y-3*ysexp(-X"2-y"2  PREP Tutorials @
Sage Reference @
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But, if you click on this help you can look at sage documentation.
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Sage Documentation v9.1

Tutorials and FAQ

Tutorial FAQs

This tutorial is the best way to become A collection of frequently asked questions,

familiar with Sage in only a few hours. together with answers to those questions
You are encouraged to read these FAQs
before asking questions on one of many
Sage mailing lists

Thematic Tutorials PREP Tutorials

A collection of in-depth tutorials on specific  Thit’ set of tutorials takes the 1

) topics. These thematic tutorials are designed  very minimal computer backgr|
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If you click on sage documentation. So, this is actually if you look at it and notice this is

not going to the internet it is from the local host itself. So, you can go through this tutorial



the thematic tutorial there is a PREP tutorial you can click on any of these things and then

explore.
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Thematic Tutorials

A collection of in-depth tutorials on specific
topics. These thematic tutorials are designed
to help you get stated on Sage
functionalities relating to topics such as
coding theory, combinatorics, cryptography,
functional programming, group theory, linear
programming, etc. If you feel uncomfortable
consulting the reference manual, you are
encouraged to browse through these
thematic tutorials.
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PREP Tutorials

This set of tutorials takes the reader from
very minimal computer background to a
good understanding of basic undergraduate
Sage functionality. It includes several
thematic "Quickstart" tutorials, and was
originally ~ developed as professional
development material for the MAA

Comprehensive Reference Manual
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Reference Manual

This is the reference manual for the Sage
mathematics ~ software  system.  The
reference manual contains many examples
that illustrate the usage of Sage. If consists
primarily of documentation that has been
automatically generated from the Sage
source code. The examples are all tested
with each release of Sage, and should
produce exactly the same output as in this
manual, except for fine breaks.
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Comprehensive Reference Manual
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Installation Guide

A guide on how fo install Sage. You can
install a Sage source distribution or a binary
distribution. Also covered are topics relating
to a system-wide installation of Sage, and
installing Sage for your own personal use.

Other Documents:

X | @ CMSMtectre3-t x|+

Installation and Developer Guides:

Developer's Guide

This document describes guidelines and
policies regarding Sage development. It
explains how to write programs using Sage,
how to modify and extend the core Sage
libraries, and how to modify Sage's
documentation. It also discusses how to
share your new and modified code with
other Sage users.
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Other Documents:

ATour of Sage

This is a tour of Sage that closely follows the
tour of Mathematica that is at the beginning
of the Mathematica Book.

documentation. It also discusses how to
share your new and modified code with
other Sage users.

Constructions

This document collects answers to some
questions along the line "How do | construct
...In Sage?"
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" PS%? Compuing With Mathematica Book.
» Accessing Algorithms in
Sage Sage as a Calculator
This Page N
The Sage command line has a sage: prompt; you do not have to add it. If you use the Sage
Show Source i g A
notebook, then put everything after the sage: prompt in an input cell, and press shift-enter to
Quick search compute the corresponding output,

8

The caret symbol means “raise to a power",

|
sage: 57.1 * 108 } !
4.609043686613962175
B s s
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Power Computing with Sage

First we create a 500 x 500 matrix of random numbers.

sage: m = random_matrix(ROF,5@@)

It takes Sage a few seconds to compute the eigenvalues of the matrix and plot them.

sage: e = m.eigenvalues() #abou
sage: w = [(i, abs(e[i])) for i
sage: show(points(w))

2 seconds
range(len(e))]
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This computes at least 100 digits of 7.
sage: N(pi, digits=100)
3,14159265358979323846264338327 1693993751058209749445923078164062862889986280348253421171
»
This asks Sage to factor a polynomial in two variables.
sage: R.<x,y> = Q)
sage: F = factor(x"99 + y"99)
- X'y 4 y"2)
X"9%y + x°8%y"2
X347 4 X2
XM17%y3 g ryn
*YA10 - X911 + XATAYA3 4 X16Ty4 -
XM4TyA16 - XA3PYAMT + KMyN 20) * (x'60 + X*57*y"3 -
+ X*42'y*18 + x"39%y"21 - x"33%y"27 -
3 4 X\21%y*39 + XMB'YAA2 - XxM2%yMS - I
+ 57 + y"60)
sage: F.expand()
X9 + y'99
%Q Sage takes just under 5 seconds to compute the numbers of ways to partition of
; P
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XA39%21 - x*33%yn27 -
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sage: F.expand()
X99 + y*99

Sage takes just under 5 seconds to compute the numbers of ways to partition one hundred million
as a sum of positive integers.

sage: z = Partitions(10°8).cardinality() #about 4.5 seconds
48)
7045946249141360373834679135204009 "

}Accessing Algorithms in Sage

Whenever you use Sage you are accessing one of the world's largest collections of open source
computational algorithms.

SDJE. sage Tour 9.1 »

© Copyright 20052020, The Sage Development Team. Created using Sphink 1.8.5.
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So, for example, there is an installation guide or developers guide and a tour of sage if |
click on tour of sage this will give you how to get started with sage with various things
including the plotting and other things etc. Or you can go to for example, again help and

look at sage thematic tutorial or let us say sage tutorial.
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Welcome to the Sage Tutorial!
Indices and tables Sage s free, open-source math software that supports research and teaching in algebra, geometry,
Next topic number theory, cryptography, numerical computation, and related areas. Both the Sage
E development model and the technology in Sage itself are distinguished by an extremely strong
Introduction R . N ot g
v on op P and : we are building the car, not
This Page reinventing the wheel. The overall goal of Sage is to create a viable, free, open-source altemative to
e Srre Maple, Mathematica, Magma, and MATLAB.

Quick search This tutorial is the best way to become familiar with Sage in only a few hours. You can read it in
HTML or PDF versions, or from the Sage notebook (click Help, then click Tutorial to interactively

| 6o || work through the tutorial from within Sage).

This work is licensed under a Creative Commons Attribution-Share Alike 3.0 License.

« Introduction

o Installation

o Ways to Use Sage

o Longterm Goals for Sage
» AGuided Tour
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« Introduction
o Installation
o Ways to Use Sage
o Longterm Goals for Sage
+ AGuided Tour
o Assignment, Equality, and Arithmetic
o Getting Help
o Functions, Indentation, and Counting
o Basic Algebra and Calculus
o Plotting
o Some Common Issues with Functions
o Basic Rings
o Linear Algebra
o Polynomials
o Parents, Conversion and Coercion
o Finite Groups, Abelian Groups
o Number Theory
o Some More Advanced Mathematics
o The Interactive Shell
o Your Sage Session
o Logging Input and Output
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o Finite Groups, Abellan Groups
o Number Theory
o Some More Advanced Mathematics
o The Interactive Shell
o Your Sage Session
o Logging Input and Output
o Paste Ignores Prompts
o Timing Commands
o Other IPython tricks
o Errors and Exceptions
o Reverse Search and Tab Completion
o Integrated Help System
o Saving and Loading Individual Objects
o Saving and Loading Complete Sessions
o The legacy Notebook Interface
* Interfaces
o GP/PARI
o GAP
o Singular
o Maxima
« Sage, LaTeX and Friends
o Overview
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o Using SageTeX
o An example
o Make SageTeX known to TeX
o SageTeX documentation
o SageTeX and TeXLive
o Afterword
o Why Python?
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o How do | reference Sage?
o Appendix
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 Module Index
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Sage provides standard constructions from linear algebra, e.g., the
characteristic polynomial, echelon form, trace, decomposition, etc., of
amatrix.

Creation of matrices and matrix multiplication is easy and natural:

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix

[11-4)

Note that in Sage, the kernel of a matrix 4 is the “left kemel", i.e. the
space of vectors w such that wA = 0.
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%)

A backslash \ can be used in the place of solve_right; use A \ ¥
instead of A. solve_right(Y).

-2, 1, 0)
If there is no solution, Sage returns an error:

sage: A.solvi
Traceback (m

t call last):

matrix equation has no solutions

Similarly, use &.sclve_left(v) to solve for X in XA =Y.

Sage can also compute eigenvalues and eigenvectors:

=
HPTED Type here
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sage: A = matrix([[0, 4], [-1,
sage: A.eigenvalues ()
o BARCCTHMBO ~bay

X | & ovsmL

[ C O localhost:

%)

x

YOI QR VI UM WIS UL DU iy AR (SR G

below).

As noted in Basic Rings, the ring over which a matrix is defined
affects some of its properties. In the following, the first argument to
the matrix command tells Sage to view the matrix as a matrix of
integers (the zz case), a matrix of rational numbers (g), or a matrix of
reals (Rr):

sage: AZ =
M =
AR = matrix(RR,
AZ.echelon_formi

)

: AQ.echelon_forn(

AR.echelon_form()
[ 1.00000600008600 0.262020000000000)
[0.096200026086000 1.89020060000020 ]

el
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For computing eigenvalues and eigenvectors of matrices over

floating point real or complex numbers, the matrix should be defined

over rof (Real Double Field) or cor (Complex Double Field), !
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le X | @ oMsMLe x wrdlc X @ Alowct X | hoyere X | @ oMMle x | #

€« C O localhost: emnel agemath/doc/tuty

SAge! AXUF = MATPIX(KUF,
sage: ARDF.eigenvalues()

34135'1, [(@.7585608183809549, -
[(0.14559469829270957 +

Matrix spaces

We create the space Mats,3(Q) of 3 x 3 matrices with rational
entries:

® —
= = lec X | @ CMSMLe X neardlg X @) Afowef X woyter e X | @ OMMLe X | 4 o x
€ 5 C O localhostases/kemel nalghtm an @:
M Gmail @ 9 © Meptonmat. @ Pyt '
(The syntax for the output of eigenvectors_left is a list of triples:
(eigenvalue, eig or, multiplicity).) Eigenvalues and eigenvectors
over Qg or RR can also be computed using Maxima (see Maxima
below).
As noted in Basic Rings, the ring over which a matrix is defined
affects some of its properties. In the following, the first argument to
the matrix command tells Sage to view the matrix as a matrix of
integers (the zz case), a matrix of rational numbers (qQ), or a matrix of
reals (R):
AQ.echelon_form()
age: AR.echelon_forn()
o | 1.8620020909290 ©.202620860000000)
%) [8.006000000006090  1.00000009090008 ]
WD Tpe here ot AR CEeETEDO -
® o0 x

MatrixSpace(QQ,3)

Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(To specify the space of 3 by 4 matrices, you would use
MatrixSpace(QQ,3,4). If the number of columns is omitted, it defaults to
the number of rows, so Matrixspace(Q,3) is a synonym for
MatrixSpace(Q,3,3).) The space of matrices is equipped with its

%) canonical basis:

el
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sage: A.echelon_form()

[16-1)

[e12]

[e e g

sage: A.kernel()
Vector space of degree 3 and dimension 1 over Rational Field
Basis matrix

Next we illustrate computation of matrices defined over finite fields:

sage:
[11e061111)
[e1e01011]
ee161101)
[ee111118)
sage: rows = A.rows()
A.columns()
,0,0,80),
ik d, ),
sage: rows
[(1; 1,0:0,1,:1,1,01); (0; 1,0,/0,1,.9,.1,:1),
(0,0,1,6,1,1,0,1), (6,9,1,1,1,1,1,0)

»1,9,2),(0,01,1), (380,89, 1),
8, 1,4),000, 1,°8; 1), .(1; 1

¢ = {8}
e X | @ COMSMLe X near Al X ATowoft X " x| @ otsmte x| 4

€ 5 C O localhostases/kemelspecsisagemativoc linalgtm

M Gmal @ e Q Maps © ThePythonmathM. @) Python Numpy Tut
[11601111]
e1081611)]
ee1e1101]
ee1111180]
sage: rows = A.ro
sage: A.columns()
(1, 0, 0,8),(1,1,0,0), (60,1 1

1);:(1:08; 5:4)5i(%::1,10, 3), (1, %:1559)]

1,410 (0, 4.70,00,:4, 01, 1);
B Ve 5 g § YL YO T 0 VAT U - I

We make the subspace over F, spanned by the above rows.

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[10e0e16080

[61081011)

@e1e1161)]

[eoe10011)

21 A.echelon_forn()
0600108
[e1e81011)

fee101101]
Ag;) [eoe10811)
HPTED Type here tosearch (= I ~ B L
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V = VectorSpace(GF(2),8)
§ = V.subspace(rows)
S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:
[1eeeelee]
fe1081811)]
[e0101101)
[eee1e0011]
sage: A.echelon_forn()
[1eeeelee]
[e1e01011]
60101101
Bee1e011)

The basis of S used by Sage is obtained from the non-zero rows of
the reduced row echelon form of the matrix of generators of S.

Sparse Linear Algebra

Sage has support for sparse linear algebra over PIDs.

;
:

s sage: M = MatrixSpace(QQ, 100, sparse=True

%) sage: A = M.randon_element(density = 0,85) v

=

WP e heetosearch o Br R ECETEHMY ~1ox 2
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& =
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¢ = . t Q:
M o 9 (5] "
sage: A = don_ (density = 9.0
sage: E = A.echelon_
The multi-medular algorithm in Sage is good for square matrices (but
not so good for non-square matrices):
MatrixSpace(QQ, 50, 108, sparse=True)
andon_el (density = 0.85)
20, 4@, sparse=True)
E = A.echelon_form()

Note that Python is case sensitive:

sage: M = MatrixSpace(QQ, 18,18, Sparse=True)

Traceback (most recent call last):

TypeError: __init__() got an unexpected keyword argument 'Sparse'

SDGE. sage Tutoral 9.1 » A Guided Tour » previous | next | index
3 ) © Copyright 20052020, The Sage Development Team, Created using Sphinx 1.8.5. &
el .
HPTED Type here to search o B " R CE " HMBO® ~taEx <

And then you can just look at each one of these for example, if | say click on something to

do with let us say click on linear algebra it will tell you some of the basic things in linear
algebra and you can copy paste any of this command.

(Refer Slide Time: 22:08)
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Welcome to the Sage
Reference Manual This manual contains documentation for (almost) all of Sage's features, each illustrated with examples
. UG” Inkectace that are systematically tested with each release. A thematic index is available below.
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= Parents and
i User Interface
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F}elds « Command Line Interface (REPL)
» Linear Aigebra « For the Jupyter notebook interface, visit its documentation.
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Probability and Statistics

+ Probability
o Statistics
« Quantitative Finance

Mathematical Structures T

o Sets
 Monoids
« Groups

« Semirings
« Rings

« Algebras

Discrete Mathematics

« Combinatorics
« Graph Theory
« Quivers

oRBARCCTEMS 1@

oretoth X ) LnerAkeba X | @) ATowrofSige X | wpyterPaoer X | @ CMSMiecwe X | 4 - 0 X

ference/indexhtmi?v

M- @ Python Nus
- wvers

« Matroid Theory

« Discrete Dynamics
« Coding Theory

« Cryptography

» Game Theory

« Symbolic Logic

« SAT solvers

Geometry and Topology

« Euclidean Spaces and Vector Calculus
« Combinatorial and Discrete Geometry
o Cell Complexes and their Homology

« Manifolds and Differential Geometry

« Hyperbolic Geometry

« Parametrized Surfaces

« Knot Theory

Number Fields, Function Fields, and Valuations

o Number Fields

"o HBFRCETEEY ~tE

If you go to help and then go to sage reference then it will tell you the reference manual

for various things.
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Coding Theory

o

Coding theory is the ical theory for alge and ial codes used for forward error
correction in communications theory. Sage provides an extensive library of objects and algorithms in
coding theory.

Basic objects in coding theory are channels, codes, linear codes, encoders, and decoders. The following
modules provide the base classes defining them.

« Base class for Codes

« Generic structures for linear codes of any metirc
« Linear codes

o Channels

« Encoders

« Decoders

Calalogs{%r available constructions of the basic objects and for bounds on the
codes are provided.

el e
) Malh, IHTML-CSS
& Tt ll
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« Index of decoders
« Index of encoders
« Index of bounds on the parameters of codes

Families of Codes

Famous families of codes, listed below, are represented in Sage by their own classes. For some of
i i | invariants are

| o

them,
available.

of special decoding algorithms or for

« Parity-check code

« Hamming codes

« Cyclic code

« BCH code

« Golay code

« Reed-Muller code

« Reed-Solomon codes and Generalized Reed-Solomon codes
« Goppa code

In contrast, for some code families Sage can only construct their generator matrix
priori knowledge on them:

Oﬂ'iiﬁieffliA'@
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« Constructions of generator matrices ﬁsing the GUAVA package for GAP
« Enumerating binary self-dual codes
« Optimized low-level binary code representation

Derived Code Constructions

Sage supports the following derived code constructions. If the constituent code is from a special code
family, the derived codes inherit structural properties like decoding radius or minimum distance:

« Subfield subcode
« Punctured code
« Extended code

Other derived constructions that simply produce the modified generator matrix can be found among the
methods of a constructed code.

Decoding

Information-set decoding for linear codes:

@ o Information-set decoding for linear codes

'"EpTypchcmlnsealch 0 H i ;| a ' e L ' 0 ~lEe
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Information-set decoding for linear codes: &

« Information-set decoding for linear codes

i-Sudan i lation-based list decoding for Reed-Solomon codes:

o Gi i-Sudan decoder for (G lized) Reed-Solomon codes
« Interpolation alg forthe G i-Sudan decoder
« Guruswami-Sudan utility methods

Automorphism Groups of Linear Codes

« Canonical forms and automorphism group computation for linear codes over finite fields
« Canonical forms and automorphisms for linear codes over finite fields

Bounds for Parameters of Linear Codes

« Bounds for parameters of codes
o Delsarte (or linear programming) bounds

@ Databases for Coding Theory
HTER Type here to search 0 &t i -L a Le L3 !i ALE T
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« Interpolation algorithms for the Guruswami-Sudan decoder
« Guruswami-Sudan utility methods

Automorphism Groups of Linear Codes

« Canonical forms and automorphism group computation for linear codes over finite fields
» Canonical forms and automorphisms for linear codes over finite fields

Bounds for Parameters of Linear Codes

« Bounds for parameters of codes
« Delsarte (or linear programming) bounds

Databases for Coding Theory

« Access functions to online databases for coding theory
« Database of two-weight codes

. Miscellaneous Modules
HFTEP Typehereto search o B n M CCT MY ~raEy

So, for example, even if | say reference manual for coding theory it will tell you many

things about coding theory. So, you can explore whatever is of your interest and definitely

when we start learning each of these concepts we can explore this further. So, at the end

let me also leave you with some exercises. So, let me delete all these cells | think the

previous one also got deleted.
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In [48]: W var('x,y')
g(X,y) = x"242%x*y-3*y+exp(-x*2-y*2)

Exercises

1. Find roots of x* = 2¢? = 5x+ 6 = 0 for x

2. Solve the system of non linear equations x” + * = 4 and y = x* = 2for x and y.

3. Define a three linear equations in variabl@s x, y, z and solve the same.

4, How many solutions does 2x — 3y + 3z = 5 and x — y + z = 4 have? Find at least four different solutions.

| il N

®
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So, let me go to this and undo the deleted cell this is what we explored. So, let me convert

this into markdown. So, they are very simple exercises like for example, find the roots of



this cubic with respect to X, solve system of non-linear equations this, define three linear
equations in three variables X, y, z and then solve them and find out how many solutions
does these two equations in three variables have and find at least four different solutions.

So, these are few very simple exercises.

So, we will look at more on SageMath in the next lecture; especially on how to plot graphs

of various 2 dimensional and 3 dimensional objects that we will look at next.

Thank you very much.



