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Lecture — 02
State Space Representation

Now, we start with State Space Representation. In this we will study introduction,

definitions related to state space representations.
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Mathematical representation of state space, guidelines for state space representation and
example, now coming to introduction section, in last class we have seen the advantages
of state space approach over the classical approach and, here we seen that in case of
classical approach. We are representing model in terms of transfer function transfer
function Laplace transform output. To Laplace transform input initial condition 10 into 0.

Now, here state space form when state space is coming how to represent the model.
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So, most important point is that in case of state space model, we have input output and
let us say this a box and in this particular box, there are some states are present some
information is present and that information a is to be utilized to get the proper output;

that means, here in case of state space we have input and some information in the box.

So, that information is the box I am saying that it is called state space, because that
information will provide a output along with input, where as if you say the classical
approach this box the thing in the box it is a black box, applying input and getting output.
The thing is that that how to select the variable, because in the box there are number of
variables are there for example, suppose last time I given a example of doctor and,

patient goes to doctor and doctor is saying that your some problem in the eyes.

So, we can do go for some test relating to eyes, but patient is saying that no sir I had to
do the heart test that means, meaning that heart means that heart test is that more
variables are required so; that means, we have problem in the eye, but you are testing the

heart along with the eye actually there is no problem.

But we are taking the more variables, but state space say that no state space say that you
take the variable which is actually required do not take much, another example I can say,
suppose say our head of department ask student coordinator of which class to attend the

meeting. So, let us say there first year, second year, third forth year.



The four students have the approach to head regarding the meeting, but these another
student they are saying that they also want to come, but although they can come but the
main purpose that four representative, they can solve the problem whatever the
discussion will be taken place in a meeting of a with the students with student
representative, they can convey the message, but another is coming it means that

although you can come, but that naturally we not required this one.

So, therefore, when is state space is that we should be confined to minimum 1, which can
govern the performance of the systems. Therefore, the state is nothing, but that has some
stakeholder in that particular system and, based on that informations along with input we
can get the output, at different states are possible. So, x 1 x 2 x n to they have been

present in terms of a vector that is called state vector.

(Refer Slide Time: 04:17)

A
Definitions related to state space techniques

State : The concept of state is related to minimum set of variables. These variables
are called as state variable. Thus, the state of a system is defined as the minimum
(smallest) set of variables such that the knowledge of these variables at [ =1, , along
with the knowledge of the input for (> 1,, completely determines the behaviour of

the system for any time .

State vector :If n state variables represents behaviour of a given system, then p
State variables can be considered as "' components of a state vector . Such vector

is called as state vector.
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So, I read the definition properly, how do you define the state. This state the concept of
state is related to minimum state of variable that I has told you that, you are a variable

should minimize should be more, these variables are called as state variables.

That the state of a system is defined as the minimum, or smallest set of variable such that
the knowledge of these variables at t equal t naught along with the knowledge of the
input for t greater than equal to t naught, completely determine the behavior of the
system for any time; that means, your output depends upon not only on the input but also

internal state of the system.



So, that is state now state vector, if n state variables represents behavior of a given
system, then n state variables can be considered as n component of state vector x, such
vector is called as state vector; that means, as I told you that there are many state vector

say X 1 X 2 x n so, combine it become a x so, x minus x to x | that is called state vector.

(Refer Slide Time: 05:22)

* State space: The n dimensional space whose coordinate
axes consist of the % axis, % axis,..., " axis is called state
space.

INPTEL ONLINE
0 T ROORKEE CERTIFICATION COURSE

Now, state space the n dimensional space, whose coordinate axis consist of the x 1 axis,
x 2 axis and x n axis is called state space. Now, representation as I told you that this is

the plant nth order of systems.

(Refer Slide Time: 05:38)

System block diagram

State variables : [%(0.%(0...x,(0)]

u(0) 1)

—_— ———
1" order

Input signals system Output signals

_

(0 Inlt)

System block diagram

D. Roy Choudhury, “ Modern Control Engineering, Prentice Hall of India,
2005.
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Now, the inputs are (Refer Time: 05:41) here input signals u 1, u 2, u r, then this is output
y 1 up to y m m is the output, r is input, and this is nth order of system and this system

there is a involvement of state x1, x 2, x n.

(Refer Slide Time: 05:56)

* State equations: Itis the set of n simultaneous first-
order differential equation with # variables.

* Qutput equation: Itis the linear combinations of the
state variables and the inputs.
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So, for this we can also define state equation, it is the set of n simultaneous, first order
differential equation with n variable and output equation it is the linear combination of

the state variables and the inputs.

(Refer Slide Time: 06:13)

State space representation (Mathematical Analysis)
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Now, again I am giving the same diagram, now here again input variablesu 1 toury 1

to y m and state variable x1, x 2 x n output variable n input variable r.

(Refer Slide Time: 06:25)

From this MIMO system,

The state vector (nx 1) input vector.(r x1) output vector (mx1)
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So, here their state vectors we can represent X so, X states are n. So, we write X1 X 2 x n
n cross 1, input vector r cross 1 that is u 1 u 2 r and output vector m cross 1,y 1 y 2 m;
that means, m indicates output r indicates input and this n indicate the number of states

that is for (Refer Time: 06:55) MIMO system.

(Refer Slide Time: 06:57)

A
The state representation can be arranged in the form

of nfirst order differential equation

* State equation Output equation
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Now, we have to represent this equations so, here in state space we have to represent in a
first order differential equation form that means, here you will find that the first order
equations. So, dx one by dt equal to x 1 dot t, which is a functionof x I x2xnulu2u

r t; that means, x 1 x 1 dot function of all these variables.

Similarly if you take s 2 d x 2 by dt dt that is x 2 dot t, which is also a function of x1 x 2
xnunu?2urt Similarly dx n by dt that is equal to x n dot, it is also a function of x 1 x
2xnulu?2urt finally, this is represent as s dot t equal to function of x u t. Now,
similarly the output equations, output equation is also function of x and u therefore, it is
represent as y 1 2 equal to g 1 function of x]1 x 2xnulu2urty 2 equalstog?2

functionof x1 x2xnulu2urt.

And finally, y m t so, m the output as I told earlier functionof gmx 1 x2xnulu2ur
t. So, that is state equation it is output equations, as I told you earlier also the most of the
systems are non-linear sometimes, we have to represent in a linear form that is called
state space form or that means, we are discussing state space form; that means, whatever

is the suppose if you write in terms of linear time invariant system.

(Refer Slide Time: 08:46)

A
State model of a linear time invariant system is a special case of
the general time invariants models

In this case, each state variable now becomes linear

combination ofﬂstem states and inputs, i.e.,

X, =X+ anX, ot X + b+ b T 1
e ey | by P s Sl nn | | b ooy ARk r*r,

Xy =0y, X, Xy o ay, X by by + by
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In vector matrix form, J‘M'M ‘“’:;Wm
L

(1) :@-(m Bu(1)
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So, here this can be written as that is in this case is each state variables now, becomes a
linear combination of the system state and input that is you have x 1 dot equalstoa 1 1 x

Ixlaltox2allxnbllulbltou2blrintour. So,this is nothing, but they are



nothing, but the special case of general of time invariants system, that is linear time

invariants system form.

So, here we write x ndotequalstoaofnl xlaofnlx2almxnbnlbn2andbm
1. And therefore, in vector matrix form is written as x dot equals to A x plus B u, where
this A, we called system matrix and were B is your input matrix. So, s dot equal to A x

plus B u this is your state equations.

(Refer Slide Time: 09:48)

* [A}is (nx n) matrix which is defined as

)yl a,

ay Ay . G
U =[

4y Oy o O

* [B]is (nxr)input matrix which is defined as

bll bll - blr
b b b
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So, what are the elements in a we write down, we written likethisal lal2alna?21
a22a2n,thenalan2nandBisalsoaformnintorformb11b12blrb21b22
b2r,thenbnlbn2bnr.
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A
Output variables at time ‘t" are linear combination of the values
of the input and state variables at time t’, i.e.,
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Now, coming to the output equations as the output is also a combination of your input as
well as state variables therefore, we also written output interms of c 1 1x12clnxnt

d11ultdnr Similarly we can write y 2 y 3 and finally, we reach as the output is m.

So, we are written ymtequalstocm Il xntcmnxntdmlultdmrurtthatisyt
y of t equals to C x of t and D u of t and the elements the coefficientarec1 1c12c 1 n,
uptocmlcm2cmn,thend11d12d1nd21d22d2ndmldm2dmr. So,
here y equals to C x plus D u. So, C is nothing but your output matrix and D is the

coupling, coupling between input and output.



(Refer Slide Time: 11:12)

The state model of linear time invariant system is given as

x(0)= Ax(0)+ Bu(t) ; State equation
(1) =Cx(0)+ Du(t) ; Output equation

|. . Nagrath and M. Gopal, Control Systems Engineering, 51
Edition, 2007.
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So, this final state model is x dot equal to A x plus B uy equals to C x plus D uand as [
have told earlier A is system matrix, B is input matrix, C is output matrix, D is coupling
matrix coupling between input and output. And you know in future you learn the stability
issues performance, we will see the importance of each matrixes A B C D right, now
only understand at this is the state model and this are the significance of AB C D as |

told A is system, B input, C output, D is the coupling.

(Refer Slide Time: 11:57)

Block diagram representation of state model of a linear multi-
input-multi-output systems :
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Now, we have to represent this system in terms of block diagram that is now you have
system we have to X dot equals to A X plus B U Y equals to C X plus D U. Now, this
system we have to represent in terms of block diagram. Now, here X dot that is first

order differential equation that this one thing is clear here.

That whatever may be the order of the system, state equation always a first order
whereas, if you see the transfer function is not possible, you have different order system
sixth order tenth order 100 order, but here is through that whatever may be the system,

your order is always one.

Therefore, defiantly we have to use how many indicators, we have use only one
indicators therefore, here I am using only one integrator here. Now, here one integrator
have is now here I write summation block, now here X dot. Now if we integrate it

becomes X, now X dot equals to A X, this S dot equals to A X plus B into U.

This is B X dot equal to A X plus B U and what is Y? Y equals to see here, thisis Y, I can
say this is Y Y equals to C X and now here D U so, here I can cut Y equals to thisis Y'Y
equal to C X plus D U. This is a block diagram representation of a state space model of a
linear multi input multi output systems X dot equal to A X plus B U and, what is Y Y is
equal to C X plus D U.

(Refer Slide Time: 14:09)

Selection of state variables

1. Number of state variables should be minimum. \/
2. The number of state variables must be linearly independent.

3. The number of state variables is equal to number of @\
independent energy storage element. .~

@ £ 1

4. The number of state variables is equal to the order of
differential equation. ——_\(é—i}) "@—\n}m,

5. The number of state variables are equal to number of 4,
integrators. g
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Now, the selection option this is very important in state space analysis, we (Refer Time:
14:13) should we take. So, the general logic is been given here, to select the state is that
we have to select the state which as energy storage elements. So, whenever the problem
come to you have to see that how many energy storage element are there. So, number of
energy storage elements equals to number of states; that means, that if you select
minimum energy storage elements energy storage elements; that means, that always

minimum 1.

So, here first point is that number of state should be minimum, number of state variable
must be linearly independent, it means that is let us say V R equal to 1 into R, suppose
someone as selected V R at the state variable, but V R is depend on i. So, we can select i
as a state variables. Similarly if you write X 3 X 2 plus X 5 that means, that if you select
X 3, then cannot select X 2 as the state variable; that means, number of state variable

must be linearly independent.

Then third point the number of state variables is equal to number independent energy
storage element, as I discuss earlier also that is whatever be the variables equals to state
variables are equal to the number of independent energy storage element. Forth point
number of state variables equals to the order of the differential equations that means, you
have difference equation, when we write in terms of Laplace form that is transform
function form, that is when I been writing down Y is equals to U S equals to 1 upon X

cube plus 2 x square plus 5 x plus one \

Now, here order is 3 it means that you know actual system in state space, you have
selected 3 as a state variables. And number of state variables are equal to number of
integral; that means, that if 3 state variables and, they are in terms of let us say x 1 dot x
2 dot x 3 that means, that is equal to the number of integrators. Now, we will see the
example and through example, we will see how to develop state space model and one

thing is clear.



(Refer Slide Time: 16:43)
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Finally, my model be required in terms of X dot equals to A X plus B U Y equals to C X
plus D U, this model we want. So, in order to understand it properly I am taking very
simple example, that is we are studied in the first theory electrical engineering that is

simple R L circuit so, I am drawing simple R L C circuit.

So, I am writing down R E L C, this is simple circuit this is input V i this is R this is L
and this is C, I can write plus minus here then this is input V i input V i now as soon as
this current is flowing to circuit i L. Now, we have to write and as I told you that our

purpose is to develop state space model.

So, as far the theory of electrical engineering, first of all we write the equation of the
circuit differential equation. So, how you write it, we can write down as V 1 input R into 1
L as current i L, we have taken plus L d i L by dt plus here see I can see voltage across

capacitor ¢, Viequal to Rintoi L ad L plus dt plus V c.

So, we write equation number 1. Now, our purpose is to develop the state space model,
as I told you that number of energy storage element, you see how many energy storage
element are L and c¢ they are energy storage element, why because if you see the

inductor.

We can write down for this inductor V L equal to L d i L by dt, this is the equation
number 2 so, C L L d i L by dt that will show the energy storage i L. So, now, we have



got first variable 1 L, the second turned flow into this capacitor. So, i C which is same as 1
L, we can take it as C d V C by dt, this is the equation number 3. So, we found at that i L
and V C these are the steps.

So, 1 L and V C we consider as a state variables state variables. And finally, our purpose
we should write the equation in total X dot equal to A plus by B U that means, when [ am
writing down this equations, that is it should be in terms of V C and and i L. So, what we
can do now so, from equation 3, from equation 3 we can write down as d V C by dt

equals to 1 by Cinto 1 L.

Because your steady (Refer Time: 20:03) that is whatever X will come that is your model
will be if you take any variable X 1 dot X 2 dot, you get here X 1 X 2. So, here i L we
already got. Now, we write this equation 4. Now, coming to the equation number 2 in

equation number 2.

We write dl by dt equals to 1 by L into V L so, we will find at here we get V L, but our
state is V C ; that means, this particular part V L, we have to write down in terms of V C

so, how we write down in terms of V C that means, we can write down as.

So, here we will find as this is this part equals to V, so, V L equals to V 1 minus R 1 into i
L minus V C therefore, what you write, this 1 by L this is V L, we can write down as

input V i minus R into i L minus into V ¢. Why we have done like this?.

Because here we have got V 1 and our state is in terms of V C state is terms of V C and i
L so, only V L so, we want V C that is why we have original differential equation

therefore, we make adjustment like this, this is Vithisis VR VR and V C.

So, V L written in terms of VL and V C so, V R R into R into V C into A into B C so,
now, we write equation number 5. Now, what we want we want state space model. So,
what you want what we can do, we can write this as V C dot, this d V C by dt and here 1

L dot.

And now this is V C and i L that is X dot X, now V C dot equals to here V C dot equals
to 1 by C into i L; that means, the part concern with V C 0 the 0 into V C, what is i L
equals to 1 by C here 1 by C written and what is the 1 L dot i L dot this is i L dot, this is V
C dot.



So, i L dot that is equal to concern with this here this year V C into 1 by L; that means,
minus 1 by L into V C, then here about i L so, minus R by L. So, we write minus R by L

plus you see here V C dot equal to minus 1 by C into i L so, we write 0.

And here 1 L dot here in terms of input voltage so, input is 1 by L into V and, what is
output your output is Y that is equals to V C so, V C means here we write 1 0 V C into i

L and what about the input, input is the D D is 0 so, we can write D 0 into V 1 input.

Now, this is your state space model of an electrical circuit, which is simple nature which
involve resistor inductor and capacitor. And taking two energy storage elements and we
have got this is the state space model and, and we see this is X dot is equals to A this A

matrix this correspond to B matrix, then this C matrix and D is 0 matrix, A B C matrix.

So, this is the one example I have taken. Similarly different example we can try and, we
can develop the state space model of the plant. In earlier we are also determine the
transfer function model of such type of circuits, but transfer function if you determine

you get second order, but at the states space you get only the first order system.

So, whenever any system is given to you, you have to see energy storage element, then
format equations and developed the state space model of the plant. But many times what
happened, if you are getting some differential equations in that differential equations,
there is need to develop the model that means, there are no physical variables are
involved. So; that means so, variables is to be assume which is not actual variables so,

for that variables we can also gets with performance of the system.
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Therefore the study of all this type of different variables will going to study, in the next

class. Now, you have some references.

Thank you.



