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Continuing our discussion about portfolio management and how we can have the efficient
frontier based on which we should find out the weights of the stocks, which are there in the
portfolio. So, what we actually have there; set of informations or the random variables which

are the return of the prices.

And, as you know returns are basically given by the; in the numerator, you basically have the
difference of the investment for time period one minus time period zero divided by the time
period zero, which is i naught. And then, you have; you find out the average return of the
sample, which is given by R bars suffix one, two, three, four, till the number of stocks which
you have, plus you have the variances and also the covariances, which basically can be found
out, given the standard deviations on the correlation coefficient.

(Refer Slide Time: 01:05)

Investment Process

The curve in the risk-return diagram defined by non-
negative mixtures of two assets A and B lies within
the triangular region defined by the two original
assets and the point on the vertical axis of height
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Now if we denote the portfolio formed by A and B as
P, then we have the return and variance for the

portfolio about which we will now discuss.
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Now, our main concern and our emphasis is how do we find the weights. So, is there any

mathematical method? Answer is yes. As | mention that Markowitz in 1952 in a seminal



paper, he discussed about trying to find out the optimum portfolio based on some
optimization techniques and some rule which will come to that in within few minutes as we

discuss the problem. So, what we were discussing that you have two different stocks.

(Refer Slide Time: 01:33)
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So, along the x axis you have the returns, which I will just write as R. Now, this capital R or a
small r are interchangeable. So, consider that whether it is a capital R or small r, but won’t
make any fundamental difference in the way we discuss. And, along the x axis you will
basically have the risk. The risk can be either standard deviation, which is the square root of

the variance, all the variance or whatever is basically you are bringing into the picture.

Now, our main concern is to find out what is the overall shape. If you remember what we
have discussed is that if there were two different stocks, where point A and point B were. If
the variance of the portfolio is given by sigma square suffix p as in this formula, in the last
equation which is given in the slide. And, we consider that if alpha is the overall weightages
out of one, which is out of hundred amount of rupees, which we have or two hundred,
whatever we have. If alpha is the weight for one stock, one minus alpha for the second stock.
If the variances are given for each and every stock or two stock as sigma one squared and
sigma two squared, the overall variance for the whole portfolio is given by this formula. And,
the square root of that will give you the standard deviation. And, correspondingly the weights
can be found out about based on the optimization problem, which I just mentioned few

minutes back. We will come to that. And, our other concern is basically to find the return.



(Refer Slide Time: 03:07)

Investment Process

For assets A and B the respective returns and variances
are given. Let the corresponding weights be w, = (1 - «)
andw, = «, i.e., w, + W, = 1. As i varies lromb o1, the
ponfoﬁo goes from one that contains only asset A to one
that contains mixture of asset A and B and then to one
that contains asset B. Remember values of .« outside the
range 0 <« < 1 make one or other of the weight as
negative, corresponding to SS. The curve looks like that
shown in the diagram above but what exact shape we

et will depend on the value of correlation coefficient
31”). The solid portion of the curve corresponds to
positive combination of two assets, while the hashed
portion corresponds to the shorting of assets. Remember
one important thing. The curve must always lie inside the
triangular region, denoted by ABC.
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So here is, in the slides which we have. We have basically the return, which is given in by the
first equation. So, if you plot them, our main question is two things. Find out the weights,
given the condition that all the input values are given which are, again | am repeating; the
returns, the variances, the covariances. Inside the covariances you have the standard

deviations for one and two plus the correlation coefficient.

(Refer Slide Time: 03:39)

Investment Process

Combination of two assets on the nsk-retumn diagram or the mean-standard deviation
diagram would give us the following
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Now, if you remember; let me go back to the two slides before. If the correlation coefficient

is between minus one and plus one, then obviously the overall area between which the curves



will lie is basically the triangle A, B, C. And, if you remember that if you extend this dotted
lines along A B and along C A or C B, it basically gives you; the dotted lines gives you the
amount of short selling which is being done for each and every stock. Now, any correlation
coefficient in between minus one and plus one would always be a curve. If you remember, |
had drawn it like this. So see for example, this is for zero, this is minus point nine five and so
on and henceforth. So, if you look at these figures or the shapes of the curves, the concave
properties and the convex properties will be utilized later on.

So, basically we will consider them with such properties as we are trying to find out the
optimization problem. In its true sense, according to that assumption would be much easier.
So, now if we solve these equations which are there so, the first equation differentiate with
alpha and then put to zero and then doing the second differential will give you the maximum
deviation with respect to alpha and then find out that the second differentiation will give the
minimum amount of this. That is what a main concept is try to increase; there is an increase

by return and decrease the risk.

(Refer Slide Time: 05:08)

Investment Process

Forp=+1andp = -1, we have two
different equations which are

o,(a) =(1-a)o, +ao;

c.(a). =|(1-a)o, -ac |
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Now, if we solve this equation, the two extreme points would be for the case when alpha is
plus one and one alpha is minus one. And if you plot this graphs, it will be; basically these
two lines which you have, which is basically A C B for value of minus one and A B for the
value of plus one. Now, let us see how that this concept can be extended. So, the graphs
which | have drawn are all inside the triangle A B C. And, that would be the fundamental



truth as we proceed for more than two different stocks to three to four and so on. So, now for
plus one and minus one we have these two differential equations. So, the first one would
basically be given by the line A B and for the mod one, which is the second one would be

given for the point which is basically AB and C.

(Refer Slide Time: 06:00)

Investment Process

Combination of three assets on the risk-return diagram or the mean-standard
deviation diagram would give us the following
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Now, let us extend this for the case when you have three assets. Consider you already have an
asset of assets A and B. So, their combined shape is see for example, this triangle. This is
perfectly fine. We have already discussed that. Now, let us consider the second stage. We are
bringing the third investment which is an asset, which is C. So, now our main question is that

how should you combine them.

So, our methodology of combining them and finding out the overall shape and the size of the
curve is very simple. First combine A and B, find out a point which is basically the
combination of A and B depending on some proportions and depending on some correlation
coefficient existing with A and B. consider this is this point, which is the combination A B.
Next, consider B and A are out of the situation; because the overall character is basically this
point which we mark as A B. Now, consider there are only two points. One is C; one is A B.
Again if you combine them using this same formula, now you will basically have a curve
which is basically C one, A B and C. And, the initial graph which we had was basically A B

and C 2. So, with this I am making a difference in C 2.



Now, if | formulate now on your portfolio which has now basically three stocks; A, B
combined as A B and C. Then, again we will see the straight line joining A B would be the
case for with the correlation coefficient existing between two stocks; where the first one is A
B and the second one is C. Here it will be plus one and the minus one would be the line
joining ABto C1and fromC 1to C.

So, again it can be easily seen and proved that whatever the combinations between three
stocks would be it will always be curves inside this triangle; A B C one C. Continue to the
next stage. Now, | have the fourth stock a D 1. So, what we will do is that combine AB and C
and get a new point A B C and then in the next step combine A B C, which is one point with
D. And, continue in doing this, in such a way that slowly as we bring all the n number of
assets in the portfolio, we slowly get the actual frontier based on which we can find out what

is the best combination.

(Refer Slide Time: 08:40)

Investment Process

Now suppose that in place of only two assets you have
‘n’ such assets, where each has a certain return and
variance and they also have some correlation between
them. We can plot these assets as points on the risk-
return diagram. We can form different combinations of
portfolios from these 'n” assets. Like taking two assets at
atime ("C,), taking three assets at a time ”ng and so on
till we take all the 'n’ assets at the same time ("C,). Each
time we take a certain number of assets, we must
ensure that the weights of all the assets taken for
forming a particular portfolio should add up to 1. All
these set of points that correspond to portfolios is called

the feasible set or feasible region. This feasible
region is convex to the [eft.
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So, now suppose in place of two assets, as | mentioned we form portfolio of three assets, four
assets, five assets, so on and so forth. Consider, now we have n number of assets. So, this n is
the number, which means that the i value index which we had suppose will change from i
one, two, three, four till the last value which is n. So, for each of this n number assets we will
have what? We will have their standard deviations of the variances, which is sigma one
square till sigma n square. And, after the triangle element would be the covariance of the i th



and j th one, where again i and j suffixes are basically changing from one to n. And, if i is two
to j, then obviously have the principle diagram.

Now, if we can form a different combinations of portfolios from this n assets, likewise taking
two assets at a time will have n C 2 combinations, taking three assets at a time n C 3
combinations and so on and so forth till we have the last one, which is n C n combinations.
So, all this sets of points which we get at the last stage when we combine those all n number
of assets one at a time, the first two, then consider the combination of first two into the third,

then combine the combination of first one, two, three into the fourth and so on and so forth.

So, you will basically get the feasible set or the feasible region. And, these feasible region
would be convex with respect to the optimization problem, which we are going to solve.
Now, what would you mean by the feasible set and the feasible region? When we solve any
optimizing problem, there are some properties that the overall space of search which will do
should basically have a convex property plus one. And, number two is that all the set of
points which will be there inside that overall region, inside the triangle if you remember that
triangle AB C or AB C C one and so on and so forth would be such that the overall search
space inside the triangle would always be convex such that trying to utilize any simple
optimization problem. That would always give you the results.

(Refer Slide Time: 10:48)

Investment Process

Feasible set for 'n’ assets. By 'n’ we mean an infinite number
of assets

Y
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So, now hypothetically consider and it will turn out to be true that the feasible set for this n's

assets would be this region. And, all the points which | have marked here, which I am



marking with the red in this pointer or the black one is which is already given is the set of all
contending points, which are to be considered in order to find out what is the best possible
combinations of those which will give you the optimum solution based on your criteria as the

investor.

(Refer Slide Time: 11:26)

Investment Process

Few important concepts

. Risk averse person is one who would always seek such a portfalio
from a group of portfolios for which the risk is minimum, given
his/her return profile

. Risk preferring person is one who would do the reverse, i.e , seek
ﬁonfollo which has the highest risk. But remember in that case
e/she would be compensated with a higher return from that
portfolio
* Risk neutral person is one who is indifferent between risks for a
certain return of portfolios and would choose any one of the
portfolios.

*  Nonsatiation: It reflects the idea that ever\ﬂhmﬁ being equal,
investors always want more (money). Hence they want highest
possible expected return for a given standard deviation, i.e., risk.
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So, few important points. So, if you remember that initially when you were discussing the
utility theory, we considered two important points. One was nonsatiation, that is, more | give
you more you want. Another one is that every human being is basically risk averse. That
means, even though people can be classified as risk lover, risk taker, then the risk in different
person and risk hater will always consider the people or human beings are generally risk
averse persons such that trying to find out the best possible set of points from the feasible
region becomes much more logical and much more easy for us to in order to find out the

optimum set of points.



(Refer Slide Time: 12:07)

Investment Process

An important thing to note is that we will be
analyzing the portfolio choice for risk averse
people with the added condition of
nonsatiation. With this consideration we can
easily see that only the quer part of the
minimum variance set will be of interest for
these investors, which is denoted in the slide.
This curve is known as the efficient frontier.
This frontier is the conglomeration of only
efficient portfolios, in the sense that they
provide the best mean-variance combinations
for most investors.
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Now, an important thing to note is that we will be analyzing the portfolio choices for risk
averse person with the added condition as | mentioned about nonsatiation. With this
condition, we will try to find out what is the minimum variance point and what is the set of
points which gives us the optimal zone. So, now what we have? Initially, we had the feasible
set. Now utilizing this property, we will try to basically find out the actual efficient set of
points, which gives us the best solution for our optimization technique which we are going to
use in few minutes. So, this curve is known as after we have applied these properties of
nonsatiation and basically risk averseness, this curve which we will get is the efficient
frontier. And, main task is to find out the set of points which are there along the efficient

frontier.



(Refer Slide Time: 12:56)

Investment Process

Minimum variance set

The left boundary of a feasible set is called the
minimum variance frontier, since for any value of
the mean rate of return, the feasible point with
the smallest variance (or standard deviation) is
the corresponding left boundary point. There is a
special point on this set having minimum
variance and it is called the minimum variance
point, which is denoted by MVP.
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Now, what is the minimum variance set? The left boundary of a feasible set. Feasible set, let
us consider that this is the overall region which you had. And, the left most curve is basically
the one which will be satisfied by this two properties. How? Consider, | draw a vertical line.
Now if | see the vertical line, if I go up; that means, the return is increasing; which means the
more | give to a person, the more he wants which is in a way a property which is exactly
mimicking nonsatiation; point one. Point two is that if | draw a horizontal line, any point to
the left if I go, would always mean that the same level of return would give me a less amount

of risk.

So, if I try to combine both of them, if | am at point a, see for example, if | am point at A and
if I am, see for example at point B. So, for both A and B the risk is always the same. But, if |
follow these two properties, it will mean that | will always, as an investor | will always try
my overall portfolio to be at point a, which is one of the point in the curve. It means,
technically any point below B would not be considered because at that point of B for the

same level of risk we get the highest return.

Next, consider the horizontal one. Move left. So, consider this is basically A 1 and this is
basically B 1. If you move left from A1 to B 1, you will see that for the same level of return,
which try to decrease the risk. That means, we are risk averse person. In a sense that we add
the boundary, our level of overall risk is the least. So, if we combine both of them, the actual
frontier what we will have, which is the efficient frontier would be just this curve. That



means, starting from B one. If you say for example, some point here. And, obviously there
would be extension in dotted lines. And, | will come to this dotted lines later on because that
has something to do with the concept of short selling. So, the left boundary of a feasible set is
called the minimum variance frontier. Since, for any value of the mean return of the rate of
the return feasible point with this smallest variance of standard deviation is corresponding to
the left boundary point. So, there is a special point for which the variance which is the least,
that is known as the minimum variance point are denoted by MVP.

(Refer Slide Time: 15:36)

Investment Process

Minimum variance set and minimum variance point
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So, if we see the curve and now eliminate all the points, which are there on to the right; all
these points. So, they were basically totally the feasible region. Now, | have only considered
the curve. And, in the curve | should only consider the red one which is marked here; which
means this is the best frontier which we have which is basically the efficient frontier. And, the
point for which the risk is minimum is known as the MVP, which is the minimum variance
point. The other extreme would be basically be the point for which the risk and return of the
maximum. And, any extension would be coming from the fact that if you are doing short
selling. So, if you remember in the triangle one, any extension for the line ABorCBorC A
in the dotted concept would basically give us the concept of short selling. So, what we are
doing here again is that we are trying to draw the concept of short selling again to the picture.



(Refer Slide Time: 16:32)

Investment Process
Efficient frontier
R
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So, this is the efficient frontier as | have mentioned; the left most point. Again, for the benefit
of the student I am denoting; this is the minimum variance point, this is the maximum point

of risks can be drawn. And, any dotted lines as shown is basically the short selling case.

(Refer Slide Time: 16:50)

Markowitz Model

Assume the portfolio has 'n’ number of
assets, each with a expected return of

R, and covariance of o,; Vi, j=1,
Bhesersy n. Also suppose w, are the weights
that sum up to 1. Then to find a minimum
variance portfolio, we fix the mean
portfolio return at some arbitrary value r°
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So, now for the first time if you remember we have mentioned about Markowitz, which we
now start with the concept of Markowitz principle based on which we will consider the

optimization problem and in the starting few slides now.



