Introduction to Fuzzy Sets Arithmetic and Logic
Prof. Niladri Chatterjee
Department of Mathematics
Indian Institute of Technology — Delhi

Lecture - 13
Fuzzy Sets Arithmetic and Logic
Welcome students to the lecture number 13 for the MOOCs on Fuzzy Sets, Arithmetic and
logic.
(Refer Slide Time: 00:30)

In today’s lecture, we shall study some additional properties of alpha cuts, if you remember we
have already seen some properties, say for example:

i.  “ACc %A vaforafuzzy set A defined on some universal set X.

ii. Ifa<pthen, PAC @A
(Refer Slide Time: 02:01)



Today we examine some more properties of alpha cuts so, let me first state four results:
Theorem:
Let A and B be two fuzzy sets defined over a universal set X. Then for all a € [0, 1]
@ AcBiff *YAc B Va
(b) AcBiff **Ac “*B Va
(c) A=Biff A= “B Va
(d) A=Biff **A= **B Va
(Refer Slide Time: 04:10)

So, let me prove this results:
() AC Biff YAC *B Va
Proof: What do you mean by A € B?

Since A € B we have p,(x) < ug(x) forall x € X



Now, suppose A € B, we need to show that *A < *B forall « € [0, 1]
(Refer Slide Time: 05:38)

Suppose, if possible “A £ “B

= 3Jxsuchthatx € “Abutx &€ *“B

= Us(x) = abutus(x) < a

Contradicts that 4 (x) < ug(x) forall x

So, this is very obvious from this side that if A € B then *A € “B
(Refer Slide Time: 07:08)

Conversely, suppose *A € “B

We need to show that for all x € X, p,(x) < ug(x)

Suppose, if possible there exist x, such that u,(xy) > ug(xo)-
Let uy(xo) be @ and ug(x,) be B



(Refer Slide Time: 08:39)

Therefore, by assumption @ > g since, we have a iy (xq) > ug(xg)

Therefore, x, € A but, since pug(xy) = < a

Therefore, x, ¢ *B

Therefore, contradicts that *A € B and this contradiction arises because of the assumption
that there exists such an x,.

Therefore, we can see that u,(x) < ug(x), forall x

=>ACB

Proved.

(Refer Slide Time: 10:54)

Now, let us prove
(b) A Biff **Ac “*B va € [0,1]



Again as before let A € B

Suppose, if possible **A ¢ **B

= there exist x, such that x, € **Abutx, ¢ *“*B

= uyu(xg) > a, but ug(x,) < a, together contradicts that A < B.
Why is the contradiction?

We assumed that **4 ¢ “*B
Therefore, we prove that “*4A € **B
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Conversely, suppose **A € **B for all a, we need to show that A € B.

Suppose not.

That means, there exist x, such that p,(xy) > g (x,) only in that case, we can say that A £ B
Now, let u,(xy) = @ and ug(x,) = B

Therefore,a —f =€ >0

Consider, a’ = 8 +~
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Therefore, since py(xy) = a > a’

Therefore, x, € ¥ *+4

But, since ug(xy) = B < '

Therefore, x, ¢ **B

So, this contradicts our assumption that **A € **B forall «
Therefore, we conclude that A < B. Proved.

(Refer Slide time: 17:41)

Let us now look at statement number
(c) A=Biff “A= *B va

Proof: Suppose, A = B

thatisV x € X pyu(x) = ug(x)

Suppose if possible “A = *B



= there exist, x, such that x, € *A but x, € *B (or conversely).

That is there may be x, which belongs to “B, but that does not belong to “A, but the line of
argument is going to be very similar.

Since xy € A, butxy & *B, = pu(xy) = a but, up(xy) < a

This contradicts the assumption that A = B

(Refer Slide Time: 19:57)

Therefore, we conclude that *4 = *B.

Conversely, suppose *A = *B forall a € [0,1]

We need to show that A = B

Suppose not, then there exist x such that p,(x) # ug(x)

Let u,(x) = a, ug(x) = B and without loss of generality let « > S.
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Therefore, x € *A, but x ¢ “B, because uz(x) = < «a.

This contradicts that *A = *B

Hence, we prove that if *A = *B for all a, then u,(x) = ug(x) for all x or
A=B,ifandonly if *A = *B for all «

Statement (d), is very similar and | leave it as an exercise.

(Refer Slide Time: 24:19)

Ok Students.
We have already seen the following properties with respect to a-cuts.
1) “(AnB)= %An *B
2) *(AUB) = %AU *B
3) **(ANB)= *"An **B
4) **(AUB)= *TAuU **B

These results we have already seen.

And perhaps it is not difficult to imagine that we can now extend it to finite number of sets as
well, question is what about similar results when the number is infinite or in other words,
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That is, let {4;} be a sequence of fuzzy sets defined on a universal set X, where i = 1,2, ...
That means, we are now looking at an infinite collection of fuzzy sets defined over the same
universal set X.

Question is what is the relationship between a-cuts of A;s and a-cut of their unions,
intersections?

So, we need to study this when we are looking at an infinite number of sets A;, A,, A 5 ....etc.
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So the theorem,
(@ Ui(“4) < “(U;4p)
So, with respect to two fuzzy sets we have seen that they are actually equal but in this case
we find that it is containment
(b) N;(*4) = *(N; Ap)



() Ui(“F4) = “"(U;4)
(d) *F(N;4) € N (*F A
Thus, we can see that there is difference when we are looking at only two sets and when we
are looking at infinitely many sets.
In these two cases we find that the equality does not hold rather it is containment.
(Refer Slide Time: 31:34)

Question is why so?
This happens because when we work on finitely many sets then
H(ur,a;) (%) = max py, (x)
When the number of sets is finite this maximum can be defined but, when we have infinitely

many sets then we cannot define maximum. It is replaced with supremum.
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Similarly, for intersection minimum is replaced with infimum and because of this we see that
the equality does not hold for all the cases.

So, with that small insight let us now start proving these results.

(Refer Slide Time: 34:18)

Theorem

(@) U;(*4) € *(U;4)
Proof: Suppose x € U;( *4;)
= there exist i such that x € *A;;
= Uay, x) =«
Therefore, suilp pa,(x) = «
Therefore, x € *(U; 4;)

We need to show there may exist x € *(U; A;) which does not belong to U;( “4;)
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Let us now show that if x € *(U; 4;), then it is not necessary that x € U;( “4;)

Consider the following, suppose V x € X

1
.uAi(x) =1 _?

What does it mean?

Thatis, s, (¥) = 0, s, (¥) =5, pa, () ==, ......

31
(Refer Slide Time: 38:30)

Therefore, sup u4, (x) = 1, because sup (1 — %) =1

i i
Therefore, x € *(U; 4;), because the supremum is 1, therefore p, 4, (x) = 1
But since p,,(x) = 1 —%

pa;(x) < 1foralli



Therefore, *A; = ¢ forall i.

What does it mean?
Which means that here in this case x € 1(U; 4;) but 14; = ¢ for all of them.
(Refer Slide time: 40:31)

Therefore, x ¢ A; forany i

Therefore, x ¢ U; '4;

Therefore, U; *4; ¢ 1(U; 4))

Proved.

So this is the result that U;( ®4;) < “(U;4;)
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Let us now prove that second result,



(b) N(*4) = “(N;A4)
So in this case we can see that there exists equality what do it mean?
It means that if we take any x € N;(*4;), we will prove that x € “(N;4;) as well and
similarly if | take an x € *(N; 4;) will show that x € N;( *4;) .
Suppose x € N;(*4A;)
= x € %A; forall i,
= Uu;(x) = a forall i
= iri1fyAl.(x) =a
=>x € “(N;4)
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Conversely, suppose x € “(N;4;)

= ir}qui(x) >a

= py;(x) = aforall i

= x € %A; foralli

=>x € N;(*4;)

So we proved result (b) also, in a similar way one can prove results (c)

I leave as an exercise, but what | prove now is result (d).
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So result (d) is the following, it shows that:
(d) **(N: 4D € Ni(*F4))

Note that here it is strict containment.

Proof: Let x € **(N; 4;)

= U ap(x) > a

= irilqui(x) > a

= g, (x) > a forall i

= x € %A, forall i

(Refer Slide time: 48:38)

= x € N;(**A)

Now let us look at the other way.
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Now consider the following example:
ifi=1

Let s, (x) =
A ifi>1

NIRN|R

Therefore, x € °*A4; for all i.

Therefore, x € n; °*4;
. o111
However l?f'“Ai(x) = 1nf{5,§,z } = 0.
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Therefore, unay(x) =0
Therefore, x ¢ °*(n; 4))

So this proves the result.



| stop here today in the next class | shall look into alpha cuts and strong alpha cuts we will see

how these can be used to represent a fuzzy set, Thank you so much.



