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So in this talk and the following 2 talks, we will be discussing the proofs in Indian mathematical
tradition. So in this talk we will be talking about the history of proofs and the idea of Upapatti as
they are called in Indian mathematical works, where are they present? And something on what is
the understanding of Indian mathematicians as to what an Upapatti what is the purpose? What it

ought to do? What it purpose to do?

Then we will study few examples of proofs in the earlier Indian text, and come to of course the
text Yuktibhasa which is indeed a collection of proofs, many of these proofs of Yuktibhasa will
be discussed in the second and third lecture, and at the end of which we will try to analyze what
is the notion of proof in Indian mathematics once again towards the end.
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Upapattisin Indian Mathematics

While there have been several extensive investigations on the
history and achievements of Indian mathematics, there has not
been much discussion on its methodology, the Indian
mathematicians’ and philosophers’ understanding of the nature
and validation of mathematical results and procedures, their
views on the nature of mathematical objects, and so on.

Traditionally, such issues have been dealt with in the detailed
bhasyas Or commentaries, which continued to be written till
recent times, and played a vital role in the traditional scheme of
learning.

It is in such commentaries that we find detailed upapaitiis or
‘proofs’ of the results and procedures, apart from a discussion of
methodological and philosophical issues.

Now while considerable amount of information is known about Indian mathematics, and it has
been known for a very long time to modern scholars, there has not been really that much
discussion on what is the understanding of Indian mathematicians about the nature of
mathematics, what does mathematics deal with? What it is supposed to do? Or having an Indian

philosophers discuss these questions.

So these kind of issues have not been studied or analyzed in any detail. The reason is because we
have been so sort of impressed by the achievements of the Indian mathematician that they did
this very nice results, Aryabhatta at this beautiful approximation for square for pi, or he had this
very nice method for square root, cube root. Or Brahmagupta came up with his wonderful

formulae for diagonals of a cyclic quadrilateral or we have this Sankara Variyar.

So these results and achievement of Indian mathematician occupied considerable amount of our
time and study, and the original works was scanned for the kind of results that they had, and we
were not discussing how they were arriving at these results or in what context they were looking
at these results, this did not become the subject of serious investigation. One is because the

traditionally this issues have been dealt with in the commentaries.

So any text in India has to be understood along with its commentaries and along with the

successive oral tradition of teaching of that text, and that is what gives you an orientation



towards that text and its position in the overall discipline that is being considered and the way
this discipline has evolved. So till very recent times writing of these commentaries was a very
important part of Indian Textual Indian scientific tradition, or in all Shastra this was a very

important thing.

And in the traditional scheme of learning these commentaries played very, very major role, but
since we have been disconnected from that way of studying Indian knowledge systems, we sort
of most of the time just look at their results, and then start wondering how did they arrive at it, or
did they have any method at all, or did they not have any method at all. And we also start
discussing things that maybe Patanjali did not understand Panini correctly, maybe (FL) did not

understand Patanjali correctly like that.

I mean obviously nobody would have understood this predecessor so thoroughly that indeed true,
but he did not understand there is no reason that we will be able to understand the predecessor
much better. So these are the kind of issues in which we are got most of the time. So if we are
interested in understanding methodology of Indian mathematics we have to look at the
commentaries much more seriously, and this will apply to most of other disciplines most of other
traditional Indian disciplines also.

(Refer Slide Time: 04:29)

Early European Scholars Were Aware of Upapattis

In the early stages of modern scholarship on Indian mathe-
matics, we find references to the methods of demonstration
found in texts of Indian mathematics.

In 1817, H. T. Colebrooke referred to them in his pioneering
and widely circulated translation of Lilavat7 and Bijaganita and
the two mathematics chapters of Brahmasphuta-siddhanta:

“On the subject of demonstrations, it is to be remarked
that the Hindu mathematicians proved propositions
both algebraically and geometrically: as is particularly
noticed by Bhiaskara himself, towards the close of his
algebra, where he gives both modes of proof of a
remarkable method for the solution of indeterminate
problems, which involve a factum of two unknown
quantities.”



Now when modern scholars started studying Indian mathematics the fact that these books did
have various kinds of proofs, the fact that they were commentaries and they contain various
proofs was taken out of. Colebrook’s work is the pioneering work of in the translation of Indian
mathematical text, he translated Lilavati, he translated Bijaganita, he translated the 2

mathematics chapters of Brahmasphuta-siddhanta.

And Colebrook’s book is filled with footnotes from various commentaries, and occasionally he
refers to the kind of demonstration of Upapattis’ which are contained in the commentaries.
Colebrook says on the subject of demonstrations it is to be remarked that the Hindu
mathematician proved propositions both algebraically and geometrically, as is particularly
noticed by Bhaskara himself towards the close of his algebra where he gives both modes of proof
of a remarkable method for the solution of the bhavita problem he is referring.

(Refer Slide Time: 05:27)

Early European Scholars Were Aware of Upapattis

Similarly, Charles Whish, in his seminal article on Kerala School of
Mathematics of 1835, referred to the demonstrations in Yuktibhasa:

“A further account of the Yuktibhaisd, the demonstrations of
the rules for the quadrature of the circle by infinite series,
with the series for the sines, cosines, and their
demonstrations, will be given in a separate paper: | shall
therefore conclude this, by submitting a simple and curious
proof of the 47th proposition of Euclid [the so called
Pythagoras theorem), extracted from the Yuktibhasa”

Whish does not seem to have written any further papers on the
demonstrations of the infinite series as given in Yuktibhasa.

Whish's paper was widely noticed in the scholarly circles of Europe in
the second quarter of nineteenth century.

But it was soon forgotten and there was no study of Yuktibhdisa till
1940s, when C. T. Rajagopal and his collaborators wrote pioneering
articles on the proofs outlined in that seminal text.

Similarly, Charles Whish, who's article generated interest about the Kerala school of
mathematics in recent times, this article was written in 1835, in fact it was submitted as a first a
paper to the Madras literary society, and later on it was read as a paper in the it was published in
the transaction of Royal Asiatic Society. So Whish says in his article, he talks about 4 texts
Tantrasangraha, Yuktibhasa, (FL) except (FL) now all these other text have been fairly good

editions and the translations and explanations of these texts are currently available.



So a further account of the Yuktibhasa, the demonstration of the rules for the quadrature of the
circle by infinite series, with the series for the sines, cosines, and their demonstrations will be
given in a separate paper. I shall therefore conclude this paper that is the paper that is presenting
by submitting a simple and curious proof of the 47th proposition of Euclid, what is generally

called the Pythagoras theorem extracted from the Yuktibhasa.

But Whish did not write any further paper, in fact there is this detailed manuscript of this
Tantrasangraha with Sankara Variyar’s Malayalam commentaries is available with his detailed
handwritten notes on one side of the book which a professor Ram Subramanian had an occasion
to copy and they published some extracts from it on of Sankara Variyar’s Malayalam

commentary couple of years ago.

Now Whish paper was widely noted at the time when it was written, it was written in 1835, so
this was considered an important discovery at that time. However, all this was soon forgotten and
there was really no study of Yuktibhasa for almost 120 years, when C. T. Rajagopal and his
collaborators started pioneering articles on proofs in Indian mathematics.
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The Alleged Absence of Proofs in Indian Mathematics

It has been the scant attention paid, by the modern scholarship of the
last two centuries, to this extensive tradition of commentaries which
has led to a lack of comprehension of the methodology of Indian
mathematics. This is reflected in the often repeated statements on
the absence of logical rigour in Indian mathematics in works on
history of mathematics such as the following:

“As our survey indicates, the Hindus were interested in and
contributed to the arithmetical and computational activities
of mathematics rather than to the deductive patterns. Their
name for mathematics was yunita, which means ‘the
science of calculation’. There is much good procedure and
technical facility, but no evidence that they considered proof
at all. They had rules, but apparently no logical scruples.
Moreover, no general methods or new viewpoints were
arrived at in any area of mathematics.”

'Morris Kline: Mathematical Thought from Ancient to Modern Times,
Oxford 1972, p.190. =

And therefore it is this scant attention paid by modern scholarship of the last 2 centuries, to this
extensive tradition of commentaries, it is this which has led to a lack of comprehension of the

methodology of Indian mathematics. And this is often reflected in the sort of blank statements



that you will find in many of the general history books of mathematics, so if you open any

general history of mathematics you are likely to come across a statement like this.

This I have taken from Morris Kline which a book of about 1000 pages Mathematical Thought
from Ancient to Modern Times, as our survey indicates the Hindus were interested in and
contributed to the arithmetical and computational activities of mathematics rather than to the
detective patterns. Their name for mathematics was ganita which means the science of

calculation which is of course correct.

There is much good procedure and technical facility but no evidence that they considered proof
at all, they had rules but apparently no logical scruples. Moreover, no general methods or new
viewpoints were arrived at in any area of mathematics, so this kind of a broad speak
generalization view of Indian mathematics you will find this in several books.
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Cramo Imnmnartant Cammantariae Which Nien e
Some | 1portant Lommentaries Which Discuss

Upapattis

Bhasya of Bhiaskara | (€.629) on Aryabhatiya of Aryabhata
(c.499)

Bhiasya of Govindasvamin (¢.800) on Mahabhaskariya of
Bhaskara | (c.629)

Viasanabhasya of Caturveda Prthiidakasvamin (¢.860) on
Brahmasphutasiddhanta of Brahmagupta (c.628)

I'J."H."r.'.:.'.r.' of Bhaskaricarva Il (c.1150) on ."1'.'_L-.';:.'rf)'.'.-."I."rf'rfa".'m'rrr
tantra of Lalla [C748)

Vasana of Bhaskaracarva Il (c.1150) on his own Bijaganita

.”-'.fa.'!'.'.l~r.'.":.' or Viasana of Bhaskaracarya |l (¢.1150) on his
own ."".fr.'(-f.'llj.-r.T.'.'.fr.'_-.'r'allr;,l.r.'.:.'.'

Now the current books will write it with some more sort of caution and some more subordinate
clauses added, but the overall thing will be that to a large extent the way these results were
obtained by Indian mathematician still remained obscure or something like that will be the
general canting. So amongst the published works, there are indeed several books which do
contain this Upapattis’ so the first is the Bhasya Bhaskara of Aryabhattiya, this contains a few

discussions of proofs.



Bhasya Govindasvamin of Mahabhaskariya. The Vasanabhasya of Prthudakasvamin on
Brahmasphuta-siddhanta this commentary is still not published in entirety, only some sections
are available in print. So the first really book that is serious discussions of Upapattis’ is in
Vivarana of Bhaskaracharya on Sisyadhivrddhidatantra of Lalla. Vasana of Bhaskaracharya on
his own Bijaganita. The Vasana of Bhaskaracharya on his own Siddhantasiromani these are
indeed commentaries which contain extensive discussion of proofs.

(Refer Slide Time: 09:54)

Some Important Commentaries Which Discuss
Upapattis

7. Siddhantadipika of Paramesvara (¢.1431) on the Bhasya of
Govindasvamin (¢.800) on Mahabhaskariye of Bhaskara |
(c.629)

8. Aryabhatiyabhasya of Nilakantha Somasutvan (c.1501) on
Aryabhatiya of Aryabhata
9. Yuktibhasa (in Malayalam) of Jyesthadeva (c.1530)
10. Yuktidipika of Sankara Variyar (c.1530) on Tantrasargraha
(c.1500) of Nilakantha Somasutvan

1. Kriyakramakari of Sanikara Variyar (c.1535) on Lilavati of
Bhaskaracarya |l (c.1150)

o

Parameswara’s commentary on Govindasvamin’s Bhasya. Nilakantha (FL), then of course
Yuktibhasa of Jyesthadeva. Yuktidipika and Kriyakramakari of Sankara variyar which you
referred 2.
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Some Important Commentaries Which Discuss
Upapattis

2. Ganttayuktayah, Tracts on Rationale in Mathematical
Astronomy by various Kerala Astronomers (c.16th-19th
century)

13. Suryaprakasa of Stryadasa (c.1538) on Bhaskarficarya's
Brjaganita (c.1150)

14. Buddhivilasini of Ganeéa Daivajfia (c.1545) on Lilavats of
Bhaskaracarya Il {c.1150)

15. Banavarkura of Bijapallavam of Krsna Daivajia (c.1600)
on Bijaganita of Bhaskaracarya |l (c.1150)

16. Vasanavarttika, commentary of Nrsimha Daivajia (c.1621)
on Vasanabhasya of Bhaskaracarya |l on his own
Siddhantasiromani (€.1150),

17. Marici of Muniévara (c.1630) on Siddhantasirornans of
Bhaskaracarya Il (¢.1150).

a

Then about 20 years ago professor K. V. Sharma published a large number of tracks which was
small monographs which contain the discussions and proofs of small bits of results on various
topics, so he compiled them and published about 20 such tracks 20 to 25 years ago.
Buddhivilasini of Ganesha Daivajna we have talked about. Krsna Daivajna of Bijanavarikura we

have referred to. The Suryadasa commentary on Bijaganita also a Upapattis’.

Vasanavarttika of Nrsimha Daivajna commentry on Bhaskaracharya’s Vasanabhasya is available
in print. Marici of Munisvara is another discussion of Siddhantasiromani which contains
Upapatti. So there are indeed a large number of books which have been published, so if one
wants to find out how a particular result was proved, one should first to go up and look the
available commentaries, of course if the proof is not there one has to search more or one has to
look around more.
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Krsna Daivajna on the Importance of Upapatti
The following passage from Krsna Daivajna's commentary on
Bijaganita brings out the general understanding of the Indian
mathematicians that citing any number of favourable instances (even
an infinite number of them) where a result seems to hold, does not
amount to establishing it as a valid result in mathematics. Only when

the result is supported by an upapatti or demonstration can the result
be accepted as valid.
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First because so much has been said about the lack of logical regarding such thing about Indian
mathematicians, we will be forced to sort of give quotations where the Indian mathematicians do
say that proving some results are indeed important. If you want to take a mathematical results
seriously a proof is indeed needed. So Krsna Daivajna who is writing at some beginning of his

Bijanavarikura he is saying, he is referring to the result (FL).

How can we say a square+ b square to which 2ab is added or subtracted will lead to a+b whole
square or a-b whole square is there a way of understanding this. (FL) if we just show some
examples of this that is not really good enough, (FL) otherwise 4 times the product of 2 numbers
is equal to the square of the sum of these numbers is also sounds like a proper or a valid result.
So he gives 3, 4 examples 2*2=4, 4*4=16, this is also= the square of 2+2.

(Refer Slide Time: 12:48)



Similarly, 3*3=9 4 times 9=36 this is also the square of 3+3, and again go on 4*4=16 4 times this
is 64, so he is saying why do not we say for x y is= x+y whole square even this appears quite
alright, because of these examples 4*2*2 is= 2+2 whole square 4*3*3 is= 3+3 whole square, and
actually we can give infinite number of examples, and therefore we can conclude that this is

correct. (FL) so verifying some result in a certain number of cases is not really of any great use.

Because there might be a contrary since though the moment I go to 2*3 I will find 4*2%*3 is |=
2+3 whole square, (FL) so this is a counter example or a deviation from what you are, (FL)
therefore if one says that one should really give a proof for the fact for the claim that is being
made that x+y whole square is= x square + 2xy +y square it simply true that one needs to prove
search result. (FL) he will give this proof in the end of the (FL).

(Refer Slide Time: 14:20)



Krsna Daivajna on the Importance of Upapatti

“How can we state without proof (upupatti) that twice the product of
two quantities when added or subtracted from the sum of their
squares is equal to the square of the sum or difference of those
quantities? That it is seen to be so in a few instances is indeed of no
consequence. Otherwise, even the statement that four times the
product of two quantities is equal to the square of their sum, would
have to be accepted as valid. For, that is also seen to be true in some
cases. For instance take the numbers 2, 2. Their product is 4, four
times which will be 16, which is also the square of their sum 4. Or
take the numbers 3, 3. Four times their product is 36, which is also
the square of their sum 6. Or take the numbers 4, 4. Their product is
16, which when multiplied by four gives 64, which is also the square
of their sum 8. Hence the fact that a result is seen to be true in some
cases is of no consequence, as it is possible that one would come
across contrary instances also. Hence it is necessary that one would
have to provide a proof (yulkt:) for the rule that twice the product of
two quantities when added or subtracted from the sum of their
squares results in the square of the sum or difference of those
quantities. We shall provide the proof (upapatti) in the end of the
section on ekavarna-madh r,ruruarhu:r;g:.:."

So this is basically the translation of the same passage. So what [ am trying to say is that this fact
that result in mathematics need to be justified merely giving examples to support them is not
enough, in mathematics a certain amount of demonstration is needed is well known think to
mathematicians in India.
(Refer Slide Time: 14:38)

Bhaskara | on Upapatti (c.629)

In his discussion of Aryablata's approximate value of the ratio
of the circumference and diameter of a circle, Bhiskara | notes
that the approximate value is given, as the exact value cannot
be given. He then goes on to argue that other values which
have been proposed are without any justification:
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So one of the earliest discussion of nature of Upapattis’ occurs in the Bhaskara 1 commentary of
Aryabhattiya, he is referring to the discussion of Aryabhatta that the approximate value of ratio
of circumference to the diameter is 62832/20000, so then he is saying that approximate value is

being given because the exact value cannot be given. Even Bhaskara 1 is saying that exact value

of pi cannot be given, then he raises the question (FL).



This is the corresponding prakirta version of that, so the square root of 10 is really the accurate
value of the circumference of a circle of diameter 1 is it not true, so why are you saying that
exact value of the ratio of circumference to the diameter cannot be given. So then Bhaskara says
(FL) so here also what has been given is only a traditional statement no justification has been

provided.

(FL) why are you saying that, why do not you measure the circumference and immediately
conclude that it is square root of 10 like that this is not possible, (FL) square root of 10 is
occurring is and in exact quantity one cannot really determining its exactly, so like that he goes
on to give an argument that indeed one has to provide a proof for the fact that certain amount is
this ratio of circumference to the diameter.

(Refer Slide Time: 16:38)

Bhaskara Il on Upapatti (c.1150)
In Siddhantasiromani, Bhaskaracarya Il (1150) presents the
raison d'etre of upapalli in the Indian mathematical tradition:
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Without the knowledge of upupattis, by merely mastering
the calculations (yunitu) described here, from the
madhyamadhikara {the first chapler of ."".'n"u".ﬂurr.l.fu.'.-'.rrrl.lr.'um.']
onwards, of the [motion of the] heavenly bodies, a
mathematician will not be respected in the scholarly
assemblies; without the upapattis he himself will not be free
of doubt (nihsamsaya). Since upapatt: is clearly perceivable
in the (armillary) sphere like a berry in the hand, | therefore

begin the ioludhyaya (section on spherics) to explain the
upaputtis,

So the fact that the mathematical result is need to be demonstrated is fairly clear in the
commentaries, now the book that gives a set of demonstrations how does it view what these
demonstrations are supposed to do. So in Siddhantasiromani in the Goladhyaya by the beginning
Bhaskara tell us what Upapattis’ the word for proofs Ugti, Upapatti are the 2 words used for

proofs in Indian mathematics so what this Upapatti are supposed to do.



So this verse (FL) I quoted this in the introductory lecture also that but for whatever that has
been discussed in (FL) section of astronomy starting from the madhyamadhikara first chapter of
the (FL) section of the astronomy. So whatever is discussed without proofs without Upapatti
(FL) a mathematician (FL) he will not be considered as a scholarly mathematician in an
assembly of scholarly mathematician, (FL) he will not be free of doubt about the methods and

procedures and the results that he is dealing with.

So these are the 2 kinds of handicaps that somebody who does not no proofs will automatically
place.

(Refer Slide Time: 18:01)

Bhaskara |l on Upapatti

The same has been stated by Ganesa Daivajna in the
introduction to his commentary Buddhivilasini (c. 1540) on
Lilavati of Bhaskaricarya
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The same thing is repeated by Ganesa Daivajna while starting his commentary on Lilavati the
commentary Buddhivilasini, which has a whole lot of Upapattis’, (FL) in both (FL) that is both
in arithmetic and geometry and in also in algebra whatever he said without Upapatti (FL) that
one will not be considered as a well versed mathematician in an assembly of good mathematician

(FL) and nor will he be without the confusion about the results and procedure.

So this is the kind of focus that has been put on Upapattis’ in Indian mathematics, Upapattis’ are
important they need to be given.
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Bhaskara |l on Upapatti

Thus, according to the Indian mathematical texts, the purpose
of upapattiis mainly:

To remove confusion and doubts regarding the validity and
interpretation of mathematical results and procedures;
and,

To obtain assent in the community of mathematicians.

This is very different from the ideal of':'"proof“ in the
Greco-European tradition which is to irrefutably establish the
absolute truth of a mathematical proposition.

And main purpose is to say that the rest of the mathematicians accept the argument that you are
given, so the result becomes a valid result in the community of mathematicians, and it will
enable you to be free of how to perform the particular operation or particular result or the
particular procedure. So that also a proof will enable without the proof there may be so many

conclusions about what that original rule is meaning.

But now this is very, very different I mean if you see the first chapter of the famous commentary
of progress on Euclid’s elements, you will see what proof is supposed to do, the proof is
supposed to do a very unambiguous and irrefutable demonstration of the result stated by the text
that it has to once and for all established in an uncontestable manner the truth of the proposition
stated in the text. So that is a very different ideal that does not find a central focus in the
discussion of the Indian mathematicians.
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Bhaskara |l on Upapatti

In his Bijuganita-vasand, Bhaskaracirya 1l (c.1150) refers to the Iong
tradition of upapattis in Indian mathematics.
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“The demonstration follows. It is twofold in each case: One
geometrical and the other algebraic. There, the geometrical
one is stated... Then the algebraic demonstration is stated,
that is also geometry-basedsThis procedure [of upapatti]
has been earlier presented in a concise instructional form
by ancient teachers. For those who cannot comprehend the
geometric demonstration, to them, this algebraic
demonstration is to be presented.”
Here, Bhiskara also refers to the ksetragata (geometric) and risigata
(algebraic) demonstrations. To understand them, we shall consider
the two proofs given by Bhiskara of the bhuja-koti-karna-nyiya.

Now how do they actually prove result, so what does Bhaskara say about this proofs, in the
Bijaganita-vasana Bhaskara gives a proof of this Pythagoras theorem or the bhuja-koti-karna-
nyaya, and he says there are 2 kinds of ways in which you can prove ksetragata and rasigata,
ksetragata is geometrical, rashigata is algebraic. (FL) so first I will explain the geometrical, then
after some time (FL) so then he will give the algebraic, (FL) that is also based upon geometry
only.

(FL) so this Upapatti is something which has been passed down by traditions by the oral tradition
of teaching by generation to generation, and of course he says the geometrical proof is somewhat
more complex for them the algebraic proof is to be given.
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Upapatti of Bhuja-Koti-Karna-Nyaya

In the madhyamaharana section Bhaskara poses the following problem
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“In a right angled triangle with sides 15 and 20 what is the
hypotenuse? Also give the demonstration for this traditional
method of calculation.”

Here Bhiskara gives two proofs. First the geometrical:
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So let us see what is the geometrical proof and the algebraic proof that the Bhaskara gives for the
bhuja-koti-karna-nyaya. So the problem is that in a right angle triangle which sides 15 and 20
what is the hypotenuse? (FL) 15 (FL) is 20, (FL) what is the hypotenuse (FL) so give us also the
traditional method of proof or the traditional proof for this traditional method of calculation.
(Refer Slide Time: 21:47)

Upapatti of Bhuja-Koti- Karna- Nyaya

“Let the hypotenuse (kurna) be ya. Take the
hypotenuse as the base. Then the perpendicular
to the hypotenuse from the opposite vertex
divides the triangle into two triangles [which are

15r 20 similar to the original]. Now by the rule of

/ ; proportion (trairasika), if ya is the hypotenuse

4 . the bhujiis 15, then when this bhuji 15 is the
ya hypotenuse, the bhuja, which is now the abadha

(segment of the base) to the side of the original

_ (225) - (400) bhuja will be (225/ya ). Agair‘l if ya is the

ya ya |/ hypotenuse, the koti is 20, then when this foti
y# = 625 20 is the hypotenuse, the koti, which is now the
segment of base to the side of the (original) kot
will be (400/ya). Adding the two segments
(abadhas) of ya the hypotenuse and equating the
sum to (the hypotenuse) ya, we get ya = 25, the
square root of the sum of the squares of bhuja
and koti. The base segements are 9, 16 and the
perpendicular is 12. See the figure”.

ya = 25

So this is the way Bhaskara is explained let us not going to the details, here it can be read
basically all the Bhaskara is doing is drop this perpendicular you want to complete this
hypotenuse, the basic this is the right angle of the right angle triangle. So this right angle triangle
itself is similar to each of these sub triangles that you obtained, so you use the similar triangles

and you obtain both these abadhas side and this side.



So the abadhas this side will turn out to be 225/ya, if this ya is the length of these hypotenuse, the
abadhas and this side is 400/ya square of this by this, so the hypotenuse itself is the sum of the 2
and so you will calculate the base to be 25. This is the essence of the geometrical proof given by

Bhaskara and the argument goes like this using the trairasika basically the principle of similar

triangles.
(Refer Slide Time: 22:38)
Upapatti of Bhuja-Koti- Karna- Nyaya

Now the algebraic demonstration:
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As Bhaskara has noted, this algebraic demonstration is also
geometrical in nature.

Now then he says let me give the algebraic demonstration, and as he himself said the algebraic
demonstration is also based of anything at all you are providing it result in geometry, the
algebraic demonstration is also based upon the figures.

(Refer Slide Time: 22:58)



Upapatti of Bhuja-Koti- Karna-Nyaya

Let the hypotenuse be ya. The area of the triangle which is half
the product of the hhuja (15) and koti (20) is 150. Consider a
square whose sides are formed out of the hypotenuse of these
triangles.

In the centre is formed a square whose side is 5, the difference
of bhuja and koti, and whose area is 25. The area of the four
triangles is 600. Thus, adding these, the area of the big square
is 625. Taking ya® = 25. we get the hypotenuse to be 25.

25

And essentially all that Bhaskara is doing is if this is our right angled triangle, construct a square
from the hypotenuse of this right angle triangle, and put the hypotenuse of the right angle
triangles in such a way that in the center you are left with another small square.

(Refer Slide Time: 23:14)

And so essentially what you are doing is you are having this a-b whole square+2 a b is= a square
+b square, and this 2ab is actually 4 times of 1/2 ab, so this is essentially the algebra so this is the
algebraic relation that is used in proving, here is a-b whole square each of these triangles is 1/2
ab, so you have 4 times 1/2 ab and the sum of a-b whole square +4 times 1/2 ab=a square +b

square, therefore this larger square is actually= a square + b square.



So the hypotenuse squared is= sum of the bhuja square and koti square, so it is called algebraic
because this algebraic identity is employed in proving this. So from the (FL) time’s algebra and
geometry have closely intertwined in discovering an algebraic result and even in expressing an
algebraic result geometrical result algebra is employed in a very crucial way, and geometrical
arguments are also made to discover algebraic identities.

(Refer Slide Time: 24:32)

Krsna Daivaijna's Upapatti of Kuttaka Process
2l . ! 2
As an example of an upapatti which proceeds in a sequence of steps,
we may briefly consider the detailed upupuiti for the kuttuka
procedure given by Krsna Daivajna (c.1600) in his commentary
Bijapallava on Bijaganita of Bhaskara.
The kuttuka procedure is for solving first order indeterminate

equations of the form
(ax +¢)
b y

Here, a, b, ¢ are given integers (called bhajya. bhijoka and ksepa) and
X, Y are to be solved for in integers.

Krsna first shows that the solutions for X, y do not vary if we factor all
three numbers a, b, c by the same common factor.

He then shows that if a and b have a common factor then the above
equation will not have a solution unless ¢ is also divisible by the same.

He then gives the upapatli for the process of finding the apavartaika

(greatest common divisor) of a and b by mutual division (the so-called

Euclidean algorithm).
Now let us go to the proof of something else, the in Bhaskara’s Bijaganita the kuttaka addhyaya
there is a detailed discussion by Krsna Daivajna of the justification of the kuttaka, so how does
the Krsna Daivajna justify the kuttaka process. So what is the kuttaka procedure that is for
solving the equation a x +¢/b=1y, a ¢ and b are given integers, X and y are to be determined for
integral values that is the kuttaka problem, a is called the bhajya, b is called the bhajaka, ¢ is

called the ksepa.

And x is called guna, y is called the labdhi, this is the these are the technical terms for all these
quantities in kuttaka. So what does Krsna do? Krsna Daivajna first shows that x and y do not
change, if you factor all the three numbers a b ¢ by the same factor, then he shows that if a and b
have a common factor then the above equation will not have a solution unless c is also divisible
by this same factor, this you already now know that the GCD of the quotient of x and y should
divide the ksepa, then only the kuttaka problem has a solution.



Then he gives a proof that the mutual division of a and b that is lead to the greatest common
divisor at some stage, so this so-called Euclidean algorithm.
(Refer Slide Time: 26:05)

Krsna Daivajna’'s Upapatti of Kuttaka Process

Krsna then provides a detailed justification for the Lutfuka method of
finding the solution by making a vafl: (table) of the quotients obtained
in the above mutual divigion, based on a detailed analysis of the
various operations in reverse (vyasta-vidhi).

In doing the reverse computation on the valli (vallyupasamhara) the
numbers obtained, at each stage, are shown to be the solutions to
the kultuka problem for the successive pairs of remainders (taken in
reverse order from the end) which arise in the mutual division of a
and b.

After analysing the reverse process of computation with the valls,
Ikrsna shows how the solutions thus obtained are for positive and
negative ksepa, depending upon whether there are odd or even
number of coefficients generated in the above mutual division.

And this indeed leads to the different procedures to be adopted for

solving the eqguation depending on whether there are odd or even

number of quotients in the mutual division.
So you can see that there is a sequence of argument going on in Upapatti like the way we do in
proving any argument in mathematics that we are familiar with. Krsna then gives a detailed

justification of the kuttaka method itself, what is the kuttaka method involved that you make a

valli, and that is based upon a detailed analysis of the operations in reverse this is called vyasta-
vidhi.

So at each stage what Krsna shows is that the you are obtaining solution for the kuttaka problem
for the successive pairs of reminders which appear when you divide a/b, so when you are
dividing a/b, so some quotient a0 will appear, a0 b so you will just get the first reminder then you
divide rl, so al will appear al rl, a reminder r2 will appear, so for each of these successive

reminders the kuttaka problem that you will appear.

When you go up in the valli you will be solving the problem with the kuttaka problem with the
successive reminders that is what is the kuttana, the problem with a, b is converted to problem
with rl, 12 then problem with 12, r3 problem with r4, r5, it ultimately comes to very small
reminders, so either able to guess this solution or you can work out the solution, so that is what

Krsna is explaining.



And then he will also tell you if you have odd number of steps you go in a particular way, if there
is even number of steps you go in a particular way. So the proof of each and every one of this is
considered in detail.

(Refer Slide Time: 27:46)
Krsna Daivajna's Upapatti of Kuttaka Process

As an illustration, Krsna considers the equation (173 *9)

with h;"”,u_l,.,-’u,- 173, bhajaka 71 and fl-r pa i 3

¥

In the mutual division of 173 and 71 we get the quotients 2, 2, 3
and 2 and remainders 31, 9, 4 and 1.

If we do the reverse computation on the valli formed by 2, 2, 3,
2, 1,3 and 0, we first get 6, 3 as the labdhi and guna, which

satisfy the equation 'gi %) _ g, with the remainders 9, 4
serving as hhajya and I’n‘m_..ffrf.'u.

In the reverse computation on the valli, we then get 21, 6 as
labdhi and guna, which satisfy the equation *5%) — 21, with
the remainders 31, 9 serving as bhajya and bhajaka.

And so on, till we get 117 and 48 as labdhi and guna, which
satisfy the equation (7222 — 117

So as an illustration Krsna considers this equation 173 x+3/71, while making the argument the
illustration will run parallel, so you will keep an illustration and make the argument. So in the
mutual division of 173 and 71 quotients are 2, 2, 3 and 2, the remainders are 31, 9, 4 and 1. So
when we do the reverse operation with valli 2, 2, 3, 2, 1 followed by the ksepa is 3, and put a 0

below that right in the end.

So Krsna shows that in the first level you get 6 and 3 as the labdhi and guna in the valli, when
you clear the valli and they will satisfy the equation 9*3-3/4= 6, so the quantities involved here 9
and 4 are essentially the 2 reminders which appear here. In the next step you will add a kuttaka
problem solution with the 2 reminders 31 and 9, the next guna and labdhi will solve the kuttaka

problem with these 2 reminders.

And finally you will get the solution for the kuttaka problem with 173 and 71. So the reverse
operation in valli is essentially solutions with the kuttaka problem with the reminders successive

reminders that appear here, this is the (FL) of the argument in proving that the kuttaka procedure



works. Now he will come to another aspect of proof in Indian mathematics, this is an interesting
philosophical issue which seems to be operative here in Indian mathematical tradition.
(Refer Slide Time: 29:25)

Use of Tarka in Upapatti

The method of “proof by contradiction” is referred to as tarka in Indian
logic. We see that this method is employed in order to show the
non-existence of an entity.

For instance, Krsna Daivajna essentially employs tarka to show the
non-existence of the square-root of a negative number while
commenting on the statement of Bhaskara that a negative number
has no root.
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Most of you who would have seen proofs in the standard geometry text might clearly be aware
that one of the most commonly met with arguments is what is called the proof by contradiction.
What is proof by contradiction? It is also called reduction ad absurdum what is that, so whenever
you want to prove a proposition you assume that the opposite of that proposition to be true for

the time being.

And then argue and you obtain the result which is in contradiction either with what you have
assumed or with any of the results that you have already proved or with anyone of your starting
postulate. Therefore, by assuming the contrary of what you want to prove to be true, you arrive at
a contradiction and therefore, that the assumption that the contrary of what you wanted to be
prove is not justified and therefore, the opposite of that, that is the proposition that you want to

be proved has been proved by you.

So this kind of argument is called tarka in Indian logic is nayaya shastra, so this kind of an
argument is called tarka, and such arguments do appear in Indian mathematical texts in some

simple context. So I have taken the simplest of such arguments to show that a negative number



does not have square, so this is the argument of Krsna Daivajna to show that a negative number
does not have a square root.

(Refer Slide Time: 30:57)

Use of Tarka in Upapatti

Thus according to Krsna

“The square-root can be obtained only for a square. A
negative number is not a square. Hence how can we
consider its square-root? It might however be argued:
‘Why will a negative number not be a square? Surely it
is not a royal fiat’... Agreed. Let it be stated by you
who claim that a negative number is a square as to
whose square it is; surely not of a positive number, for
the square of a positive number is always positive by
the rule... not also of a negative number. Because
then also the square will be positive by the rule... This
being the case, we do not see any such number
whose square becomes negative...”

The argument is very simple assume that a positive number is a square root of negative number it
cannot be square of that is positive, assume a negative number to be square of a negative number
that cannot be its square is positive, so there is any know number which you know which is the
square root of a negative number. Therefore, a negative number does not have square, this is the

standard argument of proof by contradiction.

And this is employed so (FL) why is it that a negative number is not a square (FL) you were
arguing that a negative number is a square you should tell me whose square it is, (FL) it cannot
be a square of positive number because of the rule (FL) because square of a positive number is
positive, (FL) it cannot be square of a negative number, (FL) they are also negative, negative is
positive, (FL) that being the case (FL) so we are not able to see that number whose square is
negative, so it is a standard.

(Refer Slide Time: 32:19)



Use of Tarka in Upapatti

While the method of “proof by contradiction” or reduction ad
absurdum has been used to show the non-existence of entities,
the Indian mathematicians do not use this method to show the
existence of entities, whose existence cannot be demonstrated
by other direct means. They have a “constructive approach” to
the issue of mathematical existence.

It is a general principle of Indian logic that tarka is not accepted
as an independent pramana, but only as an aid to other

pramanas,

But while this kind of an argument is commonly used you do not see an argument in any of the
Indian mathematical texts at least I am not seen much, well you are proving the existence of
something (FL) process it would be fairly easy for people to construct a proof by assuming that
(FL) process does not lead to a solution, you come up with a contradiction of something that you

already know, and in therefore, you say you have proved that the (FL) process leads to a solution.

So to prove the existence of some quantity which is by proof of contradiction is not something
that is commonly met with, and I am trying to tell you that this is fairly in tune with these larger
principles of Indian logic the way our Indian philosophy. This tarka while it is useful in fact tarka
is used in what is called as a sieve in anumana pramana that when you want establish the in
variable (FL) you try to refine that (FL) further and further by the use of tarka argument (FL)
may not really be giving to that (FL) people who know Indian logic will see that that is the

contacts in which tarka is used.

So tarka is used as an auxiliary way of arguing, it is not given as status of an independent
pramana what does that mean? That anything that is established by tarka which in principle
cannot be established through the other direct means of verification will not be given a state of
validly established results. So it is not an independent pramana it is only as an aid to other

pramanas.



So basically the Indian mathematician seem to be using reduction ad absurdum kind of
arguments if at all they use which are very few for in between mainly to show the non-existence
or impossibility of certain things they do not seem to have used it at all, to show the existence of
quantities which existence is not possible to be demonstrated by other means, that if you already

know what the solution is you do not need reduction ad absurdum.

In the morning question came in to discuss the way Archimedes proved, the argument that the
infinite series 1/4+1/4 square etc. adds up to 1/3, this was in specific geometrical contexts in a
geometrical construction. So what the Archimedes is showing is let me assume that the sum of
all these figures is > that other figure then he will show a contradiction, let me show that the sum

of all this figures is< that sum, and then he shows a contradiction.

This is a very, very this is called a double reduction ad absurdum argument that this sum can
either be larger nor it be smaller, and therefore, it has to be equal. Whereas you show by
successive smaller and difference between the result that you want to prove, and the successive
terms of summation becomes smaller and smaller and you are actually going to result that to the
result that you are wanting, so that is the kind of proofs that you find in Indian texts.

(Refer Slide Time: 35:36)

Indian Logic Excludes Aprasiddha Entities from

Logical Discourse

Naiyayikas or Indian logicians do not grant any scheme of
inference, where a premise which is known to be false is used
to arrive at a cenclusion, the status of an independent pramana
or means of gaining valid knowledge.

In fact, they go much further in exorcising the logical discourse
of all aprasiddha terms or terms such as “rabbit’'s horn”
(sasasriga) which are empty, non-denoting or unsubstantiated.

~

There is in fact an even larger principle in Indian logic it is that you do not grant validity to any

scheme of inference, where a premise which is already known to be false is used to arrive at a



conclusion, and furthermore you do not allow in any discourse which is logically considered
rigorous, a terms which you know are empty, terms which are meaningless like a square circle or
a rabbit’s horn is the one that is very commonly used sasasrnga.
(Refer Slide Time: 36:14)

Indian Logic Excludes Aprasiddha Entities from

Logical Discourse

“Nyaya...(excludes) from logical discourses any
sentence which will ascribe some property (positive or
negative) to a fictitious entity. Viicaspati remarks that
we can neither affirm nor deny anything of a fictitious
entity, the rabbit's horn. Thus nyiaya apparently agrees
to settle for a superficial self-contradiction because, in
formulating the principle that nothing can be affirmed
or denied of a fictitious entity like rabbit's horn, nyaya,
in fact violates the same principle. Nyaya feels that
this superficial self-contradiction is less objectionable
(than admitting fictitious entities in logical discourse)...
(This can be seen from the discussion in ) Udavana's

2

_1.J’H.'.rr|frr.ff1wf'1r'r ka..”

?B. K. Matilal, Logic Language and,Heality. Delhi 1985, p-9.
The insistence on not using this undifferentiated or undenotable terms is so deep that one is
willing to even accept a contradiction rather than use these terms, so this is the major issue this is
a summary, the original work has a detailed discussion which is found in Udayana’s
Atmatattvaviveka are you can pick up Udayana’s Atmatattvaviveka and see this discussion. This

this question is very simple.

The nyaya is saying you should not use any statement which uses fictitious entity is not a valid
statement, so then the opponent you already made a statement using a fictitious entity, so what
are you talking about so he says I am saying something meaningful if you do not want to
understand it that is alright but I will live with this contradiction of not using fictitious entities in

my discourse, but I will not allow still the fictitious entity to be used.

So we are willing to live with the contradiction that the contradiction is in the statement that
rules out the use of these fictitious entities, so that contradiction is alright rather than using these

fictitious entities in the argument. Now this issue of contradiction is very special in traditions



which base all their arguments on reduction ad absurdum techniques, because what the reduction
ad absurdum the moment you find a contradiction the opposite of the premises is true.

(Refer Slide Time: 38:03)

And the moment you are logical system has a contradiction, all the proposition becomes valid in
a logical system, where a proposition p and not p are both true, them from p and not p you can
imply any q and this is always a universally valid proposition. So this systems of logic which use
this kind of reduction ad absurdum to the sort of limit, they are always worried about
contradictions in their systems of logic okay.

(Refer Slide Time: 38:23)

Yuktibhasa of Jyesthadeva

The most detailed exposition of upapattis in Indian mathematics is
found in the Malayalam text Yuktibhasa (1530) of Jyesthadeva, a
student of Damodara, and a junior colleague of Nilakant ha.

At the beginning of Yuktibhdisa, Jyesthadeva states that his purpose is
to present the rationale of the results and procedures as expounded
inthe Tuntrasargraha.

Many of these rationales have also been presented (mostly in the
form of Sanskrit verses) by Sankara Varivar (¢.1500-1556) in his
commentaries Kriyakramakari (on Lilavati) and Yuktidipika (on
Tuntrasangraha).

Yuktibhasa has 15 chapters and is naturally divided into two parts,
Mathematics and Astronomy.

In the Mathematics part, the first five chapters deal with the notion of
numbers, logistics, arithmetic of fractions, the rule of three and the
solution of linear indeterminate equations.



Now with that interlude let us come to Yuktibhasa, the discussion of proofs contained in
Yuktibhasa. Today, I will just give “Professor - student conversation starts” Yes mam, (())
(38:35) and can you tell us what is a difference between Upapatti and pramana? Pramana is a
means of acquiring valid knowledge, so prama is valid knowledge, pramakarana is pramana that

what leads you to valid knowledge is pramana.

So the means of valid knowledge are in ordinary understanding observation (FL) argument and
generalization from known observation etc. that is called anumana, then some differences then
what is called established well established tradition that is agama then different schools of
philosophy have their own other definitions of pramana (FL) and (FL) there are other kinds of

pramana, this is what is pramana in simple terms.

Now Upapatti is (FL) detailed derivation of that we will leave it to the lecture of professor Ram
Subramanian that you are going and arriving at the you have established the result of you are
arriving at the result, so that he is I mean a loose sense of QED. “Professor - student
conversation ends.” So the most detailed exposition over Upapattis’ in Indian mathematics is

found in Yuktibhasa by Jyesthadeva.

So Jyesthadeva says that the purpose is to present the rational of the results and procedures
outlined in Tantrasangraha, many of these are given in Sanskrit also in the verse of Sankara
variyar, Yuktibhasa is 15 chapters, the first 5 mathematics chapters deal with numbers logistics
fractions rule of 3 and solutions of indeterminate equation.
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Yuktibhasa of Jyesthadeva

Chapter VI of Yuktibhisa deals with the paridhi-vydsa-sambundha or
the relation between the circumference and diameter of a circle. It
presents a detailed derivation of the Madhava series for =, including

the derivation of the binomial series, and the estimate of the sums of
powers of natural numbers 1% + 2% + ..n* for large n. This is followed
by a detailed account of Madhava's method of end correction terms
and their use in obtaining rapidly convergent transformed series.

Chapter VIl of Yuktibhasa is concerned with jyanayana or the
computation of Rsines. It presents a derivation of the second order
interpolation formula of Madhava. This is followed by a detailed
derivation of the Midhava series for Rsine and Rversine.

In the end of the Mathematics section, Yuktibhisa also presents
proofs of various results on cyclic quadrilaterals, as also the formulae
for the surface area and volume of a sphere.

The Astronomy part of Yuktibhasa has seven chapters which give
detailed demonstrations of all the results of spherical astronomy.

The chapter 6 and 7 of the mathematics part are the crucial ones, chapter 6 deals with the
paridhi-vyasa-sambandha, it presents the derivation of Madhava series for pi, derivation of
binomial series, the derivation of this estimate of the sum 1 to the power k etc. +n to the power k
for large n. And then derivation of the end correction terms, and the transformer series. Chapter 7

deals with jyanayana or computation of Rsines.

It presents a derivation of the second order interpolation formula Madhava I think that will be
covered in one of the trigonometry talks, this is followed by the derivation of the Madhava series
for Rsine and Rversines. In the end it has a detailed discussion of cyclic quadrilateral and also
the proofs of surface area and volume of a sphere. The astronomy part has 7 chapters, which

gives detailed demonstration of all the results of spherical astronomy.

Perhaps, you will get a glimpse of the way Indians this sophisticated way the Kerala astronomers
work with spherical trigonometry in one of the lectures that will follow.
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)-Hf.'hhhu,_wr Proof of Bhuja- ]\'r;:'iv.’\'r'u'{ur- Nyaya

ABCD, a square with its side equal to the bhuji, is placed on the
north. The square BPQR, with its side equal to the koti, is placed on
the South. It is assumed that the bhuja is smaller than the koti. Mark
M on AP such that AM = BP = koti. Hence MP = AB = bhuja and MD
= MQ = karpa. Cut along MD and MQ, such that the triangles AMD
and PMQ just cling at D, Q respectively. Turn them around to coincide
with DCT and QRT. Thus is formed the square DTQM, with its side
equal to the karna. It is thus seen that

karpa-square MDTQ = bhuja-square ABCD + koti-square BPQR
So first is the Yuktibhasa proof of bhuja-koti-karna-nyaya, so we saw 2 proofs of Bhaskara, this
is the proof of Yuktibhasa very simple. This is 1 square, BPQR this is the koti square, ABCD is
the bhuja square, assume that bhuja square is smaller, now make your AM= koti, so your MP will
be= bhuja that is mark this point M such that MP is the same as AB. Then join MP, join MD,

construct the square on MD.

Now the constructing the square on MD this procedure is similar to the (FL) procedure for
adding 2 squares as it was pointed out in the lecture on (FL). Then how to show that this square
this MD square= AM square+ AD square very simple at the point D cut this triangle AMD and
place it on DCT, and at the point Q cut this angle MPQ rotate it and place it on QRT, then you

have shown that this square= sum of those 2 other squares.

So actually it involves cutting and repasting, so this was another feature of all the Indian
mathematical arguments that they could involve moment of the physical objects, cutting of the
object. Then even many of the proof say I mentioned Krsna Daivajna proof of -*- =+ by using
that let the direction of moving eastwards be taken as positive, direction of moving westwards
we taken as negative and with that they will be able to show that +5 -of-3=+8 and things like
that.



So even physical arguments of various kinds are acceptable as proofs as long as one is systematic
and one is explained. Surprisingly, I should mention that this proof which is available in the
available editions of Yuktibhasa is different from the proof Charles Whish has given in his paper
saying that this is the proof that I have found in Yuktibhasa, so that still remains a mystery.
(Refer Slide Time: 44:01)

Successive Doubling of Circumscribing Polygon
It appears that the Indian mathematicians (at least in the Aryabhatan
tradition) employed the method of successive doubling of the circumscribing
square (leading to an octagon, etc.) to find successive approximations to the
circumference of a circle. This method has been described in the Yuktibhasa
and also in the Kriyakramakari

The latter cites the verses of Madhava in this connection
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Now there is another complex geometrical proof that you find in Yuktibhasa, this is the method
of approximating the circumference of a circle by a square which is circumscribing it, and then
dividing the square in such a way such that you have a regular octagon, then dividing it in such a
way such that you have a regular polygon of 16 sides. Again Kriyakramakari gives a collection

of version due to Madhava which seem to be explaining this method.

So Madhava, who gave the infinite series also has summarized this method which is the classic
old method of trying to estimate the circumference of a circle by summing the sides of an
inscribed or a circumscribed polygon with large enough number of sides.
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Successive Doubling of Circumscribing Polygon

L
1]

In the figure, EOSA,; is the first quadrant of the square circumscribing
the given circle. EA, is half the side of the circumscribing square. Let
OA,; meet the circle at Cy. Draw A, C, B, parallel to ES. EA; is half
the side of the circumscribing octagon.

Similarly, let OAz*neet the circle at C,. Draw A; C, B, parallel to EC;.
EAs is now half the side of a circumscribing regular polygon of 16
sides. And so on.

So the method is as given in Yuktibhasa is like this, you take this square which is one fourth of
the square which is actually circumscribing the circle, so the side of this particular square is right
now we saw this is 1, but the bigger square which is circumscribing the circle has side 2r. Now
the point at which O Al meets Al Yuktibhasa says draw this line A2 C1 B2 which is parallel to
ES east south direction, so instead of saying draw the tangent which they do not say this is the

way they are explaining.

And then it says okay it goes and meets this side E A1 A2 join O A2, then this O A2 meets at the
point C2, now draw A3 C2 B3 which is parallel to C1 E and like that you go on, so this E A2 will
be the side of the circumscribing octagon, E A3 will be a side of a circumscribing polygon of 16
sides. So these complex geometrical arguments are indeed dealt with in Yuktibhasa. Now the rest
of the argument is using right angle triangles and similar triangles estimating E A2, E A3.

(Refer Slide Time: 46:09)



Successive Doubling of Circumscribing Polygon
Let half the sides of the circumscribing square, octagon etc., be denoted
b= EAi, b=EA;, k= EAs,...
The corresponding karnas (diagonals) are
k= O0A, ke =0A;, k: = OA,. ..
and the abadhas (intercepts) are
ar = DA, a: = DbAz, as = D:As,. ..

Now %
h=r k=2, anda = —.
V2

Using the bhuja-koti-karna-nyaya (Pythagoras theorem) and érai-
radika-nyaya (rule of three for similar triangles), it can be shown that
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(& —(r* - £)]
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So E Al is the half of the side of the circumscribing square, E A2 is the half of the side of the

b
ic

& =

circumscribing octagon, octagon will look like this here the octagon this is the part of the
octagon it will go like that, so this is half of the side of the circumscribing octagon, E A3 is half
the side of the circumscribing 16 sided polygon. The corresponding karna, karna’s are O A2, O
A1, O A3 so the corresponding karna’s are denoted by k1, k2, k3.

The corresponding abadhas are the intercept D1 Al, D2 A2, D3 A3, when you have the first one
this D2 A2, D1 A1 will be the abadha that is in this right angle triangle, D2 A2 will be the abadha
in this triangle and similarly, D3 is not shown there, so those are the abadhas which will come
handy in doing this calculation, they were given by the following. Then you have a serious of

recursion relations that you see which are derived from the geometrical argument.

so 12 k2 and a2 can be defined or determined in terms of 11 k1 and first 12 is determined in terms
of 11 k, k1 and al, then k2 is determined then a2 is determined, so 12 k2 a2 is determined, then
you go on determine the side of the regular hexagon.
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Successive Doubling of Circumscribing Polygon
In the same way /.1, Kkro1 and apy1 can be obtained from
Iy, knand a,.

These can be shown equivalent to the recursion relation for /4
which is the half side of the circumscribing polygon of 27+

| Iyt = (é) {(\r@—!ﬁ)% - }

We of course have the initial value f; = r.
This leads to b = (+/2— 1) r and so on.
Kriyakramakart notes that
U9 AEeHE GeRarETaE A S |
Thus, one can obtain an approximation (to the

circumference of the circle) to any desired level of
accuracy.

e

So given In kn an, In+1, kn+1, an+1 can be determined, and in fact if you study the process the
recursion relation seems to be something like this, and initial value 11 r itself half the side of
circumscribing square, 12 will be root 2-1*r and so on. So you keep on using this relation you
will obtain half the side of circumscribing polygon of large and larger side, and from that you
find out the circumference of the polygon take it as an approximation to the circumference of this

square.

And Kriyakramakari says (FL) you can go if you are like (FL) you have patience you can
calculate pi 2 16 decimal places there is really no problem.
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So I think for today, I have covered the tradition of proofs in Indian mathematics from more
ancient times. In the next talk, I will discuss the proofs as found in Yuktibhasa of the results of

Madhava that will be tomorrow on Monday, thank you.



