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Definition and Properties

This is a stochastic processes module 7 Brownian Motion and it is properties, lecture 1
Definition and Properties. In the last 6 modules, we started with the review of probability
is a one module, then the second module we discuss the definition of stochastic process
and it is properties. And in the third module we have discuss the stationary process and it
is all the properties. Fourth module we have discuss the discrete time Markov chain and
in the fifth module, we have discuss the continuous time Markov chain, in the sixth
module we have discuss the martingale, and this is the seventh module that is Brownian

motion and it is properties.
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In this lecture, in this module we are planning to discuss the important stochastic process
that is a Brownian motion, and then later we are going to discuss the process derived
from the Brownian motion. Then we are going to discuss the stochastic calculus

followed by that we are going to discuss stochastic differential equation and ito integrals.



And the application of the Brownian motion stochastic calculus, that is in the financial

mathematics.

So, we are going to discuss the applications of Brownian motions as the in the financial
mathematics, so with that the module 7 will be complete. And this is the lecture 1 of a
this is the lecture one of a module 7 Brownian motion and it is application. In this lecture
we are going to discuss the random walk and the definition of Brownian motion, then
how one can derive the Brownian motion using a random walk; and some important

properties of Brownian motions also will be discussed.

(Refer Slide Time: 03:12)

Introduction

» Long studied model known as Brownian motion, is named
after the English botanist Robert Brown.

» In 1827, Brown described the unusual motion exhibited by a
small particle that is totally immersed in a liquid or gas

» It is introduced to model the price movements of stocks and
commodities.

» A formal mathematical description of Brownian motion and
its properties was first given by the great mathematician
Norbort Wiener beginning in 1918.

The long studied model known as a Brownian motion is named after the English botanist
Robert Brown. In 1827, Brown described the unusual motion exhibited by a small
particle, that is totally immersed in a liquid or gas. It is introduced to model the price
movements of stocks and commodities. A formal mathematical description of Brownian
motion, and it is properties was first given by the great mathematician Norbort Wiener

beginning in a 1918. Therefore, the Brownian motion is also called it as Wiener process.
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Random Walk

Consider a trial whose outcomes are success with probability p or
failure with probability 1 — p. Repeat the trial infinitely many
times (e.g., toss a fair coin infinitely). The successive outcomes are
denoted as w = (wy, wa, W3....) .8,
w=(w.wem,..)=(HT.T,..)or (T.HT,...). Define

1 if w=H
x’7{ -1 if wj=T

The pmf of X; is given by

PXj=1)=g PXj=-1)=1-p p+tq=1

e
)
b :’:1

Now, we started with the random walk, because using this random walk we are going to
derive the Brownian motion. Consider a trial whose outcomes are success with the
probability p or failure with the probability 1 minus, repeat the trial infinitely many times
that is equivalent of saying tossing a pair coin infinitely many times. The successive
outcomes are denoted by the sample W that consists of a W 1, W 2, W 3 where each one
is the outcome in the nth trial. That means, W 1 could be head or tail, similarly W 2

could be head or tail and so on.

For example, we have given H, T, T or T, H, T and so on; so, this collection is the this all
the possible W’s that is going to be the sample space. Now, we are defining the random
variable X j it takes the value 1, if the outcome of the j th trial is head, if the outcome of
the j th trial is tail, then the value is defined for X j is minus. So, this is the real valued
function and this will be a random variable. Since it is takes a value 1or minus 1 this is
the discrete random variable and one can find what is a probability mass function for the

random variable X j.

So, since the trial whose outcomes are success with the probability p success is nothing
but, heading a head and the failure is nothing but, trail land up with the tail. Therefore,
the probability of X j is equal to 1 that probability is call it the w j is equal to head that
call it as a success therefore, this probability is p. And the probability of X j is equal to



minus 1 that is 1 minus p and this you can denoted by q, therefore p plus q is equal to 1;

you can denote 1 minus p as a g, hence p plus g equal to 1.
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Random Walk. . .

Set Sp = 0 and define

where X;'s are i.i.d. random variables. Then, {S;. k =0.1....} is
known as a random walk.

Now, we are defining the sequence of other random variables that is started with S
naught is equal to 0, we are defining sum of first k random variables as a S k, where k is
running from 1 2 and so on. Here X i’s are i i d random variables and the sequence of
random variables S k that is the random walk, with the S naught is equal to 0 and S k’s

are nothing but, the first k X i random variables.
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Sample Path

Sample path of the random walk is shown for a outcome w where
wmi=T.wa=T.wa=T....with p=045.




You can see the sample path of the random walk whose w one is a tail therefore, takes a
value X 1 is minus 1 again if suppose w 2 is T, then X 2 also takes the value minus 1
suppose S 3 also T then X 3 also takes minus 1. Therefore, S k will be initially it is 0
then S 1 will be X 1 that is minus 1, S 2 will be X 1 plus X 2, that is minus 1 plus minus
1 that is minus 2. So, S 2 is minus 2, S 3 will be S 2 plus X 3 that is again adding minus

1, so S 3 will be minus 1, like that you can take the different values.

So, here this is a one sample path with w 1 is equal to T and w 2 is equal to T and w 3 is
equal to T and so on; with the probability p is equal to 0.045 this is a probability of
success or probability of a getting head when you toss a coin. We are going to conclude
later as a tends to infinity using central limit theorem, one can conclude this will be a
Brownian motion. For that, you should understand how the S k’s are created where S k’s

are the sample path, where S k’s are the random walk.
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Properties of Random Walk

» Choose non-negative integers 0 = kg < ky < ... < k,. Then
“#1
S‘<;+1 - Si, = Z Xj
=41
Since Xj- are i.i.d. random variables,
Sk, — Skge Sko — Sky. -+ . Sk, — Sk,_, are mutually independent

variables. Hence, {5,.n = 0,1....} has the independent
increment property.

» Similarly, for 0 <7<
SJ' - SJ = Sjvh - Sk+h

:.-';;\for h & N Hence, {S,.n=0.1....} has stationary increment
\ property.

Now, we are going to see the properties of random walk if you choose a non negative
integer’s k naught k 1 and so on. Then if you find the difference, the difference is
nothing but sum of X i’s in this range. Since X i’s are i i d random variables, if you take
a non overlapping intervals are the increments of S i’s then that will be mutually
independent. Because, each this increments will be nothing but, the sum of few X i’s and

we know that each X i’s are mutually independent i i d random variables.



Therefore, non-overlapping increments will be a mutually independent random variables.
Hence S n’s has the property called independent increment the increments are
dependents independent. Similarly, for O less than or equal to i less than or equal to j S'i
minus S j is identically distributed with S j plus h minus S i plus h for h belonging to

natural numbers.

Hence, the stochastic process S n has stationary increment property that means, if you
find out the n dimensional random variable and shifted by h find out the another n
dimensional random variable. If though that join distributions are same for both the n
dimensional random variable without shifting and with shifting, then that stochastic
process is called as stationary. But here, the stochastic process is not a stationary the
increments are stationary means we have a increments and you shifted the increment by
some interval h then the distributions are going to be identity. That is what it shows for
one less than or equal to i less than j less than or equal to k less than | the difference the
distributions are going to be same as long as the length is same. So, it is the increments
are time invariance not the actual stochastic process, therefore this stochastic process has
the stationary increment also; therefore, the random walk has increments are stationary

as well as (()).
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Properties of Random Walk. . .

» Also, suppose Sy, — Si, = Xi + X2 + ... + X, one can
observe that, "

E(Sk,, — Si) = n(p — q) and Var(S,,, — Si,) = 4npq.

Also one can find mean and variance of increments, the increments are nothing but the

difference of those random variables. And since each random variable are discrete type



random variable with the probability mass function that is discussed in the previous
slide. So, we can find out the mean and variance of those random variables, therefore we
can find out the mean and variance of increments also. Now, we are going to derive the

Brownian motion using random walk.
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Derivation

* Consider a particle performs a random walk such that in a
small interval of time duration At, the displacement of the

particle to the right or to the left is also of small magnitude Ax.
* Let S(t) denote the total displacement of the particle in time 1.

* Let Xjdenote the length of the jth step taken by the particle in
small interval of time Af with pmf
P(X_i = Ax)=p; P(X_I = Ax)=1-p; ptg=1
(=p< 1, wh is i t of L.
fipé where p is independent of x and

5

MPTEL

Consider, a particle performs a random walk such that in a small interval of time of
duration delta t the displacement of the particle to the right or to the left is also a small
magnitude delta x. Whenever a particle performs a random walk in a very small interval
of time delta t, the displacement of a particle to the right or to the left that magnitude is
delta x. Now, we are defining a random variable S of t denotes the total displacement of
the (()) any time t.

Let X j denote the length of the j th step taken by the particle in a small interval of time
delta t with the probability mass function. So, the probability of the X j takes the
displacement of the particle to the right side that is delta x with the probability p with the
left side that is the X j takes the value minus delta x that is 1 minus p that is nothing but,
a g where p plus q is equal to 1, where p is independent of x as well as time is very

important.

The probability of the displacement to the right or to the left that probability, whether p
or 1 minus p, which is independent of x as well as time. Now, the partition of the interval

of length t into n equals sub intervals of delta x, then n times delta t becomes t and the



total displacement S t is the sum of ni i d random variables X j, the varying partition the

interval O to t into n equal parts.
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Derivation ...

» Partition the interval of length t into n equal subintervals of
length At.

» Then nAt = t and the total displacement S(t) is the sum of
niid. random variables X;, i.e.,

n(t)

S(t) = ¥3X. n=n(r) = é

j=1
Using E(X;) = (p — q)Ax and var(X;) = 4pq(Ax)?, we get
E(S(t)) = nE(X) = 5-(p— 9)Ax.

var(5(t)) = nvar(X;) = ét’.pqtﬁx}:

Therefore, the S of t the total displacement is nothing but, the sum of n i i d random
variables X j’s, where n is nothing but n of t, because you are partitioning the interval n
you are partitioning the time interval 0 to t the length t into n parts. Therefore, n is

nothing but n of function of that is nothing but t divided by delta t.

So, you know the mean and variance, therefore you can find out the mean and variance
of S of t also because S tis a sum of n i i d random variables x j expectation is a linear
operator. Therefore, n since it is a i i d random variable n times expectation of any one
random variable. Whereas, variance since the random variables are independent, then the
variance of S of t is nothing but variance of sum of random variables, so you can take it
out and you can do the simplification.
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Derivation . . .

>

E(S(t)) = nE(X;) = &'t(p _ q)Ax,

var(5(t)) = nvar(X;) = Arf4pq(Ax):

» To get a meaningful result; as Ax — 0, At — 0, we must
have
(Ax)?
At

» As Ax — 0, At — 0, per unit time E(5(t)) — pt and
var(S(t)) — a2. Hence, we get

— a limit, (p — g) — a multiple of (Ax)

ﬂ(Af]I 2
1 2
i(l + u(At)?/a)

1 2
-—?(l — n(At)V2/a)

Now, you can make delta x tends to 0 as well as delta t tends to 0, therefore we will get a
limit. By using the simple calculation the delta x is this much where p and q is equal to

half times 1 plus mu times this and 1 minus mu times divided by delta.
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Limiting Case of Random Walk

» Central Limit Theorem: Let Xj. X;.... be a sequence of
independent identically distributed fandom variables with
finite mean  and finite non zero variance o2 and let
Sa=Xi+Xa+...4+ X, Then 5-:""1" converges in
distribution to an A7(0.1) random \;an'able as n— x
In our setting 1 = E(X;) = 0 and 0% = Var(X;) =1.

Thus, for large n(t)(= n), 5(t) = B X; converges in

e j=1
distribution to N '(jt. a%t).
Since t represents the length of the interval of time during
which the displacement, we conclude for 0 < s < t,
{5(t) = S(s)} is N(p(e = s).73(t — s)).
Further, the increments {S(s) — S(0)} and {5(¢t) — S(s)} are
mutually independent.

Now, we are using the central limit theorem let X 1, X 2 be a sequence of independent
identically distributed random variables with the finite mean mu and finite nonzero
variance sigma square. And let S n be a sum of 1 first n random variables, then S n minus

the mean of this random variable divided by the standard deviation of this random



variable converges in distribution to the normal distributed random variable with the

mean 0 variance.

So, we are going to use this central limit theorem for our random walk scenario and for
large n the n of t is equal to n where n is very large. Then conclude the S t converges in
distribution to the mean of this random variable S of t that is mu times t and the variance
of this random variable is sigma squared. Whereas, here we have use a central limit
theorem the random variable minus their mean divided by the standard deviation

converges to the standard walk.

But here, we are saying the S of t converges to the normally distributed random variable
with the mean mu times t and the variance is sigma square t that is different from this mu
and sigma square. Where mu is discussed here and the sigma is discussed here. Since t
represents the length of the interval of time during which is the displacement therefore,
instead of S of t you can go for S of t minus S of S. Since it is a t is a length of the

interval.

Therefore, we can go for the S of t minus S of S that will converges to the normal
distribution with the mean mu times t minus S and the variance sigma square times t
minus S where S is less than. The way we discussed the properties of random walk it has
the increments the, it has the property of increments or stationary as well as independent
the same logic can be used here. So, here the increments S of S minus S of 0 are mutual

independent increments are independent also.
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Definition

A stochastic process { W(t).t > 0} is said to be a Wiener Process
(or Brownian Motion) if
» For t > 0, the sample paths of W(t) are almost surely
continuous functions
» For0 <ty <ty <...<t,and for all n, increments
W(t;) = W(t;-1), i = 1.2,..., n are independent random
variables and stationary.

» For 0 < s < t < 0, every increment W(t) — W(s) has
normal distribution with mean j(t — s) and variance o2(t — s).
A Wiener process {W(t).t > 0} with W(0)=0.u=0.0=11s
called a standard Wiener process.

o

Now, we are defining the Brownian motion or wiener process. A stochastic process is
said to be a wiener process or Brownian motion if it satisfies these three conditions, for t
greater than O the sample paths of W t are almost surely continuous functions. For the
interval 0 to t n in this form for all n the increments are independent as well as stationary
the increments are independent random variables as well as stationary. And every
increment has normal distribution with the mean mu times t minus S and variance sigma

square t minus S this is what we have concluded.

In the limiting case of normal distribution the increments is normally distributed with the
mean this much and the variance this much. So, this is what we have given as a
conditions of a stochastic process will be a Wiener process. A stochastic a wiener
process W t with mu of 0 is equal to O mu is equal to 0 and sigma square is equal to 1 is

called as standard wiener process.

Whenever which is normally distributed with the mean 0 and the variance t minus s that
means, the sigma square will be treated as one and the mu will be treated as 0 and also W
0 is equal to 0 then it is a standard Brownian motion or standard wiener process. So, any
stochastic process satisfying these three conditions will be a wiener process or Brownian

motion.
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Sample Path

The sample path of wiener process it looks like this by definition W t plus S minus W t
that is the increment follows normal distribution. It can take a positive and negative
values the sample path of W t is a continuous, there is no jumps. And the limiting case of
random walk will be the Brownian motion that also can one can visualize in the sample

path of Brownian motion.
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Nowhere Differential Property

» It is not possible to define a tangent line at any point in the
sample path
» Using second order moment converges of random variables,

we find
W(z + At) - W(ro))

lim Vi

A:m-o ar( At

» We know that W(to + At) — W(to) has normal distribution
with mean 0 and variance At.

» The limit is

X

1
Ty e

» Hence, sample path is not differentiable

Now, we are going to discuss few important properties of Brownian motion. The first

important property is nowhere differential you can see the sample path of Brownian



motion, you see the sample path of the Brownian motion it is a continuous function but it
has a too many fluctuation at every point. So, this is the one sample path. So, the first
property says the sample path is not a differentiable anywhere or it is nowhere

differential.

It is not possible to define a tangent line at any point in the sample you can see it in the
sample path figure also. Using second order moment convergence of random variable we
find the limit delta t tends to O the variance of the difference of this random variable
divided by delta t. If we find out this limit if this limit is a finite then we can conclude it

is differentiable at the point t naught.

Suppose you have real value function f of x and if you want to conclude the real value
function f of x is (()) has a derivative at the point x naught. Then you should find out
limit delta t tends to O f of t naught plus delta t minus f of t naught divided by delta t, if
this limit is a finite, then you can conclude the real valued function f has the limit at t
naught. Since the W’s are the random variables and we know the mean and variance and

also the distribution.

And the difference is going to be a random variable as a delta t tends to O it is going to
be, we should find out the convergence of this difference of random variable divided by
delta. So, one can use any mode of convergence to conclude to find out the limit delta t
tends to O of this quantity. But here we are using the second order moment convergence,
therefore we are finding limit delta t tends to 0 variance of this random variable.

The difference is a random variable difference divided by delta t is a random variable
through we are finding what is a convergence of the function of random variable via
second order moment of convergence. So, if you find out this quantity since this
difference has normal distribution with the mean 0 and the variance delta t. Therefore,

the variance delta t has to be treated as a constant.

So, the variance of 1 divided by constant time these will be 1 divided by delta t whole
square and the variance of the difference of this random variable is delta t therefore, we
will get infinity has delta t tends to 0. Since this limit is equal to infinity we conclude the
sample path is not differentiable at t naught. Since t naught is arbitrary time point
therefore, it is a nowhere differentiable or it is a, the sample path is not differentiable at

every point every time.
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Strict-sense Stationary Increments Property

» The covariance function C(s.t), for s < t,

Cls.t) = E[(W(e)— E(W(0))(W(s) — E(W(s))]
= E[W(e)W(s)]
EI(W(t) - W(s) + W(s))W(s)]
E[(W(s))’]
= §

» Hence, C(s.t) = min(s. t).
» Therefore, the Wiener process is not wide-sense stationary.

» But, the Wiener process is strict-sense stationary increments.

The second important property that is strict sense stationary increment, we are not saying
the given stochastic process Brownian motion is a strict sense stationary. Here we are
saying the increments are strict sense the increments are strict sense stationary, that
means, the increments are satisfying the time invariant property. The strict sense
stationary means, it has the time invariant property in the distribution. So, for that we are

finding the covariance function you know the definition of covariance.

So, covariance of s comma t it is land up it is going to be S the covariance of S commat
is equal to minimum of s comma t, because here we have concluded for S is less than t it
is s we make it as t is less than or equal to S we will get t. Hence ¢ of s commat is a
minimum of S comma t, therefore wiener process is not wide sense stationary. Whereas,
we can conclude it is a strict sense stationary increment, that means first we will find out

the increments.

Then you one can prove for any finite dimensional the joint distribution is same as the
joint distribution by shifting the time scale H. For every H the increments satisfying the
condition the joint distribution are same the original joint distribution as well as the
incremented by H. Therefore, it is going to be a strict sense stationary and the using the

covariance function we are concluding it is not a wide sense stationary.
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Self-similar Property

Definition

A stochastic process is said to be H-self-similar for some H > 0, if
each finite dimensional random vector satisfy the condition, for
every T > 0, any choice of t; > 0.i=1.2.....nandn > 1

(THX(1). THX(12) X(Tta))

Here, Wiener process is 0.5-self-similar.

2

©)

The next property is self similarity (()). Let me give the definition of self similarity then
we conclude wiener process is 1 by 2 self similar. It is a definition of self similar a
stochastic process is said to be H self, similar for some H greater than 0. If each finite
dimensional random vector satisfying the condition for every T greater than 0 any choice
of t i’s for i is equal to 1 to n, the joint distribution for n dimension random variable at

the time pointst 1, t 2 t n multiplied by T times H.

For every T and H is the H self similar for some H greater than O if that distribution is
same as X of the time point is multiplied by T without H in the whole right hand side.
So, if the joint distribution T times H 1 for the random variable X t times t 2 for the
second random variable and so on. If this joint distribution is same as the joint
distribution of this form then we say it is a H self similar for some H for every t greater
than 0.

One can verify the wiener process is the 0.5 self similar. Here, | have not given the proof
but you can multiply for some T for H is 0.5 you can conclude the wiener process is the

0.5 self similar.
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Markov property

» From the definition, W(t + s) — W(s) is independent of the
past, or alternatively, if we know W(s) = xp, then no further
knowledge of the values of W(7) for 7 < s has any effect on
the knowledge of the probability law governing
W(t +s)— W(s).

Given W(t), the future W(t + h) for any h > 0 only depends
on the future increment W(t + h) — W(t) and this future is
independent of the past.

» Thus, ifp<tfi <...<th<Tt,

P[W(t) -

x | W(ru}:xoéW(rl}:xl W(ts) = xa)

= P|W(t) < x | W(t,) = xa]

_ » Hence, the Markov property is satisfied.
{%} Thus, {W(t).t > 0} is a Markov process.

The next property, that is very important one that is Markov property, you know the
definition of Markov property. So, this is the definition of Markov property, if any
stochastic process satisfies the Markov property for arbitrary time point t naught to t n,
which is less than t if this condition is satisfied, then the stochastic process will be a

Markov process.

So, here from the definition one can conclude W of t plus s minus W of s independent of
past or alternatively, if we know W s is equal to x naught, then no further knowledge of
the value W of tau where tau is less than s has any effect on the knowledge of probability
law governing W t plus S minus W s. The whole time scale the W of t plus s minus W s
which is independent of the whole past history; and if we know the information at the s
depends only at the time point S not the whole process from the definition you can make

out.

Thus the definition says the increments are the increments are independent. Therefore,
the W of t plus s minus W s is independent of the whole past information from 0 to s that
IS what it says. Therefore, given W t the future W of t plus h for any h greater than 0 only
depends on the future increment W of t plus h minus W t and this future is independent

of past.



Hence, this Markov property satisfied, since Markov property is satisfied for all the
arbitrary time points t naught to t n therefore, this stochastic process is called Markov

process. So, hence the Brownian motion is a Markov process.
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Gaussian Process

A stochastic process {X(t).t > 0} is called Gaussian process if the
distribution of each finite dimensional random vector is
multivariate Gaussian (normal) distributed. Then, the joint pdf of
(X(t1). X(t2),....X(ta)) is given by:

1

) = Grya(dery)2

1 f
exp | —5(X — ) EHX = )

n E(X) = (E(X(t1)). E(X(22)) E(X(ta)))
T (cov(X(t;). X(t;));i.j=1.2.....n)
cov(X(t;). X(¢)) E[(X(t;) — E(X(t)))(X(t;) — E(X(t;)))]

The next one is a Gaussian process first let me define what is Gaussian process then | am
going to relate the Gaussian process with a Brownian motion. A stochastic process is
called a Gaussian process if the distribution of each finite dimensional random vector is
multivariate Gaussian distributed. That means, if you have a stochastic process and if
you take a any finite dimensional random vector from that stochastic process, if that

finite dimensional random vector is a multivariate Gaussian distributed random vector.

Then, the underlying stochastic process is a Gaussian process. Since for each finite
dimensional random vector is a multivariate you can write down the joint probability
density function of n dimensional random vector of Gaussian process. That is nothing
but, this is the joint probability density function that is 1 divided by 2 power pi power n
by 2 you find out the determinant of the matrix. And after that you find out the square
root then exponential of where mu can be written as the vector and elements are nothing

but the expectations.

And this notation sum is the covariance matrix covariance matrix covariance between

any two random variables X of t i’s with X of t j’s where each one is running from 1 to n.



Therefore, it is the square matrix and elements are nothing but the covariance between
any two random variables and all the diagonals will be the variance of X of ti’s, where i
is running from 1 to n. And it will be a symmetric matrix because covariance of X of t i
comma X of t j is same as covariance of X of t j comma X of t i. Therefore, this matrix is
a symmetric matrix and diagonal elements are variance of X of t i’s. So, one can find out

the covariance of any two random variable using this formula.
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Gaussian Process. ..

Since {W(t),t = 0} is a Markov process as well as a Gaussian

process,
PIW(t) < x| W(ty) = xp) = P[W(t) = W(ty) < x — xp)
. 2
- / RN s {_z(rr)} ds

Since W t is a Markov process as well as Gaussian process, you can write down the
conditional ¢ d. The conditional ¢ d f is same as the difference (()) less than or equal to x
minus X n, but since this is normally distributed W t minus W of x n is a normally
distributed. Therefore, this is nothing but minus infinity to x minus x n and this is the
probability density function of normally distributed random variable with mean 0 and the

variance t minus t n.

Whenever we whenever we will discuss the Brownian motion we are discussing a
standard Brownian motion with W t is equal to W 0 is equal to 0 and mu is equal to 0

and sigma square is 1.
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Kolmogorov Equation

We know that Brownian motion is a Markov process with
continuous time and continuous state space. Let the transition
probability density p be given by "

plxo. s; x. t)dx = P{x < W(t) < x + dx | W(s) = x}
We make the following assumptions. For any 4 > 0,
Pl W(t)-W(s)|>d| W(s)=x} =ot—3s)s<t

In other words, small changes occur during small intervals of time

E{W(t + At) — W(t) | W(t) = x)
m — L 5ol a = o= -
At

Now, we can discuss the Kolmogorov equation for the Brownian motion. We know that
the Brownian motion is the Markov process with the continuous time and continuous
state space, we can write down what is the transition probability density to the
probability transition probability density p will be probability that W t is lies between x

to x plus delta x t x given that W S is equal to x naught.

We make the following assumptions for any delta greater than O the probability of
absolute W t minus W S which is greater than delta given that W S equal to x that is the
order of t minus s. In other words the small changes occurs during small interval of
intervals of time that is the meaning of the above equation. Now, we can find out the
conditional expectation of W t plus delta t minus W t given W t is equal to x divided by
delta t has limit delta t tends to O that is nothing but you can note down as the denoted as

a of t comma x this will be a function of t comma x that is denoted as the a of t comma x.
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Kolmogorov Equation. ..

In other words, the limit of the infinitesimal mean of the
conditional expectation of the increment of W(t) exists and is
equal to a(t, x), which is known as the drift coefficient.

i, ELW(e+88) = WP | W(e) = x)

Ar—0 At

= lim f (v = x)*p(x. t;y. t + At)dy

Ar—0 y
= b(t. x)

In other words, the limit of the infinitesimal mean of the variance

of the increment of W(t) exists and is equal to b(t, x), which is

known as the diffusion coefficient

A Markov process {W(t).t > 0} satisfying the above conditions is

_known as a diffusion process and the partial equation satisfied by
transition pdf is known as diffusion equation

Similarly, we can make out the conditional expectation of the whole square given that W
t is equal to x that you can denoted as the b of t comma X. In other words the limit of
infinitesimal mean of variance of the increment W t exists and is equal to b of t minus

which is known as the diffusion coefficient.

So, a Markov process W t is satisfying the above conditions is known as the diffusion
process and the partial differential equation satisfied by its transition probability
transition probability density function is known as a diffusion equation. The partial
differential equation satisfied by it is transition probability density function is known as a
diffusion function. So, this is the diffusion equation this is a p d e for the transition
probability density function p and where a and b are earlier defined. This equation is also
known as forward Kolmogorov equation and also known as a Fokker-Planck equation.
And this equation is possible because of the W t is a Markov process. Therefore, and also
it is a Gaussian process. Therefore, we will land up the transition probability density

function p and satisfying the p d e and this p d e is called the Fokker -Planck equation.
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Kolmogorov Equation. ..

Let {W(t).t > 0} be a Markov process satisfying the above three
conditions. If the transition pdf p(xp. to; x. t) possesses continuous
partial derivatives

dp da(t.x)p P*b(t.s)p
o’ x : dx2

then p(xp. to; x, t) satisfies the forward Kolmogorov equation

dp __da(t.x)p 1Pb(t.s)p
Je dx 2 ox?

This equation is also known as the Fokker-Planck equation.
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Connection with Heat Equation

» Let {W(t).t > 0} be a standard Brownian motion.
» Let the transition probability density p be given by

(x.t) = --l—-ex [—x—l]
PGS e T | 2t

» The solution of diffusion equation

dp  1iPp
ot = 2 dx?

is the transition probability density function p

If you solve the p d e which is given here for the standard Brownian motion or the
standard means W 0 is equal to 0 mu is equal to 0 and sigma square is 1 in the definition
of Brownian motion. Then, you will get the transition probability density function p is 1
divided by square root of 2 times of pi t exponential of minus x square by 2 times t. And
this is the probability density function of standard normal distributed random variable
with mean 0 and the variance t. And the corresponding diffusion equation is dou p by

dou tis equal to 1 by 2 dou square p by dou x square.
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Joint Distribution of Wiener Process

» Consider the joint distribution (W(t;). W(t2)).

» We know that, W(t,) and (W(t2) — W(ty)) are independent
Also, W{ll} is \(0 l'l) and W{r;} - W‘Il) is _\‘(U. ¢ e Il).
» Then the joint pdf of (W(t;). W(t2)) is

f(x1.x2) = p(x1. 1)ple — x1. 2 — 1)

1 (e—xn)?
f iy (t2—1t1) }]

Now, we are going to discuss the joint distribution of wiener process the way we discuss
the Gaussian process because the Gaussian process every finite dimensional random
vector is a multivariate random multivariate normally distributed random variable.
Therefore, you can find out the joint distribution of W of t 1 with W of t 2, we know that
W of t 1 and W of t 2 minus W of t 1 are independent here we made t 1 is less than t.
And also we know that W of t 1 is normally distributed with the mean 0 variance t 1 and
this difference is also normally distributed with the mean 0 and variance t 2 minus t 1
and both are independent.

Our interest is to find out the joint distribution of W of t 1 with W of t 2 but for that first
we find out the joint distribution of W of t 1 with W of t 2 minus W of t 1, then use a
function of a function of a random variables 2, then you can find out the joint distribution
of these two.

So, first we, so that is the way here | have not given the derivation. So, finally you will
get the joint distribution of joint probability density function of W of t 1 with W of t 2 is
in this form where the probability density function is going to be the normally distributed
random variable. Hence the joint distribution will be one divided by square root of 1

divided by 2 pi times square root of t 1 times t 2 minus t 1 exponential of this expression.



Note that note that W of t 1 and W of t 2 are not independent, whereas W of t 1 with W
of t 2 minus W of t 1 are independent random variables. So, using that we are finding the
joint distribution of W of t 1 with W of t.
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Joint Distribution of Wiener Process

e (W) Wit Wit.)) s jointly normal distributed with
edi for O < ) < 13 Iy is given by =

PIWI(n) .'l't.ﬂ"ll;j E ] Wir,) < a,)

’ I
vi2r)me (e — )= (fa = ta-i) I «

r".d- p ™ 1 |'

4 =P
{"l L, B T USRI :]l cheydy - -« diey
, B fr—=h LE S S

* The joint pdf of (W({n ), Wir:) Wi(ra)) is given by

el 3
X = B de T

1
-ﬂ[ =(X% = p)EH (X r-fl

where

{,— i E(X) = (E{W(rn]). E{W(E]). ... E(W(L)))

Once you know the joint distribution for any two random variables the same way you
can find out the joint distribution of any n random variables in the wiener process also in
the same way. | am not given the derivation here and you can find out the joint
distribution joint probability density function of n random variables also.
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Joint Distribution of Wiener Process. ..

= (cov(W(t;). W(t;))ii.j=1.2.....n)
ot ... f

h & ... B

151 T




And we need a covariance matrix and expectation, so the expectation vector that is mean
therefore, all the means are 0. Whereas, the covariance already we got the covariance of
any two random variables of W of t 1 with W of W of t i’s with W of t j’s it will be a
symmetric matrix and diagonals are nothing but the variance of W (()).
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Multidimensional Brownian Motion

Definition
A n-dimensional Brownian motion is a stochastic process

W(t) = (Wa(r). Wa(z) Wal(1))

with the following properties:
» Each W(t) is a one-dimensional Brownian motion

» Ifi # j. then the stochastic processes Wi(t) and Wj(t) are
independent.
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We can go for the multi-dimensional Brownian motion, we can have W 1 is a Brownian

motion, W 2 is another Brownian motion so we can collect it as make it as another W t



and each W is a one-dimensional Brownian motion. And you can go for the stochastic

process are independent, therefore we will have n-dimensional Brownian motion also.

Here is the reference, so in this lecture we have discuss the definition of Brownian
motion and also we discussed the derivation of Brownian motion. And we have
discussed important properties of Brownian motion starting from stationary increment
increments are independent Markov property, martingale property. And also finally, we

discuss the multidimensional Brownian motion.



