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Welcome to the 11th lecture on Computational Mathematics with SageMath. In this 

lecture, we will explore two python libraries namely SciPy, and SymPy.  
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These two libraries are very important, and useful when we want to use Python in order 

to explore mathematical concepts. So, let us look at what is SciPy?  

SciPy is a Python library that uses scientific computing. It contains modules for 

optimization, for linear algebra, for interpolation, integration, special functions, fast 

fourier transforms, signal, and image processing, ODE solver, and similar other common 

tasks in science, and engineering. So, let us make use of SciPy for doing some numerical 

computations.  
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So, suppose we want to find a root of this equation f(x) equal to 0 or zero of f(x). Let us 

begin with an example; suppose we have a function f(x) which is x cube minus 2 x 

square minus 5 x plus 2. Since this is a quadratic, this will have a real zero. 

So, let us run this, and then let us first plot graph of this function. So, we will use pyplot 

from matplotlib, and let us plot its graph between minus 2, and 4. So, first, we will 

generate the x values between minus 2 and 4; let us say, there are a 100 points, and then 

let us plot its graph. 
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So, this is how the graph looks, and see. We have put grids, so that we can locate its 

roots. So, there is a root between minus 2 and 1 somewhere here; there is also a root 

between 0 and 1, and there is a root between 3 and 4. So, we want to locate these roots. 
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So, how do we do that? So, inside SciPy, there is  another module called optimize, and 

inside this optimize, you can find several functions related to finding zeros, also related 

to finding optimization or maximum/minimum of a, a function of 1 and 2 variables, and 

using different methods. So, let us first import this optimize. If you try to look at help on 

this optimize.  
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So, let us use optimize dot tab, let us press tab, and then you can see here there are 

several options available. In case you have gone through a course on optimization, you 

would be able to recognize some of the methods. So, here you have also, you have curve, 

curve fitting curves.  
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And there are several methods, including finding minimum/maximum; you can, you can 

also use it for solving linear programming problem. (Refer Slide Time: 03:59) 

 



And we also have a method to find roots; this can find root of one variable function, and 

also multi-variable function. (Refer Slide Time: 04:09) 

 

But in this case, you have also a zeros which can find zeros; but there is a function. 
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Let us see, there is one function called bisect, which will use bisection method. 
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So, let us make use of this bisect. So, let us say, optimize dot bisect f, and you need to 

mention the interval in which we want to find a root, so that is 3 comma 4.  

So, it will find a root between 3 and 4. So, let us run this. So, the root, in this case, is 

3.3223404, and so on, right? So, in case we, we give an interval, let us say, some other 

interval.  
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Say for example 
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let us mention the interval which is, which is minus 2 to minus 1; then it will find a root 

in this interval. So, let us call for this root, yes. 
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And if I, if you, let us say, interval between 0 and 1; then you will get a root in, in the, in 

the interval 0 to 1. However, if you give an interval in which it does not have a root.  
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So, for example, let us say, give a between 4, and or let us say 5, and 7. 
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And then if you run this, then 5 comma 7; then it will give you value error.  
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What does it say? It says that f(a), and f(b) must have different signs. In this case, 

between 5 and 7, the function is positive, therefore it does not have a root. So, ok, that is 

how you can make use of bisect in order to find a root using bisection method.  
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But you can also find root using secant method. So, inside optimize, there is a function 

called Newton, and in case you supply only the function value, and initial guess, it will 

use secant method in order to find its root.  
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And you can give different guess value. For example, if I say, 2.5 or if I say, minus 2.5, 

it will find the negative root.  
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Or if I say, let us say, 0 point, negative 0.5, it finds a positive root. So, this, by giving 

different initial guess values, you can locate different roots, right? In case you supply 

derivative of this function inside Newton, if you also supply derivative of the function f 

prime.  

So, in this case, we are supplying derivative of the function which is f prime is equal to, 

we are using lambda notation, lambda x, and this, the output is 3 x square minus 4 x 

minus 5, which is derivative of this function. So, function was x cube minus 2 x square 

minus 5 x plus 2.  

So, its derivative will be 3 x square minus 4 x minus 5. So, that is what we are supplying.  
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So, in case we supply derivative of this function, then it will find also a root; but it will 

use now Newton Raphson method, right?  
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You can, you can start with different values, for example, if I say, 5.5; then it will find 

the root between 3 and 4, and so on, ok? 

So, next, let us look at how we can do interpolation using a SciPy? So, let us start first 

importing this SciPy module, and inside this SciPy module, there is a, there is a module 

called interpolate.  
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So, if you try to look at some functions that is there, some of the methods which is there 

inside interpolate module; you will see that, it has an interpolation of one dimension, of 

two dimension, it also has Lagrange interpolation, and various other, including multi-

dimensional, right?  
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So, you can explore this more; in case you have learnt interpolations in more detail, you 

would be able to make use of this, ok? So, let us look at a simple example. So, from 

SciPy interpolate, let us import interpld that is one-dimensional interpolation. Next, let us 

look at a set of points.  

So, we are taking set of points x comma (xi, yi), and x coordinates are 0, 1, 3, 4, 5, 7, 8; y 

coordinates are 0, 4, 3, 2, 1, minus 1, 0. 
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And let us plot graph of these functions, let us plot these points, scattered points. So, this 

is how it looks like. Now, inside this, we want to fit a one-dimensional interpolate, 

interpolating polynomial.  

So, it will actually be a set of straight line, something like joining these points. So, let us 

see.  
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So, what we will do? We will say, interp1d, and give them, mention the x-coordinates, 

and y-coordinates. 

So, and we store this in p. Now, you can look at what should be p. So, for example, if I 

evaluate value of p at different points, let us just say, p at 2.5, p at 2, p at 5. So, 2 and 5 

are in the, in the x-coordinates; 2 is not there, but 5 is there.  

So, at 5, the value is 1, and at 2, the value is 3.5, at 2.5 the value is 3.25, and it gives you 

a value as an array, one-dimensional array, right? So, you can evaluate, for example, if I 

say, what is the value of p at let us say, 10; then it gives you error, because this 10 is out 

of this range, x range, in this case, is between 0 to 8.  

So, anything which is outside this will not be able to evaluate, right? So, let me delete 

this, right? 
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And you can also now plot its graph, the fitted interpolating polynomial of dimension 

one. So, let us give x values between 0 to 8, of a step length 0.1; y value is p at new, the 

xnew that is the x values, and then let us plot its graph along with the points, and the line 

joining these.  

So, this is how the interpolating polynomial looks like. You can take higher a degree 

interpolating polynomial, and then try to plot its graph, and then a set of points. We will, 

we will do more examples of this kind using SageMath, right? 
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Now, let us look at another example of curve fitting. So, suppose we have set of points; 

let us look at a set of points.  
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These are the set of points, some random points, about 50 random points, and inside this 

to, this set of points we want to fit, let us say, some curve.  

So, first, let us import curve underscore fit from SciPy optimize.  
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And then let us create the function which we want to fit. So, in this case, let us say, we 

want to fit a function which is sin b x into a, a times sin b x.  

So, we want, need to find what should be value of a, and b which best fits in this set of 

points. So, first we will define this test function or you can call this as a model, which 

you want to fit, and then how do we make use of this. 

So, use curve underscore fit, and give the test function, and then the x values, and y 

values of the data, and you also need to give the initial point; since it is a numeric, 

numerical method, you need to mention what are the initial guess values for these 

parameters a and b.  

So, it returns two things; one, it will return approximate value of these parameters a and 

b, and it will also return covariance matrix of this parameter a and b, some kind of error 

errors, right? So, let us run this, and it finds the value of a as 3.1362, value of b as 2.035.  

And you can also print the covariance matrix; so this is the covariance matrix of a and b, 

and then you can plot the set of points along with this fitted curve.   
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So, this is how you can do. So, you get, you are just using y fitted is equal to test 

function, and x data, y data, and the coefficient; you are mentioning is a coefficient 0 

which is ‘a’ value, coefficient 1 which is ‘b’ value, and then scatter plot, and then this 

color is red, right?  

So, this is how you can fit a curve. Instead of a into b's into sin b x; you could use for 

example, quadratic or you can use any other function. Of course, depending upon the 

complexity of the function, the error may vary, right?  
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Similarly, let us look at a small example of solving initial value, a first-order differential 

equation using a SciPy. So, let us take an example. We want to solve dy by dx is equal to 

x minus y upon x square plus y square, y at 0 is equal to 1. So, how do we do that? 

Inside, again SciPy integrate, there is a module called ode int stands for initial value 

Ordinary Differential Equation. 

So, let us import this module, and then first let us define the right-hand side of this dy by 

dx as a function, which I am calling as dy underscore dx. So, y comma x, and it returns x 

minus y upon x square plus y square. Once we have defined this function; then all we 

need to do is, we first need to create the set of points x. 

So, we, we want to, let us say, create from minus 3 to 3, a 100 points between minus 3 

and 3, and y 0 which is y0, which is y at x equal to 0, this is the initial condition, and 



then let us call this function ode int; this you need to give the right-hand side of this dy 

dx, and then initial guess values, and the points at which it wants to evaluate, those are 

the x values between minus 3, and 3, and this is what you get, it returns the approximate 

value of y.  
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And let us, let us look at what are these values y’s. So, this is a, this is the y values. So, at 

minus 3, the y value is 1, and so on, right? 
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And next let us look at, let us try to plot graph of this solution curve. So, we can say, pl 

dot plot x label is equal to x, pl dot plot y label is equal to y, and then pl dot plot xs 

comma ys. What is xs? Xs is the points between minus 3 and 3, 100 points, and ys is the 

approximate value of the, the function. So, let us plot its graph.  
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So, you can see here this is how the solution curves, solution curve looks like, right?  
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And next, let us look at how we can make use of SymPy. So, as I, as I said, the SciPy has 

many more facilities in order to do numerical computations.  



So, you can take help on this SciPy or you can go through help document from its 

official website, and see what are the other scientific computations or numerical 

computations which you come across in numerical analysis can be explored using SciPy. 

So, let us look at now briefly some facilities from SymPy. What is SymPy? So, SymPy 

actually stands for symbolic Python, and it is a Python library for symbolic 

manipulations in mathematics. In mathematics, we keep doing symbolic manipulations; 

we generally play with symbols.  

And this SymPy actually aims to become full-featured computer algebra system, and it 

actually, it is written completely in Python, and SageMath also uses SymPy for many of 

the symbolic computations behind the scene, right?  

So, first let us import SymPy, all the functions inside SymPy; though I have mentioned 

that this is usually not a good idea to import all the functions from a module, because 

there could be thousands of functions, and then in that case all these functions will be 

sitting in the memory, it may slow down your computer. 

But in any case, however, let us just import all these functions from SymPy. You can 

take help on SymPy, and go through the functions which are available.  
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Now, let us create x, y, z, t as symbols. So, you can use symbols. So, that is, the symbols 

is a function inside SymPy, and x, y, z you need to mention inside single quote or double 



quote, separated by comma. You need not to give comma, even without comma it will 

also work. So, let us run this, and let us expand x minus y to the power 4.  

So, this is binomial expansion of x minus y to the power 4; this is what you get x power 

4, minus 4 x cube y, plus 6 x square y square, minus 4 x y cube, and so on. Similarly, 

you can expand 2 x minus 3 y to the power 6, this is what you get; you can also factor, 

factorize, let us say, x cube minus y cube. So, this is factor of x cube minus y cube, is x 

minus y into x square plus x y plus y square.  
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Or you can even expand some product of two polynomials in x, y, z. So, this is what you 

get, and if you try to factorize this, if you try to factorize this; then you should get the 

original factors, which is x minus y plus z into x square minus 2 x y plus z, right? 

So, you can also find derivative of a function. So, if you want to find derivative of cos x; 

so you just use diff cos x, with respect to x. If you find a, if you have a function of two 

variables, let us say, exponential of 2 x plus y square minus x y, and if you want to find 

the partiality of this function with respect to x; again you can make use of same diff from 

SymPy, right?  
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And this, this gives you first-order partiality of this function with respect to x. You can 

find mixed second-order partial derivative. So, for example, first differentiate with 

respect to y, and then differentiate with respect to x, this is mixed second-order partial 

derivatives.  

Or if you want to find second-order partial derivative with respect to y twice; then you 

can just say, y comma 2, this is second-order partial derivative of this function with 

respect to y, twice. So, you can, you can see here diff is for finding derivative, and it can 

be used for finding derivative of one variable function as well as multivariable function. 
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You can also find limit of a function. So, for example, limit of sin x by x with respect to 

x, and at x equal to 0 is 1; this is quite popular, and this is quite useful, and similarly, you 

can find left-hand derivative, and right-hand derivative. So, if you want to find right-

hand derivative, inside this limit; you use an option dir dir equal to plus sign inside single 

quote.  

Or you can find left-hand derivative; so instead of plus, if you say, minus, it will give 

you left-hand derivative. You can even find root of f(x) equal to 0. Of course, it may not 

give you root for everything, but wherever it is possible, it will solve.  
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So, this uses symbolic manipulations. So, the roots of this equation 2 x square plus 3 x 

minus 5 equal to 0 are minus 5 by 2, and 1.  
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You can, you can even find the roots of a quadratic a x square plus b x plus c, where a, b, 

c are symbols. So, that it will give you roots as minus b plus/minus square root b square 

minus 4 a c upon 2 a.  

So, that is what you get, right? You can define the matrix. So, inside SymPy; there is a 

function called a capital ‘M a t r i x’, Matrix, and define the matrix by giving its rows in 



inside square bracket. So, this is very similar to what we have done in case of a NumPy 

array.  
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So, let us run this, and you can find various concepts related to this matrix. So, for 

example, you can find determinant of this matrix using det function; you can find 

reduced row echelon forms form of M. So, it, it has three non zero rows, and the last row 

in this case is 0, it gives you the pivot elements 0, 1, 2; that means first column, second 

column, and third column are pivot columns, right?  
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You can even find rank of this matrix, and you can see here this rref of M has 3 non-zero 

rows; so that means rank of this M is 3. You can also find in, since this matrix has rank 3 

which is strictly less than the dimension of this matrix which is 4, it will not be 

invertible; but what you can do is, you can find generalized inverse. 

So, pinv is called generalized inverse of this matrix. So, in case you have a square 

matrix, or a matrix which is not invertible; you can find its generalized inverse. We will 

look at this concept as an application to singular value decomposition, right? 
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You can also find eigenvalues of this matrix. So, in this case, there are now 4 

eigenvalues; one is 5 of multiplicity 1, 2 of multiplicity 1, minus 2 of multiplicity 1, and 

0 of multiplicity 1. So, you can explore various concepts related to matrix computation, 

and inside SymPy.  
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Now, let me leave you with a few simple exercises. So, 1st one is to solve this initial 

value problem, second-order initial value problem using, using SciPy ODE solver, and 

the 2nd one is to fit quadratic x square plus b x plus c to this set of points. The 3rd 

exercise is to find zeros of this function using bisection method and Newton Raphson 

method. 

And the 4th exercise is, if you look at a polynomial p(x) which is a n x to the power n, 

plus a n minus 1 x to the power n minus 1, plus, dot dot dot, a 1 x plus a 0, where, and let 

us assume that alpha 1, alpha 2,…, alpha n, are roots of this p x equal to 0; then we, we, 

we have relationship between the coefficients the, the roots, and the coefficients. 

So, let us look at some three properties. So, first property is to, to, it says that, sum of the 

roots is nothing but minus a, and minus 1 upon a n, that is the coefficient of x to the 

power n minus 1, divided by coefficient of x to the power n.  

And the second one is, sum of the product of the roots is nothing, but a n minus 2 divided 

by a n, and the sum of the products of three different roots is given by minus a n minus 3 

upon a n.  
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So, your, your task is to take some arbitrary polynomial, and find its roots. 

So, inside, inside SymPy inside NumPy, there is a function called roots. So, that will 

give you roots of all these polynomial, and then try to write a small Python code in order 

to find the sum of the roots, product of two roots, and product of three roots, and then 

verify these relations. One can extend these to product of four root, products of five 

roots, and product of n roots also, ok? So, let me stop here. 

Thank you very much. 


