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Lecture — 07
State Space Representation:
Diagonal Canonical Form (Part-II)

Now, we start with Diagonal Canonical Form Part 2. In this we will study modeling of
diagonal canonical form part 2. Part 2 means here degree of numerator is same as degree
of denominator that is part 2, numerical example and finally, advantages and

disadvantages of canonical form of modeling.
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* Modelling of Diagonal canonical form (Part-ll)
* Numerical example

* Advantages and Disadvantages of Canonical form of
modelling
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The part 2 diagonal canonical form, here degree of numerator degree of degree of
numerator is same as degree of denominator that is proper transfer function. In last part
we have seen a model a canonical diagonal canonical form of model, where degree of
denominator is greater than degree of numerator. But sometimes it may possible that in
practical system degree of denominator is same as degree of numerator. So, in that case
how you develop the model? So, now, here what we will do? We have to develop the

model when the case is like this.



(Refer Slide Time: 01:31)

£ = “ s ( ULt sch L)’“i)
| ¢
Discussion Ry
o I3tk 1) S sty s
N k};‘a.';‘L”‘Lﬂl i X e
W/T%i Sqaw1ants / - 31 L il 3)(,3'
SRHITE )_(wbjggwgqﬁtw TGN O
Y ( tays A0St - i
e & L ST
e e Chogts 12 bitst
e ase o 7
N 477(: : L))fsct) k1 (58YY 5 Rt
Tl X TP -
Lil’b<> \fj—, = . > (7):._1?1)('71_'\7‘5)
S \\')\(QL,J rhnA(y g '?_3\/
/ A~ b=Nis
() B It o
i = TOERC Ty
S ST M7 ¢ >(L, 3]
) 7 gy - /’ A2 ( Lo b3oe)
: 1(1(.&},\,&(’i<,\))0(L(_S()L)i,nz}) mﬁ(.ﬂ%%) 7)____4»_———_
) (L)‘")()i)v?‘\)/)‘)\bj z (_’\)"\‘)( 23(@

NNPTEL ONLIME
O T ROORKEE CERTIFICATION COURSE

So, for that purpose we will take one system a transfer function system that is Y s by U s
equal to b 3 s cube b 2 a square plus b 1 s plus b naught divided by s cube, plus a 2 s
square plus a 1 s plus a naught. So, in this transfer function b 0 b 1 b 2 b 3 are the

coefficients of the numerator and a 2 a 1 a 0 are the coefficients of the denominator.

And in this case what we are assuming that eigenvalues of the denominator are distinct,
they are different they are not repeated the how to develop the model? And problem is
that in this model here the degree of numerator and denominator are same, it is difficult
to apply a partial fraction expansions because in order to apply partial fraction

expansion, degree of denominator should bigger than degree of numerator.

Now, how to handle these issues? So, here what we do? We will convert this proper
transfer function into strictly proper transfer function. So, what procedure we apply, what
we will do we write this b 3 s cube as b 3 in bracket we have write down s cube, plus a 2
s square plus a 1 s plus a naught. So, we what we want? b 3 s cube. So, b 3 s cube is
there. So, this additional term we added therefore, we will subtract this termsab3a2a
square plus b 3 a 1 s plus b 3 a naught. So, what we will happen? If you make subtraction
of this 1 we will get same b 3 s cube plus b 2 a square plus b 1 s plus b naught divided by

s cube plus a 2 s square plus a 1 s plus a naught.

So, here little mathematical adjustments we have made, but finally, we will find out the

result of this equation let us say this is equation number 1 and equation number 2 both



are same. These terms will automatically cancel thisb3 a2 asquarebab3alsb3al
with this one finally, we will get the same b 3 s cube b 2 s square b 1 s b naught divided
by s cube a 2 s square a 1 s plus a naught Now, what we will do? We divide both
equations. So, up division of this what you will get? You will get b 3 plus plus s square b
2 minus b 3 into a 2 plus s b 1 minus b 3 into a 1 plus b naught minus b 3 into a naught

you just see here.

So, you will find that s square terms equal to this b 2 minus b 3 into a 2, then s terms this
s b 1 minus b 3 into a 1 and plus b 0 minus b 3 into a naught divided by divided by this
divided by s 3, a 2 s square plus a 1 s plus a naught. So, we will find that original transfer
function is proper whereas, after doing some mathematical adjustment these transfer
function has been converted into a strictly proper transfer function why we are done it? It
is because we have to take we have to take inverse Laplace, and inverse Laplace it is

better to we have to that we should have strictly proper transfer function

Now, if you follow the same process in which we have follow earlier now, that is b 3 plus
we can write down c 1 s plus lambda 1, ¢ 2 s plus lambda 2 and ¢ 3 s plus lambda 3; that
means, we assume that this denominator has 3 eigenvalues lambda 1 lambda 2 and
lambda 3 they are distinct. So, b 3 ¢ 1 s plus lambda 1 ¢ 2 s plus lambda 3 ¢ 3 s plus
lambda 3. Now, what we do? Now we solve this. So, after solving with s plus lambda 1, s
plus lambda 2, and s plus lambda 3 what we will do we will take this part only; this part
and this part.

So, equation number 3 and we take equation number 4. So, what will happened? S plus
lambda 1 s plus lambda 2 s plus lambda 3; So, after solving what we will get we will get
¢ 1 s plus lambda 2 s plus lambda 3 plus ¢ 2 s plus lambda 1 s plus lambda 3 plus ¢ 3 s
plus lambda 1 s plus lambda 2. So, now we have got this equation and this equation and
we have taken this b 3 separately. So, let us say b 3 b 3 plus this is, but now we are
comparing this equation 3 and 4. So, when you compare the equation 3 and 4 what we
will get? Now we can write down as s square b 2 minus b 3 into a 2 plus s b 1 minus b 3

into a 1 plus b naught minus b 3 into a naught.

So, what we have done? We have taken these particular equations this equation and we
have to compare with this. So, we write down this as ¢ 1 s plus lambda 2 s plus lambda 3

plus ¢ 2, s plus lambda 1 s plus lambda 3 plus ¢ 3 s plus lambda 1 s plus lambda 2 that is



this particular part this part, you have taken like this here and this is a particular part we

have taken.

Now, we have to our aim is to determine the values of ¢ 1, ¢ 2 and ¢ 3 as I told last time
also there are two ways; we can solve this equation and compare the coefficient of s
square s 1 and s 0, second method is that we can replace the different values of s let us
say first of all we replace s equals to lambda 2. If you replace s equals to minus lambda 2
in this equation. So, what result we will get? If you replace s equals to lambda 2. So, this

becomes 0 then this part is also become 0.

So, remaining will be the value of ¢ 2. So, finally, if you replace s equals to lambda 2
here, we get the value of ¢ 2 as we can get the value of ¢ 2 as ¢ 2 equals to b naught
minus b 3 into a naught minus lambda 2 b 1 minus b 3 into a 1 plus lambda 2 square, b 2
minus b 3 into a 2 divided by minus lambda 2 plus lambda 1 bracket minus lambda 2

plus lambda 3 2. So, in this way we have gots c 2

Now, how to get the value of ¢ 3? So, let us say if you replace s equals to minus lambda
3. If you replace s equals to lambda 3 in this equation what will happen this ¢ 1 will be
removed then again we replace s question lambda 3 here ¢ 2 will be removed and finally,
here lambda 1 lambda two. So, we will get the value of ¢ 3. So, therefore, in this
equation; So, you will get ¢ 3 as b 0 minus b 3 into a naught, minus lambda 3 b 1 minus
b 3 into a 1 plus lambda 3 b 2 minus b 3 into a 2 divided by minus lambda 3 plus lambda

1 minus lambda 3 plus lambda 2.

Now, to get the value of ¢ 1 so, there are two option or a last time what I told that you
can replace s equals to 0. So, here we can have two option; one option is that we replace
s equal to minus lambda 1 you can get the equation in terms of ¢ 2 and ¢ 3 other thing is
that, we can replace the values of s equal 0. So, when you replace the value of s equals to
0, you can get the ¢ 1 which is in terms of ¢ 2 and ¢ 3. So, in this that equation you have

to replace the values of ¢ 2 and ¢ 3 and you can get the value of ¢ 1.

So, you can try any of the option, but now here what we do we are replacing s equal 0.
So, if you replacing s equal to 0 s equals to 0 in this equation. So, if you replace s equal
to 0 in this equation. So, we will get ¢ 1 in terms of lambda 2 lambda 3 ¢ 2 in terms of

lambda 1 lambda 3, and ¢ 3 in terms of lambda 1 and lambda 2.
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So, finally, we can write the values of ¢ 1 as ¢ 1 equals to b 0 minus minus b 3 into a
naught; minus c¢ 2 lambda 1 into lambda 3 minus ¢ 3 lambda 1 into lambda 2 divided by
lambda 2 and lambda 3. So, in this way we can have got ¢ 1 ¢ 2 and ¢ 3. So, to the
procedure which I had told we will again see it systematically. So, here consider a third
order system with proper transfer function that is degree of denominator is same as

degree of numerator.

(Refer Slide Time: 12:19)

Consider 3order system with proper transfer function as (Degree
of denominator is same as degree of numerator)

Y(s) 66) b’ +hs* +hs+b,
—=0(§)z ———;
U(s) s tas’ vasta, (1)

Assuming the poles are distinct .
The diagonal canonical form of representation is presented

in the following steps:
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So, we will take b 3 s cube b 2 s square b 1 s b naught s cube a 2 s square a 1 s a naught
assume poles are distinct. The diagonal form of representation is represented in the

following steps as.
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* Step 1: The transfer function of the system, i.e., eq. (1) can
be expanded as

) (b, ~bya,)s* +(b ~ba,)s +(b, - ba,)
—_—=]
Uo) T ANt ANSHA) (2)

Step 2: The transfer function (2) can be written as partial

fraction expansion as

)’(\')7/”r G, 6 ¢

Us) ° (s+4) (‘s‘+/13)+(s+)ﬁ)‘/ (3)
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First steps the transfer function of system that is equation 1, can be expanded asb3 b2 b
b2b3a2ssquareblb3.als. b0.b3a0spluslambda 1 s plus lambda 2 s plus
lambda 3 that means, here you can see this is the part this we are shown here. Now, the
transfer function of 2 can be written in a partial fraction expansion. So, here b3 c 1 s

plus lambda 1 ¢ 2, s plus lambda 2 ¢ 3 s plus lambda 3.
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Step 3: Comparing eq.(2) and eq.(3), we get,
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Now, comparing equation 2 and 3 so, what happened? Comparing equation 2 and
equation 3 so; that means, here earlier we have shown here this is this equation we are
comparing with this and here this is the same thing equation 2 and equation 3. So, what
we will get? c2c 3 and ¢ 1 c 1 is there are 2 ways to determine as I told you that either

you can replace s equal to 0 or you can replace s equals to minus lambda 1.

So, these particular equations we have got replacing s equal 0 and this equation we have
got replacing s equals to minus lambda 1. So, both the way you can do it; that means,

here we for getting ¢ 1 you have to replace the value of ¢ 2 and ¢ 3 in these equations.
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Step 3: As discussed earlier, the state model can be written as

gy 0 0 i il

(=0 =4 0 x|+

) 0 U“ N ENEL (5)
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As discussed earlier the state model can be written as x 1 dot equals to lambda 1 x 1 to
you, the x 2 dot equals to minus lambda 1 lambda 2 into x 2 and once the x 3 dot lambda
3 into x 3 1 1 into u. And what is the outputisc 1, c 2, ¢ 3, x 1, x 2, x 3 now what is the
addition thing is happened, here we have got b 3 into u. That means, this b 3 this y we
write down in terms that is b into u of s. So, here in the output we will get along with c 1

c 2 ¢ 3 we are getting b 3 into u. So, we will get b 3 into u and a block diagram of the

system you will see that here.

(Refer Slide Time: 14:29)
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3 integrators integrator 1 integrator 2 and 3 y 3 integrator because you have 3 states x 1
dot x 2 dot and x 3 dot these summation blocks now this is the input. Thisc 1 ¢ 2 ¢ 3

which we have determined here ¢ 1 ¢ 2 ¢ 3 and here specifically see b 3 into u

So, in this equation your Y equals to cx plus D u d is exist in the part 1 we have find that
D is not exist, but here a D is exist. So, when the D will exist where the degree of
numerator is same as degree of denominator then this D is exist. So, we have shown b 3

into u.

(Refer Slide Time: 15:13)

Numerical Example

Determination of diagonal canonical form of a system as shown

ineq.(6):
gh eq( ) m_ DSEpSie

l/(.s')f.v1+5‘s‘+6\/ . (6)
In above equation, we wri}e, §TH55+6=(s+2)(s+3)

The eigenvalues are at s=-2 and s:—?/.

T
O R .

Us) s +55+6 (.sy) (s+3)- (7)

'
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Now, we will study this with a numerical example, but here for the numerical example
what we are doing here we are taking a degree of denominator is greater than a degree of
numerator. So, for understanding purposes I have taken only second order system. That is
2 s plus 5 s square plus 5 s plus 6, now s square plus 5 s plus 2. So, second order. So,
how many eigenvalues or we can say roots the roots are s equal to minus 2 and another at

s equals to minus 3. So, you will find that s square plus 5 s plus 6 s plus 2 s plus 3.

Now, here we what we want we want? Diagonal canonical form therefore, we had to use
partial fraction expansion. So, here 2 x plus 5 s square plus 5 s plus 6 it has been written

as ¢ 1 s plus 2, ¢ 2 s plus 3 now after solving.
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(i) Inabove equation, we replace, s=-3, we get, ¢zl

From above, we write,

(i) Inabove equation, we replace, s=-2, we get, c]=1
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So, here we have solve it s plus 2 into s plus 3, ¢ 1 s plus 3 ¢ 2 s plus 2. So, now what we
do? We compare these equations. So, after comparing you have 2 s plus 5 here, ¢ 1 s plus
3 ¢ 2 s plus 2. So, in this case what we do what we are done? We are replace s equals to

minus 3 in this equation. So, what happens this becomes 0 ok.

So, we will get the values of ¢ 2 and finally, we will get the values of ¢ 1; that means, if
you replace here s equals to minus 3. So, these becomes these becomes 0. So, what is ¢
27? ¢ 2 is you replace s equals to minus 3. So, we will get ¢ 2 equals to ¢ 2 equal to 1 then
in the above equation we replace s equals to minus 2. So, s equals to minus we replace

this ¢ 2 becomes equals to 0. So, we will get the values of this is ¢ 1 not
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(s iz

U (552) (549 ©)
The above equation can be written as
| e
5)= ——U(s)+ ——=Ul(s)
(s42) - (s+3) (10)
Further, we write,  y(= x (54 X,(s) (11)

INPTEL ONLINE
0 T ROORKEE CERTIFICATION COURSE

So, we get ¢ 2 and ¢ 1 and finally, we have got y is s equals to 1 upon s plus 2, 1 upon s

plus 3 the above equation can be written as 1 upon s plus 2 into u of s, 1 upon s plus 3

into U of s finally, y of s equals to this is x 1 of s and this is this is x 2 of s.

(Refer Slide Time: 17:23)

1 [N

X (5)= U(s); %, ==2x, +u
(s+2)
1 .
X,(5)= mu(s);xfz ==+

(12)
Fromeq.(11) and eq.(12), we write,

N M

X
y=(l I]L_’}-Ou
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And we have written x 1 of s equals to s plus 2 that is sx x 1 equals to x 1 dot equals to

minus 2 x 1 plus 2 that is here what we have done we have use inverse Laplace transform

and because of that we have got this.



Similarly, and this is X 2 of s; X 2 of s equals to U of s divided by x plus 3. So, X 2 of s
equal to 1 upon s plus 3 into U of s. So, what we will get? S x 2 x that is x 2 dot equals to
minus 3 x 2 plus u. So, from using equations this 11 and equation 12,we have got x 1 dot
x 2 dot equals to minus 2 x 1 into u x 2 dot equals to 0 minus 3 into u and here 1 1 u and

yequalstohere 1 1 x 1 x 2 0 into u.

So, you will find that this system we have taken that is strictly proper, and because of
that is 0 has not 0 has come that is d 0. But in the same problem; if I have taken 5 s

square 5 s square plus 2 s plus 5 s square plus 5 s plus 6.

(Refer Slide Time: 18:27)

X (s)= 7 Jlr 2)(/(.\‘);.\"|\=—/2X, +u
: =i -
X,(5)= —Uls)i, =-3x, +u 13
(s43) - i
¢ (12
From eq.(11) and eq.(12), we write, )\ﬂ v‘gﬂ_'\
% =2 0ifx v \/
MER
y=l uh s (sVY v ¥
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So, in that case this 5 may be reappeared here this is 5 into u; 5 into that is the case when
it is only proper transfer function and this 0 has come because of strictly proper nature,
proper transfer function. So, strictly transfer function you are get 0, but the proper we
will get here 5 if you are taken the problem of this nature. Now, you see some advantages

of this approach.
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A
Advantages:

* The system matrix [A] is always in diagonal form.

* In this approach, each state equation is of first order
irrespective of order of the transfer function. These
equation can be solved independently . Moreover, the
decoupling of the state equation is also possible.

* Due to diagonal nature of the system matrix, itis useful in
determination of state transition matrix, controllability &
observability and stabilizability & detectability.
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System matrix A is always in diagonal form, that is you will find that the in diagonal,
elements we will get the eigenvalues and the elements are very less. Therefore, for
analysis purpose this type of modeling is very useful. Second point, in this approach each
state equation is of first order irrespective of the order of the transfer function. These
equation can be solved independently. Moreover, the decoupling of the state equation is

also possible.

It means that what are may be the order of the transfer function the state equation is
always a first order. And moreover, this they can be solved independently and therefore,
decoupling of the states is possible. And therefore, we find out this type of decoupling
concept has been used in checking the controllability and observability. And in state
space the main important is to design a controller for the control design also this type of

model is very much useful.

Now, third due to diagonal nature of the system matrix, it is useful in determination of
state transition matrix controllability, observability and stabilizability and detectability.
So, along with the controllability and observability, there are other methodologies for
control design that is stabilizability and detectability. So, that can get can also possible

using this type of modeling.
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* Disadvantages:

Similar to companion form, diagonal canonical form are not the

physical y@e_(ﬂhiw. THerefoire, they are diﬁicult for

measurement and control purpose practically.
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Now, there are some disadvantages. Similar to companion form, diagonal canonical form
are not the physical variable of the system, that is similar to companion form, diagonal
canonical form are not the physical variable of the system. Therefore, they are difficult

for measurement and control purpose practically.

See here what are model we have taken, we are assume the variable variables state
variables, but they are not actually variable they are not a physical variables. Therefore,
these type of analysis or this type of model cannot be useful for measurement and
compute proper practically. But as per as analysis part is concerned these type of
modeling is very much useful; that means, if you are having a system you are convert
into some differential equation form. And in that case what should be the result, what
should be the parity result, that can be possible by means of this type of canonical form

of modeling

So, although we find it there are some advantage, similarly for every side there is a two
side advantage and disadvantage. So, there are little disadvantage, but still this type of
modeling is very much useful in control applications. There are some these are some
references Choudhury D. Roy Choudhury’s, Modern Control Engineering, Norman Nise,

Ogata’s, Nagrath and Gopal. So, you can use these references.

Thank you.



