Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Lecture — 16
Exploring integers in SageMath

Welcome to the 16th lecture on Computational Mathematics with SageMath. Now,
onwards we will start using SageMath and we will explore mathematical concepts using
SageMath. So, | hope all of you have managed to install Sage in your system or at least
you have figured it out how to use it online. In case you have problem in installing in your

system you can use it online that I explained in the last video.

So, let us get started. | have already installed in my system and in my computer system it
has created three icons on my desktop. One is SageMath Notebook another one is
SageMath 9.1 another one is SageMath Cell. So, we will be using SageMath Notebook.
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So, let us double click on this and once you double click it will start SageMath server in a
Jupyter Notebook.
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Initially, it may take little time, but subsequently it will be faster.

(Refer Slide Time: 01:27)




~ i " - o X
C O localhostaegiree anw @Q:
i Apps M Gmal @ Youluoe @ Maps @ TheRhonmatiM.. @) Python Numpy Tut
: Jupyter Quit Logout

LJ Uownioaos £nours ago

) [ Favorites amonth ago

[ IntelGraphicsProfiles 3 hours ago

03 Links amonth ago

O [ Local Settings ayearago

[ MicrosoftEdgeBackups ayear ago

3 Music amonth ago

2 My Documents ayear ago

[ NetHood ayear ago

OO NPT% Lectures aday ago

[ OneDrive 5 days ago

1 O Pictures 9 days ago
0 PrintHood ayear ago
13688 tree/NPTEL Lectures § Recent 3 Vear aoo
—
EPTER Type here to search 0 & i " ﬁ G e LI C . Q ~lE®

So, this is the local host for SageMath server. You can see your files directories and all

other things etc. So, let me go to one directory which | have created as NPTEL Lectures.
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So, if I click on this there are files which we created last week. So, now, let us go to new
and click on new. In case you want to just do Python programming that also option is
available. So, you can click on Python 3. We will be using SageMath 9.1. So, let us click
on SageMath 9.1.
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Once you click SageMath 9.1 it will create an untitled Jupyter Notebook.
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So, we can rename this. So, let us rename this. I will call this as computational mathematics
with SageMath and let me say this is Lecture 3-1. So, that is the name | am giving to this

worksheet.
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In[1]: M n= 7642

In [2]: M type(n)

Out[2]: «<class 'sage.rings.integer.Integer'>

In [3]: M n.is_prime()

0ut[3]: False

In [4]: M n.factor()

out[d]: 2+ 3821

I In[]: M n.nextprine()|
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So, by default it will create an extension i.e. .ipynb that is the Jupyter Notebook default
extension. Now, this is where you can type all the commands and you can run this exactly

in a same way as we did when we wrote Python programs using Jupyter Notebook.



So, this SageMath as 1 said in the introductory video is very useful and you can explore
most of the mathematical concepts using SageMath. So, let us get started. Suppose we

want to let us say explore integers. So, how do we do that?

We will define let us say n is equal to some integer. Let us say 7642. So, let us store this.
Now, when we have created n = 7642, actually n is an object of integer class. So, if I ask

for what is type of n, it will tell you that it is coming from sage.rings.integer.Integer.

Now, all the methods that you want to apply on n can be obtained using dot tab operator
because this as | said this SageMath is Python based. So, all the functionality of Python

will also be available here.
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So, if I say n dot and then press tab you will see all the methods that can be applied to this

In[1]: N

er.Integer'>

object n. So, for example, you can go through this list and explore maybe few of them. So,
let us see suppose we want to look at this integer and | can ask whether this integer is prime

or not a prime number.

So, of course, we know that this is even integer. So, it cannot be prime. So, but we can still
check whether it is a prime or not. How do we check that? So, if you again press the tab

you will see an option.

There is an option called is_prime( ) and then you give this empty parenthesis because

this is a method you want to access this method known as is underscore prime from this



integer class and you want to apply on an object n. So, this is what you have to do. So, this

says that this is not a prime number.

So, if it is not a prime number you can ask various questions. So, for example, | can say
n. factor(). So, what are the factors of this? So, it says that it has only two factors, namely,
2 and 3821. You can ask for n.next_prime(). So, that will give you a number which is

prime and it is immediately after this.
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ut[5]: 7643

In [6]: M n.previous_prime()

Jt(6]: 7639

In [7]: M n.divisors

ut(7]: [1, 2, 3821, 7642]

In[]: M divisorsig
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So, let us run this it gives you 7643. So, it was 7642 and the next number next integer is a
prime number. So, that is very nice. So, you can see here for example, next_prime() or

is_prime(). First of all is_prime() checks primality of this number n.

So, whenever you want to check something let us say you want to check whether some
integer is even or odd or check prime, not prime, check matrix which is singular, non-

singular etc, generally the name of the method will start with ‘is’.

And since it is combination of is and prime a general philosophy in SageMath is to
combine these two using underscore (_) and in some other software it may be some other
philosophy. But, in SageMath two keywords are combined to make a single method or

function using underscore.



So, this is the next prime. If I say n dot if | want to find previous prime I can say pre and
you can after typing let us say pre or just pr you can press tab, then it will show you all the

options that can exist with two characters pr. So, there is an option called previous prime.

So, if I just use ‘.previous_prime()’ you get this previous prime which is 7639. So, 7639
and 7643 are two consecutive primes. Similarly, you can ask for let us say divisors. We
already found out factors, but if I say n dot divisors, then it will give you all the divisors
of this say including 1 and the number itself. So, all the divisors it will give you. It will

give you divisors in case it is repeated. For example, if | say divisors of let us say 8.
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Out[6]: 7639

In [7]: M n.divisors

out(7): [1, 2, 3821, 7642)

In [8]: M divisors(8

out[e]: [1, 2, 4, 8]
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So, divisors of 8 are 1, 2, 4, 8. So, it will give you only the divisors as a list right. So, you
can see here n.divisors() can be used or we can use divisors in the bracket n

(‘divisors(n)’) both are the same thing.
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In [9]: M divisors(n)
out[e]: [1, 2, 3821, 7642]
In [10): M n.digits()

out[10]: [2, 4, 6% 7]

I In[]: M len(n.digits())
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So, its divisor is also a function at the same time it is also a method inside integer class.
So, next let us say we want to find out how many digits are there. So, we can say n dot and
if 1 say n.digits() then what will it create? It will create a list of digits; it will separate all
the digits and create a list. So, and it will start with unit place. So, the 2, 4, 6, 7 our number
was 7642. So, you can separate the digits starting from units place onwards and you can
count how many digits are there.
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In [11): M len(n.digits())

out[11]: 4

In [12]: N m = 74353746382537
m.digits()

ut(12): [7,3,5,2,8,3,6,4,7,3,5,3,4,7]

| mil: M n.ndigitflﬂ
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| can say that length of n dot digits will give me number of digits. So, it has 4 digits and
you can work with any big number. So, if | say let us say m is equal to some large number

and then if | ask for what is m. digits(), then it will separate all the digit digits and you



can count the length. However, you can find the length of digits length of or number of

digits in an integer using another option called n.ndigits().
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In [12): M m = 74353746382537
m.digits()
out[12]: (7, 3,5,2,8,3,6,4,7,3,5,3,47
In [13]: M n.ndigits()
out[13]: &
| mil: W I
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So, if I say n digits it will tell me number of digits.
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In [14]: M m.ndigits()

out[14]: 14
In [ ]: M help(n.divisors)
In [15]: M n.divisors?
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So, for example, if | say m.ndigits() it has 14 digits and that is what it gives me. So, once

you have defined an integer any integer you can check various things about that integer



like whether it is prime, if it is not prime what are factors, next prime, previous prime all

these things using dot tab operator.

So, suppose you want to for example, find out any about any function. So, for example, if
| have said divisors, so, if | say n. divisors() and you can put either help i.e. you can write
inside help you can write n. divisors ‘help(n.divisors)’ which is one way or you can

even say n.divisors and put a question mark ‘n. divisors?’.
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In [14]: M m.ndigits()
out[14]: 14
Return the list of all positive integer divisors of this integer, !
sorted in increasing order.
EXAMPLES:
sage: (-3).divisors()
(1, 3]

sage: 6.divisors()
[1, 2,3, 6]
5, sage: 28.divisors()
3 [1, 2, 4, 7, 14, 28]

=
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Then it will open a help document which is inbuilt.
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In [14]: M m.ndigits()
out[14]: 14
Loy &5 Ty 1y Ty ey
sage: (25).divisors() ’ X
[1, 2, 4, 8, 16, 32]
sage: 100.divisors()

[1, 2, 4, 5, 10, 20, 25, 50, 100]
sage: 1.divisors()

1]

sage: @.divisors()

Traceback (most recent call last):

ValueError: n must be nonzero
sage: (273 * 32 * 17).divisors()

»'-} [1, 2,3, 4,6,8,9, 12, 17, 18, 24, 34, 36, 51, 68, 72,
i 109 1236 103 m £12 12241
=9
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Just to tell you in case you are opening this first time it may take little time, but of
subsequently it will be faster. So, you can see here it tells you that returns the list of all
positive integers divisors of this integer and sorted in increasing order. So, after finding

the divisors it will sort in increasing order that is what it means.
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In [14]: M m.ndigits()

out[14]: 14

ValueError: n must be nonzero
sage: (273 * 32 * 17).divisors()
[1,2,3,4,6,8,9, 12, 17, 18, 24, 34, 36, 51, 68, 72,

102, 136, 153, 204, 306, 408, 612, 1224]
sage: a = odd_part(factorial(31))

sage: v = a.divisors()

sage: len(v)

172800

sage: prod(e + 1 for p, e in factor(a))
L 172800
,:?) sage: all(t.divides(a) for t in v)
Y True
-~ =
HPTER Type here to search o B " M CCE "TEHB O ~tEaw

And it gives you several examples and you can even copy paste any of this example.

(Refer Slide Time: 11:35)



= NPTEL Lectures/ X | B OMSM_Lectured-1 % Jprer Pager X 4+ o X

I~

C O aboutblank 4 o H
H Agpe M Gmail @ Youloe @ Maps @ TheythonmathM.. @) Python Numpy Tut

Docstring
Return the list of all positive integer divisors of this intsger,
sorted in increasing order.

EXAMPLES:
sage: (-3).divisors()
1, 3

sage: 6.divisors()
1,238

sage; 28.divisors()
(1,2, 4,7, 14, 28)
sage: (2%9).divisors()
1, 2, 4,8, 16, 2]

je: 100, divisors()
2

4, 5, 10, 20, 25, 50, 100]

Traceback (most recent call last):

ValueError: n mist ba nonzero

sage: (2°3 * 3% * 17).divisors()

1, 2,3 4,6,8,9, 12, 17, 18, 24, 34, 3, 51, 68, 72,
102, 136, 153, 204, 366, 408, 612, 1224

sage: a = odd_part(factorial(31))

sage: v = a.divisers()

sege: lenly)

172600

sage: prod(e + 1 for p, e in factor(s))

172800 "
sage: all(t.divides(a) for ¢t in v)

True

) sage: n = 251 - 1
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e

For example, if | can just copy paste this let me make it bigger, so that it will fit in one of
this tab and | can just copy this and | can paste it here.
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In [15]: M n.divisors? :

In [16]: M (2%3 * 322 * 17).divisors()

Out[16]: [

1
2
3
4
6
8

9!

1,
17
18,
2,
3,
36,
51,

) 68,
‘ o
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So, it will all these things when you open this help document you can go through this and
then you can make use of any of the syntax which are there in this help document.

So, in the beginning it is a good idea to actually find out help or take help on every function

that utilize it and you can go through it will tell you what is this f
with several examples.
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In [16]: M (273 * 32 * 17).divisors()

out[16]: [1,
2,

o o & w

1,
17,
18,
2,
34,
36,
51,
68,
n,
102,
136




Instead of one question mark if you write two question marks, so if | say n. divisor? ? and
double question mark then also it will open a help document, but it will be more detailed

help document along with along with the source code.
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In [16]: M (273 * 32 * 17).divisors()

out[16): [1,
2,
3,
4,

Source
def divisors(self, method=None): b

Return the list of all positive integer divisors of this integer,
sorted in increasing order.

EXAMPLES

,'-) sage: (-3).divisors() |
11 3] |
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Source: S
def divisors(sel, method=None)
Return the list of all positive integer divisors of this integer,

sorted in increasing onder.

7

EXVPLES

[,

sage: 6. divisors()

M, 236

sage: 28.divisors()
I, 2, 4,7, 14, )
sage: (2'5).divisors()
11,2 4,81, 2)

sage: 100.divisors()

1, 2, 4, 5, 10, 20, 25, 50, 100]
sage: L.divisors()

8]

soge: 0.divisors()

Traceback (most recent call last):

nust be nonzero
%2 * 17).divisors()

ValueError:
sage: (24
234

3 9, 12,17, 18, 24, 34, 3, 51, 68, 7,
0, 1 204, 306, 408, 612, 122¢]

sage: |_part(factorial(31))

sage: v = 2.divisors()

sage: len(v)

172800

sage: prod(e + 1 for p, e in factor(a))

,:) 172800
y |
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So, this is a function defined and it tells you how it has been defined along with the
examples and you can see here how this program has been written. So, that is what | meant

by saying that SageMath is open-source software.

So, not only you can use it freely, but you can also see the source code and you can even
modify this source code. So, right, so this is how you can take help on any function or

method. Now, suppose you want to have two integers.
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In [18]: M a, b= 7642, 63

In [19]: M print(a,b)

7642 63

In [20]: M a/b

out[20]: 7642/63

| []: M3/
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Let us say define two integers a and b. So, | can say a, b is equal to again let us say 7642
and another integer b is let us say 63. So, a and b are you can print what are aand b. It will

tell you a and b are this.

Now, suppose we want to check whether this number a is divisible by 63 or not. So, one
way is to look at a divided by b. When you say a divided by b it tells me that actually it
gives me the same integer by this. So, therefore, it is not divisible. Actually this returns a
rational number. In case there are some common factors it will get rid of this common

factor.
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it[21]: 19/6

In [22]: M 38/12.0

ut[22]: 3.16666666666667

n [23]: M 38/12.n()

ut[23]: 3.16666666666667

[»
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So, for example, if let us say 38 divided by 12, then it will give me 19 by 6 because it will

take out this factor 2 from the numerator and denominator. So, this is how you can define

a rational number.

In case you wanted to find let us say a divided by b as a real number you could you could
say for example, 38 divided by 12.0 this is one way or | can also say 38 divided by 12 and

then press dot and n(). This dot n means it is going to give you numerical values.

So, there are two ways in which you can find the numerical values, but dot n we will keep
using in order to get numerical value of any variable. So, we have defined two integers a

and b like this and suppose we know now that this a is not divisible by b.
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In [23): M 38/12.n()

t[23]: 3.16666666666667

In[24]: M a, b=7642, 62

In [25]: M a//b

out[25]: 123

In [26]: N a%

t[26]: 16

In [27]: M b.divides(a
0ut[27]: False
D Type here to search o B " M CE " EHBY ~tEnw b\

Let us change instead of 63, let us say b is 62 and now we want to check whether a is

divisible by b or not. So, how do we check? We can say of course, we can still say a // b

and then we can check what is the quotient.

So, quotient is 123 and we can find out remainder a%b that will give me the remainder.
So, remainder is non zero. Therefore, this is not divisible. You could also find this by a

command let us say b. divides(a). So, it will tell you whether b divides a or not.

So, either you can find quotient remainder or you can check whether b divides a using this
function. You could find quotient and remainder by double slash and percentage, but there

is also an inbuilt function.

(Refer Slide Time: 16:11)
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out[26]: 16

In [27]: M b.divides(a)

0ut[27]: False

In [28]: M a.quo_rem(b)

out[28]: (123, 16)

| N[l M|
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So, if | again for example, if | say a dot and press tab and let us just explore this list and is
there something to find quotient and remainder. So, if you go down to g, so, g here there
is one called quo_rem() and in the bracket if | say b (‘a.quo_rem(b)’) it tells me the

quotient is 123 remainder is 16.
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In [29]: M q, r = a.quo_ren(b)

In [30]: M b*qsr==a

Out[38]: True

In [31]): M ged(a,b

out(31): 2

I il M|
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So, | can store this into let us say q, r is equal to this and we can even verify b into the
quotient plus remainder r is it equal to a (i.e. b*q+r == a), the answer is yes. So, this is how
you can find quotient and remainder. If you have two integers you can also find for

example, gcd of these two integers. So, if | say gcd of a, b it will tell me the gcd is 2.
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out[31]: 2

In [32]: M a.ged(b

In [33]: M xged(a,b)

out[33]: (2, 4, -493)

| Wil oWl
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You could also have said a. gcd (b) both are same. So, it can be used gcd can be used as a
function or as a method. Instead of finding gcd if you say xgcd(a, b) it will return three

things. One first one is gcd and this is let me call this as x and this is y.

So, these two integers x and y have the property that x times a plus y times b should be
equal to this gcd. So, gcd can be written as linear integer linear combination of a and b.
This is what is called Bezout’s identity given two integers a and b and d if d is gcd of a

and b then there exist integers x and y such that x xa + y * b = d where d is called gcd.
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In [34]: M d, x, y = xged(a,b)

In [35]: M print(d,x,y)

24 -493

In [36]: M x*asy*b==d

Out[36): True

| nil: M|

=
HPTED Type here to search o B " mCECET ABE®D

|
|
|e



So, let us verify that. How do we verify that? Let me store this the output in d which is gcd
and x that is the first integer and y the second integer. Now, you can print what are d, X, y

it will tell you this. Now, if | verify x*a +y * b is it equal to d we should get answer true.

So, this we have verified Bezout’s identity. And the beauty of the sage is that we have used
for example, gcd function and you know that you can also find gcd of polynomials. So,
the same function can be applied to find gcd of polynomials and in this case gcd of integers.

So, that is another advantage.
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In [37]: N n = 745647357

In [38]: W prime_pi(n

t[38]: 38490424

In [39]: M euler_phi(30
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Let us also look at let me again define an integer n which is somewhat let us say big integer

[39): 8

il M|

let us say this n. And suppose we want to find out how many primes are there between 2
and n. So, if I say there is a function called prime_pi() which will find the number of
primes and if | say in the bracket n this tells me that it has so many primes between two

and n. So, you can count how many primes are there.

For example, if | say tell me the integer n such that between 2 and n there are 1000 primes.
So, what is that integer that’s very simple Python code will tell me how to find this? So,
for example, you can even find out how many integers are there from 1 to n which are co

prime to n.

So, there is a function called euler_phi() and if | say euler_phi(30), then it will tell me

it is 8 which means that there are 8 integers between 1 and 30 which are co prime to 30.



And how do we find this? So that means, there are 8 integers such that integers and gcd of

each of these these eight with 30 is one that is what we mean by saying co prime.
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In [40]: M [k for k in range(31) if(ged(k,30))==1]
out[de]: [1, 7, 11, 13, 17, 19, 23, 29]
In [41]: M len([k for k in range(31) if(ged(k,38))==1])
t[41]: 8
In[42]: M a, b, c =76, 98, 392
In[]: M| I
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So, for example, | can say [k for k inrange(31)], so, it will give 0 to 30, | want

including 30. So, I will say 31 and when do you take this k? If gcd(k, 30) is equal to 1

i.e. ‘[k for k in range(31) if(gcd(k,30) )==1]". Then these are the integers.

Now, we can count what is the length of this? So, we can say len( ) of this, it will tell me

this is 8. So, we have not only we have found out this number of integers which are co-

prime to 30 using inbuilt function euler_phi( ) but we have also verified this using

‘len([k for k in range(31) if(gcd(k,30) )==1]).

So, these are all Python codes. So, you can see here any Python code we can run as it is.

So, you can also find for example, we have found gcd of two integers a and b. Suppose |

want to find gcd of three integers, let us say a b and c. So, let us define a, b, c is equal to

let us say 76, 98 and 392.
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In [43]: M ged(a,b,c)

Traceback (most recent call last)

<ipython-input-43-82e4691caaad> in

-=> 1 ged(a,b,c)
TypeError: ged() takes from 1 to 2 positional arguments but 3 were given
| il M
=
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And if I want to find out gcd of a, b and ¢ let us run this. It says that we cannot find because

it takes only 1 to 2 position. Therefore, we cannot find gcd of three integers at a time.
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In[42]: M a, b, c =76, 98, 392
In [44]: N ged(ged(a,b),c)
out[44]: 2
In (45]: M n= 1475
| Wil M| 1
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But, what you can do is you can find first gcd of a and b and then find gcd of ¢ along with
gcd of aand b. So, we will say ged of a and b with ¢ is 2. So, 2 is gcd of these three integers.

So, this is how you can explore any integer and look at various properties.



So, and SageMath is actually very good in number theory. The inventor of SageMath

Professor William Stein is himself a number theorist. So, you can expect these two have

lot of functional facilities when it comes to number theory and that is exactly what is true.

Next let us say we want to look at some other function that we know how to deal with. So,

for example, if | say let us say n is equal to let us say 1475 and | want to find factorial of

this number.
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In [46]: M n.factorial()

233012723952288363482561: 749698910632689952714

55807461472282639270858091739237254311 1275 165032290788382
362835112128145620682595618408776463847149677123854492977598524105683476496
997422316471861943659906306674629670921317274191137394786897623863983994083
653081282702681687486729865474224258098391081747323991754027551896230060119
7 5556 8895292729858239077375548143842799552197533939
176672494327949548143717883277749925202732586799202821494541476720138521043
093186497228546758102787861299946846108183442197637276694931617717473501771
829416167448939261834140542426212108244322228408391478858705204463885185449
637772366376129989598322854116413644376811224424656632716232232323727414074
551099442662696874215516390672379607676613360681472351976799692968555554591
472281817160462086798478765868491714505912983310594318516242863613155385033
692601196103331942530585105907533021314319148008188722816508642387788831518
5249817420244015420403679825621201009093149731766771995678484994247589103153
548114455957172855291969377137058212828938374214540025587298831631393335206
595298563774539695277832028900073908504121209819471379519476582704232694275
174439215902725325970915281161958731093055670691242813647521433621554898633

!!! Logout
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352359874121421675982131049629082402312411240646725595774091150397027585566
872250030251479561281829698584452151167697149846607311048894181345927963465
723177609906334241413861467583749910715483962266726616336129198705645528969

24499205983760731 737997615139154181500026 75
870213701828491321951870248046167985972261007858050935893564992247466120818
867 245672055524 18167487261176484732227757511790252800

547239936997075249782661217335209069494137582813703820562520148467029902390
630371663035807173483995975424227909797840342747181712756318278596194527092
598381809765788550082004095280350833048615462809278669832403358152572383842
330907840672657326706817625519133624511911669687643844677845550660549133489
356588347712854516131485280138045070821919248489491852885134493922184113127

7855150683595 813466367935826100224000000
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So, if I say n dot factorial (‘n.factorial()’) it will tell me the factorial of this 1475 and there
are so many digits in fact. So, you can even let us say let us store this what we have found

out in a variable as number N.
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In [47]: M N = factorial(n

In [48]: M N.ndigits()

ut[48]: 4036
In [49]: M F = N.digits()
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Let me call this as number as N. N is equal to you could also say factorial(n) instead of

n.factorial(). And suppose we want to find out number of digits | can simply say capital
N.ndigits(). It tells me the number of digits are 4036 and if |1 want to find out how many
zeros are there, then what we can do is we can say n.digits(). So, it will separate all the

digits and then let us store this in F.
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In [49]: M F = N.digits()

In [50]: MW F.count(e)

out[se]: 7ee

In [51]: M sin(3)

Out[s1]: sin(3)

| In[): M|
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And then we can say F.count(0) there are 700 0Os in 1475 factorial. So, that is quite easy.
You can also apply various scientific function like sine, cosine, exponential, logarithmic
and all these things are inbuilt. So, for example, if | say sin of 3 radian it just returns sin 3.

If I want to find the numerical value there are two ways in which we can do.
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out[51]: sin(3)
In [52]: M sin(3.8)
0ut[52]: ©.141120008059867
In [53]: M sin(3).n()
0ut[S2]: 0.141120008059867
| mil: M !
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We can say sin of 3.0 or we can say sin 3 in the bracket and then .n() (‘sin(3).n()’), this is
to find numerical value.
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ut[53]: 0.141120008059867

In [54]: N sgrt(7)

ut[s4]: sqrt(7)

In [56]: M show(sqrt(7))

V7
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So, that is how we can find it. Suppose, if | want to find out square root of let us say 7, this

returns just square root 7 (‘sqrt(7”). In fact, you can ask it to show in symbolic notation. If

I say show sqrt of 7, then it will just print V7. If | want to find numerical values of this, by
now we know what is to be done.
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In [57]: M sart(7,8), sqrt(7).n()

Qut[57]: (sqrt(7), 2.64575131106459)

In [58]: M sgrt(7).n(digits=5e)

Out[S€]: 2.6457513110645985985016157536392604257102591838824

[
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This you can say 7.0 or you can say sqrt in the bracket 7 and then dot n. You can even
print how many digits do you want. So, for example, if | say this and in the bracket if | put
digits is equal to let us say 50 (‘i.e. sqrt(7).n(digits=50)") then it will give you so many



digits. So, that option is also there. And as | said this any Python program you can run

inside this sage notebook or sage worksheet as it is.
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In [58]: M import numpy as np

In [60]: M np.array([1,2,3])

out[6e]: array([1, 2, 3])

In [61]: M np.linspace(5, 10,100)

out[61]: array([ 5. , 5.05050505, 5.1010101 , 5.15151515, 5.2020202 ,

5.25052525, 5.3030303 , 5,35353535, 5.4040404 , 545454545,

5.50505051, 5.55555556, 5.60606061, 5.65656566, .76767071,

5.75757576, 5.80808081, 5.85858586, 5.98909091, 595959596,

6.01010101, 6.05060606, 6.11111111, 6.16161616, 6.21212121,

6.26262626, 6.31313131, 6.36363635, 6.41414141, 6.46464645,

6.51515152, 6.56565657, 6.61616162, 6.66666667, 6.71717172,

6.76767677, 6.81818182, 6.86868687, 6.91919192, 6.96969697,

7.02020202, 7.67070707, 7.12121212, 7.17171717, 7.22222222,

- 7.20272727, 7.32323232, 7.37373737, 7.42424242, 7.47474747,
) 7.52525253, 7.57575758, 7.62626263, 7.67676768, 7.72727273,
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So, for example, if | say import numpy as np, then it will import numpy. And after that..
so, it is still doing right. It has done if you see a star (‘*’) here; that means, the kernel is
still running. Generally, I find SageMath in Window is a bit slower compared to SageMath

in Linux.

Now, for example, in numpy you have a function array. So, if | say np.array and then | say
1, 2, 3, it will create an array or if I say np.linspace all these things we have used between

let us say 5 and 10 | want 100 points, then this can be also used.
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7.52525253, 7.57575758, 7.62626263, 7.67676768, 7.72727273,
7.77777778, 7.82828283, 7.87878788, 7.92929293, 7.97979798,
8.03030303, 8.08080808, 8.13131313, 8.18181818, 8.23232323,
8.28282828, 8.33333333, 8.38383838, 8.43434343, 8.48484848,
8.53535354, 8.58585859, 8.63636364, 8.68686869, 8.73737374,
8.78787879, 8.83838384, 8.88888889, 8.93939394, 8.98989899,
9.04040404, 9.09090909, 9.14141414, 9.19191919, 9.24242424,
9.29292929, 9.34343434, 9,39393939, 9.44444444, 9.49494949,
9.54545455, 9.5959596 , 9.64646465, 9.6969697 , 9.74747475,
9.7979798 , 9.84848485, 9.8989899 , 9.94949495, le. 1
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So, all these things are very easy to explore and generally it is actually much better than
using Python. Of course, behind the scene Python works, but many things have been

simplified in SageMath and that is what we will see as we go along.

So, at the end let me leave you with some simple exercises. So, you can try these exercises
which will which will actually kind of test whatever things that we have done in this

particular session.
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7.52525253, 7.57575]Code 13, 7.67676768, 7.72727273,
777777778, 7.82828 8, 7.92929293, 7.97979798,
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9.2202020, 9.34343434, 9,39393039, 9.44444444, 9.49494949,
9.54545455, 9.5959506 , 9.64646465, 9.6969697 , 9.74747475,

9.7979798 , 9.84848485, 9.8989899 , 9.94949495, 10. D
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So, let me just convert this into markdown.



(Refer Slide Time: 28:06)

8 C:Users\DR AT KUMAR Desitop\NPTEL Coursed0I\NPTEL Sage Evecte - TeXstudio
Ble B Melx ook LTe Math Wuwds Sblogaly Meges View Optees Help

‘HEHO AL PPEAT wr vy m
Structure X NPTEL Sege_Brertex X
] v W “ \begin{document)
n B i
¥ © ey Tl \::::m:mm 1 (Playing with Integersf])
(] U
B :
] '
i} %
S|
H :
X
. "
b
i
+
&

“| \section|Exploring Solve function in SageMath]
Lne:27 Colamn: 0 Selected: 726 Lnes: 16 RT

~ - EEESEEN 22
Bas

el " »

Vesaes  log  Prevew  SewchResuls
Froces stried: pfotenene -synctec=L-terectionsranmtopmode WPTEL Sege G’ lex

Process ested el

BPTER Type here to search

N N A

RA

T wa. vre,

TER® ~rEm

Poge 11

And let me just bring the list of exercises which just copy paste this, yeah.
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r$ such that $d = pasgberc$.
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of $n$, denoted by $\varphi(n)$.
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5% 1 1. Find the lcm of any two integers $a$ and $b$ and hence verify that -
:j $lcm(a,b)\times ged(a,b)=a\times b$.

R

2. Let $d$ be the gcd of three integers $a, b,$ and $c$. Find integers $p, q,

3. Find the factors of sum of digits of 1275!.

4. Let $d=12§. Find how many integers are there strictly between $n=62$ and $m
= 6728 which are co-prime to $d§.

5. Find a positive integer $n$ such that the number of primes between 2 and $n$
6. Let $n=562$. Find the number of integers $k$ between 1 and $n$ which are co-
prime to $n$. If this number is $k$, then $k§ is called the Euler-phi function

Verify this using the inbuilt SageMath function 'euler\_phi(n)'.
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S| 9.29292929, 9.34343434, 9.39393939, 9.44444444, 9.49494949,
2 9.54545455, 9.5959596 , 9.64646465, 9.6969697 , 9.74747475,
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Exercises

1. Find the lem of any two integers a and b and hence verify that
lem(a, b) X ged(a,b) = ax b

2. Let d be the ged of three integers a, b, and ¢. Find integers p, ¢, r such that
d=pa+qb+re

3. Find the factors of sum of digits of 1275!.

4. Letd = 12, Find how many integers are there strictly between n = 62 and m = 672 which
are co-prime to d.

5. Find a positive integer n such that the number of primes between 2 and a is 10000.

6. Letn = 562. Find the number of integers k between 1 and n which are co-prime to n. If this
number is k, then k is called the Euler-phi function of n, denoted by ¢(n). Verify this using the

1’%) inbuilt SageMath function ‘euler_phi(n)’
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So, these are some exercises you should try. So, for example, find gcd and Icm of two
integers and check that multiplication of gcd and Icm is the product of the two numbers.
You can just check whether the Bezout’s identity can be extended to three integers a, b, c,
d. You can find what are the factors of sum of digits in 1275 factorial and the next one is

to find out number of co primes between two integers 62 and 766.

And then similarly this I already said you can find integer n such that the number of primes
between 2 and n is 10000. And the last one is to deal with euler_phi() function which I
already told you, but this is you can explore about 562. And you can look at what are the
properties of this euler phi function. If you are interested in case you have not done some
course in number theory you can look at let us say Google help about euler phi function

and try to verify some of the property.

So, thank you very much. In the next lecture we will see some more things in SageMath.



