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Problem 17
Consider the vector random varnable ' given by
Y={F. Y, }.:I It 1s given that I 1s normal with
mean vector ¢ and correlation matnx K given by
| } 1 6
H=<2% and R = (¥} 1 9 0
3 0 () 19
We now form the random process
Vit)=F + L+
I'ind the mean :ulnnwm;l.‘]lh»n.-: and cross correlations
o |0t X(1) and \'Haﬂ‘
(6)

So, in the previous lecture, we solved some problems covering topics in theory of
probability; we will continue with that; we will discuss some problems related to theory
of random processes. So, again there are set of problems, that | will be discussing in this
lecture, they are not particularly ordered in any sequence of increasing complexity or any
such scheme, they just go by topics. So, we will now start with the first problem, the

problem is as follows.

Consider the vector random variable, Y given by Y 1, Y 2, Y 3; it is 3 cross 1 random
vector; it is given that Y is normal with mean vector mu and correlation matrix r given as
shown here; mean is 1 2 3 and correlation is matrix is this; we now found the random

process X of tisY 1 plusY 2t plus Y 3t square.



So, the problem is to find the mean autocorrelations and cross correlations of X of t and
X dot of t. Y is a 3 cross 1 vector; so mean is 3 cross 1 and correlation matrix is 3 by 3; it

IS symmetric.
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J4-:3+mf‘
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6+ 19¢;

Ry (1.8,) =4 =1, =1, 4918, + 61 + 613 + 19471

\k V() =4-2r+217 +19¢
Gy )

Now, we define a vector N of t as 1 t t square, so that X of t can be return as n transpose
Y. Thus, now expected value of X of t will be n transpose into expected value of Y,
which is 1 t t square and this is 1 2 3; this will be 1 2 t 3 t square. Now, we can
differentiate the mean and get the mean of the derivative; in this particular case, it will be

B plus 2 C t, expected value of B plus 2 C t, which is 2 plus 6 t.

Now, this matches with the derivative here, 2 plus 6 t so that is find as we expect. Now,
the expected value of X of t 1 into X transpose t 2 will be N transpose t 1 Y Y transpose
N transpose t 2. So, with that, if we write now N transpose, thisis 1 t 1 t 1 square
transpose and this matrix Y Y transpose and Nt 2 is 1t 2 t 2 square. So, if we carry out
this multiplication, we get this expression for R X X of (t 1, t 2) and for t 1 equal to t 2
equal to t, we get 4 minus 2 t plus 21 t square plus 19 t 2 the power of 4.
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(X (r))=1+2043r

Ry (.1,) =4 =1 =1, +901, + 617 +61; + 19671
(X3 (1)) =4=204217 +19¢"

b (1)=4=204 217 4197 (1420437 )

=4=204+21 +19¢ = (1 + 46> +91* + 41+ 61 +121%)

=4-61+11° =126 +19¢

o 2.

So, now, we have expected value as given here, 1 plus 2 t plus 3 t square and correlation
function autocorrelation function is as shown here and from that, I got the mean square
value and I can now get the variance as mean square value minus square of the mean. If |
do that, I get this expression and that | have shown here just to make sure that

calculations are right one check is that, variance is positive and it is to that extend, the

answers are reasonable.
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Check

(X ()X (1)) =+ 1t + X ) (1, + 20

=—1+124, +91, +38¢}1, (ok)
o 2 il
(X (1) X (1)) = =Ry (1.1,) =9+ 760,

anet,




Now, this is the autocorrelation function for X of t. Now, if we want now cross
correlation between X of t 1 and X dot of t 2, we can begin by differentiating this
autocorrelation function and we get this expression minus 1 plus 9t 1 plus 12 t 2 plus 38
t 1 square t 2. We could check this by directly evaluating expected value of X of t 1 into
Xdotoft2; XoftlisY 1plusY 2tlplusY 3t1lsquare; Xdotoft2isY 2plus2Y 3
t 2 and if we carry out this expectation operation, we get what we got earlier by

differentiating the autocorrelation function of the parent process.

Similarly, we can find out now the autocorrelation of the derivative process by
differentiating the autocorrelation function of X of t with respect tot 1 and t 2 and we get
this function. So, this completes the solution to the problem; this helps you to manipulate

simple properties of a random processes first and second order properties.
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Problem 18

Consider the random process .\ (1) =aexp| j (L H}|
where ¢ = deterministic constant. ; \/ |

€)= 1is a random varable with pdf p, (@) and
characteristic function @, (4). and

®=a random variable that 1s independent of €2 and
distnibuted uniformly in (=7. 7). Show that

eR .. (7) 1s proportional to &, (4). and

o5 . (@) 18 proportional to p,, (@)

£ 3

In the next problem, we consider a random process X of t, which is a into exponential |
omega t minus theta; a is a deterministic constant; j is square of root minus 1 complex
number; capital omega is a random variable with probability density function p omega of
omega and characteristic function phi omega of lambda; theta is a random variable that is
independent of omega and distributed uniformly in minus pi to plus pi. So, we are asked
to determine autocorrelation and power spectral density function of X of t and show that

they have certain properties.
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X (t)=aexp| j(C2-©)]

(aexp( Q1 —-0)) = alexp(jx)){exp(-/©)) =0
(X (1) X" (1-2))

=a* {exp[ j (- ©) Jexp[ /(-2 -0)])
=a* (exp[ jQ4])

= Ry () =a* D, (1)

Su ()= [ @@ (2)exp(~jor)dz = p, (0)

Now, X of t is a into exponential j omega t minus theta; therefore, expected value of this
IS a, is a constant. So, we get expected value of j omega t into expected value of minus j
theta, because omega and theta are independent, | can multiply these expectations since
theta is uniformly distributed between minus pi and or 0 to 2 pi, e raise to j minus theta is
cos theta minus j sin theta and average over 0 to 2 pi that would be 0 therefore, the mean

would be 0.

Now, the expected values of X of t into X conjugate t minus lambda; X of t is a complex
valued random process. So, when we find autocorrelation, we have to take the
conjugation; if we do that, we get this to be a square into expected value of j omega
lambda; this is nothing but if you look at the expectation here, it is nothing but the
characteristic function of random variable capital omega. So, that would mean R x x of

lambda is a square into characteristic function of lambda omega.

Now, the Fourier transform of this if we take, that is S x omega will be the Fourier
transform of this function since this is the characteristic function of or proportional to the
characteristic function of capital omega the, Fourier transform of this will be the

probability density function.

So that is what we are asked to show that, autocorrelation function is proportional to the

characteristic function of omega and power spectral density function is proportional to



probability density function of omega. We will return to a similar problem slightly later

and make some more observations on this solution.
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Problem 19: A random process 1" (1) 1s given by
F(ty=X(t)+2X (t-7)+ X (1-27)
where X (1) 1s a zero mean stationary random process
with PSD function

C

S (0)==

@D+

Determine the PSD function of 1'(7)

Another exercise in manipulating simple random processes, we define a random process
Y of t as X of t plus 2 X t minus tau plus X of t minus 2 tau, where X of t is a 0 mean
stationary random process with power spectral density function; S x x omega is C
divided by omega square plus lambda square alpha square. The problem on hand is to

determine the power spectral density function of Y of t.
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F()=X(1)+2X (1-2)+ X (1-22)
= (Y (1))=(X (1) +2X (1-7)+ X (1-27))=0
}'(r;r)z.\'(wr)+2.\'(f—i+r)+.\'(:-2x‘.+r)
(Y(0)Y (t47)) =Ry ()4 2Ry (=2 +7)+ Ry (<24 +7)
+2R (7 +A)+4R, (1) +2R . (-4 +7)

+R (7 +24)+2R (A+T)+ R (7)

Ry (7)=6R (7)+4R (7= A)+4R (74 1)
+R (7-24)+ R (T+24)




So, we need to evaluate the mean and auto covariance of Y of t and take the Fourier
transform. We could do it in alternate way, but this is what we are trying to do now. So,
if Y of tis X of tinto 2 X t minus lambda plus X of t minus 2 lambda, the expected value

of Y would be 0, because X of t has 0 mean.

Now, I can write an expression for Y of t plus tau by replacing t by t plus tau and | get
this expression. Now, if I multiply this with this and take an expectation, we can show
that we will get somewhat long looking expression, which involves for instance, X of t
into X of t plus tau is R x x of tau; X of t into 2 X of t into 2 X t minus lambda plus tau is

this so on and so forth. So, we have to simply this, to get the required expression.
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S(o)= [ R(z)exp(=iot)dr

Consider | R(r+a)exp(—ior)dr

= [H(n)c.\p(—m(n—u})clr

=exp(ima) | R(u)exp(—ion)dr =exp(ina)S,,
/’§

Now, we have now determined the auto correlation of Y of t, which is the auto
covariance also since mean is 0. Now, we need to find the power spectral density
function now, before we do that, we can quickly do a small calculation. If S of omega is
the Fourier transform R of tau, if you now consider Fourier transform of R of tau plus a,
it will be R of tau plus a exponential E raise to minus omega tau d tau. And if I now
substitute tau plus a as u, I will get this expression from which it follows that the Fourier
transform of R of tau plus a will be exponential i omega a into S u u of omega; S u u of

omega is a Fourier transform of R of tau.
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I R(7)exp(—ior)dr =S(w)

I R(r+a)exp(—imr)dr =exp(ina)sS,, (@)
Ry (7)=6Ry (1) +4R (1= A)+4R (74 1)
+R, (r—lxl)+H (r+24)
(@)=68 (@)+4S,; (m)[exp(im/'.)+cx]_1(—nu/l)]
F, (m I:t,\p(’m/ ) +exp(- "iri/)J

m )[(1+?\u1\(r)/ )+ ul\( 2mA )]

,é} (@)= m:(+r/: [(r+3ms((.')/l)+ 2{.‘05(2012)]

So, the time delay or a time shift in R of tau leads to a multiplier of the kind E raise to i
omega a in the frequency domain. Now, using that, we can now write the expression for
quantities like R x x of tau minus lambda, tau plus lambda, etcetera we can now take the
Fourier transform and use the result that we just now obtained. We get the power spectral
density function of Y in terms of power spectral density of X along with these exponents
and if we rearrange that and use the definition of exponential function E raise to i theta is
cos theta plus i sin theta, we can show that the power spectral density function is given

by this expression.
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Problem 20

Consider two independent random processes .\ (£) and 1 (/)
g

which have zero mean and are stationarv. Define

Z(t)y=X ()Y (1= A)where A 1s a determinsitic constant

Determine PSD function of Z(1)

Z(t)=X ()Y (r=4)
={Z(1))=(X (1) (1=2))=(X(t)(F(r-4))=0
-"Z[r]£|r+r):;:-.\'{r}}'(r—/’_}.\'{Hr}J'(r—x’.+r}"*-
=(X(OX(t+)F(t=-A+c)) (¥ (t=A)Y (t-A+7))

R,.(t)=R, (r)R. (1)

RY 5= (@)= [ S, (6 (s-w)de

A plot of this is shown here; the blue line is the power spectral density function of X of t
and this red line is the power spectral density of Y of t. A similar exercise, here we
considered two independent random processes X of t and Y of t which have 0 mean and
are jointly stationary; they are independent therefore, individually individual stationarity
implies joint stationary. Define a new process Z of t which is X of t into Y of t minus
lambda, where lambda is the deterministic constant.

So, the problem is to find out the power spectral density function of Z of t. Now, Z of tis
X of t into Y of t minus lambda; so expected value of Z of t is expected value of this
product, but since X of t and Y of t are independent, I can multiply the expectations and
since X and Y have 0 mean, the mean of Z of t becomes 0.

Now, we will construct the product Z of t into Z of t plus tau so that will be X of t into Y
of t minus lambda X of t plus tau Y of t minus lambda plus tau. So, if we complete this
calculation, we can show that the auto covariance of Z of t is obtained as product of auto
covariance of X of tand Y of t.

Now, we are asked to find the power spectral density function. So, multiplication in time
domain is the convolution in frequency domain. So, to obtain the power spectral density
of Z of t, we need to convolve the power spectrum power spectral density function X of t
with power spectral density of Y of t. So, this is a required answer; a slightly different
kind of problem.
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Problem 21
A simply supported beam ol span L. carries a distributed
load /(x). The load 1s modeled as a segment of stationary
random process as f(x) = f'”l-[ +ES | x) ‘ such that

_ ( \-}:) = () and i:_ (¥)S(x+71 ", =o( 7). Determine the
following

eBending moment at midspan

eJoint pdl of reactions al the two supports

)
) F

In next couple of problem, we will consider statically loaded beam structures, where load
is a random field evolving in space that is a kind of problem that we will be considering.
So, to start with, we will consider a simply supported beam of span L, which carries a
distributed load f of x. The load is modeled as a segment of a stationary random process
as f of x is equal to F not into 1 plus epsilon xi of X such that this X i of X has 0 mean

and it is a white noise with unit strength.

So, we are asked to find the bending moment at the mid span and joint probability

density function of reactions at the two supports; this is the problem on hand.
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:(ze,{)=<iﬂi> f{_"( () f;/.

So, we can begin by considering the reaction; this is the beam and this is the load; this is
notionally shown f of x is given to be a white noise, so we cannot really the white noise
is not physically realizable, but this is schematically shown here. So, we take moments of
forces about point a, | get reaction B into L is f of x d x into x, that is the moment due

to...

So, we consider an elementary strip this and this load is f of x d x. So, this is the
moment; from this, | get R B as 1 by L x into f not 1 plus epsilon psi of x d x or in a
slightly simplified form we get this. Now, we take the expectation, first term is
deterministic; it stays as it is; the next one is F not epsilon by L x into expected value of
X iof X; Xiof Xis the 0 mean therefore, the mean of a reaction is F not L by 2.
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variable, but now it will have 0 mean and it is given by F not epsilon divided by L into 0
to L x psi of x d x, the mean of this is 0. Now, if you find the mean square value, we
have to square this; so a single integral become double integral and if you take
expectation, we have inside these integral expected value of X i of X 1 into X i of X 2,
which is given to be white noise since psi of x is the white noise, this will be a direct

delta function and one of the integration can be done easily and this is followed by the

I will consider the variable F R B minus F not of L; this is another random

next integration, because this is the simple function, I get the variance as this.
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So, what we have shown is reaction B is normally distributed with mean this and
standard deviation this. Now, similarly, we can show the expression for reaction A; so
here we take moment about B and the expression will be this and if you simplify and
follow the steps that we are just now outlined for finding reaction B, we will find that
mean of reaction A is again this number and standard division will be this. So, as you can
expect, since structure is symmetric, loading is symmetric, the two reactions are

identically distributed.
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Now, how about the correlation covariance of reaction A and reaction B? If you do that
exercise, to do that exercise, you have to take the expected value of R A minus mean of
R A into R B into minus mean of R B. So, if you multiply this, each one is single
integrals so the product will be the double integral and we get this and we can now carry
out integration with respect to X 1 and X 2. We again note that, expected value of X i of
X 1into X i of X 2 is direct delta function. So, one integration can be done quickly; the

other integration is also straight forward, we get this as the covariance.

Since R A and R B are linear functions of X i of X, we are looking at quantities like
integrals of Gaussian random processes. So, linear operation on Gaussian random
processes preserve the Gaussian property therefore, R A and R B will be Gaussian and in

fact, they are jointly Gaussian and this is the mean and this is the covariance function.
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Now, similarly, we can find out the bending moment at the mid span that is one of the
part of our question so that is given by this expression and we can manipulate this and I
have not filled up these details; I will leave it as an exercise to complete the calculations.
So, first you find the mean and then find the subtract the mean from M and find the
expected value of this square of the difference, you get the variance and that is what you

need to do by following the steps, which we have done for finding reactions at A and B.
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Problem 22
A cantilever beam carries a randomly distributed load

as shown below. The load g(x) 1s modeled as

qlx) '!.[l"-‘-H"}“ﬁ”‘]} 0&

Yppme sasin B JO8 1 "=
\\fl\lfft\.}; tL\P :(‘I -\.}

Determine the bending moment at a section x

measured from the free end

q(x

Now, a similar problem, now we have a cantilever beam, it carries a randomly
distributed load as shown here, g of x is the randomly distributed load; the load q of x is
modeled as q of x into g not 1 plus epsilon f of x; f of x is the 0 mean that expected value
of f of x 1 into f of x 2 is not a function of X 1 minus X 2, therefore, the process is not
stationary; this random field is not stationary. The question that is being asked is
determine the bending moment at a section x measured from the free end, that means,

what is the bending moment at this section.
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So, bending moment at that section can be easily found out. You find out the bending
moment due to an incremental load q of psi into d psi, take moment about that section we
get this and then, integrate from 0 to x. Now, you manipulate this expression; we get the
bending expression for bending moment to be this. Now, mean of M of x is given by
this; we have we have told that the expected value of F of psi is O therefore, the mean

value will be g not x square by 2.

Now, | will detect from M of X, g not X square by 2 as here and square it and take
expected value, | get the variance of bending moment at x and that this is the expression
that we have to deal with. Now, the auto covariance of F of psi is given to be of this
form; now you can recognize that this is as the form of the Gaussian probability density
function; so you can quickly see that we are writing expression for expected value of

Gaussian quantities therefore, evaluation can follow simple rules.
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So, following that, but limits are from 0 to X that has to be bound in mind. So, if we do
this, there are various terms; we will get these four different terms; this is straight

forward, you can check if these are right.
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Then we get the expression, if you simplify, variance of bending moment is given
through this expression, where this capital psi of x is the Gaussian integral, 1 by square
root of 2 pi 0 to x e raise to minus x square by 2 d x. So, the applied load is a non-

stationary random process, we are able to get the variance of the bending moment at any
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Problem 23

A cantilever beam of span L carries a series of
concetrated loads. The point of application of these
loads are distributed as Poisson points on 0 to L. The
magnitude of the loads are modeled as a sequence

of ud-s with a common Rayleigh distribution with

paramter a. Determine the characteristic funciton of the

reaction £

So, the next problem is again on a cantilever beam. Here first go through the problem; a

cantilever beam of span L carries a series of concentrated loads. The point of application




of these loads is distributed as Poisson points on 0 to L. The magnitude of the loads is
modeled as a sequence of ii-ds with a common Rayleigh distribution with parameter
sigma. So, we are asked to determine the characteristic function of the reaction at the

support.
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So, what is happening is w 1, w 2, w 3, w n are Poisson points and reaction R and
reaction M are to be determined. We are focusing on reaction R; reaction R is nothing
but summation of N equal to 1 to N N of L w n; this N of L is a Poisson random variable

and w n is a ii- d sequence of Rayleigh random variables.

So, we are required to find the probability distribution of N. Now, what we are given is
N of L is Poisson therefore, probability of N of L equal to n is E raise to minusa L a L to
the power of n divided by N factorial and w that isw 1, w 2 3 w 2, w 3, etcetera form a
ii- d sequence with a common density function p w of w and that is Rayleigh. We are

asked to find characteristic function of R.
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So, what is characteristic function of R? It is expected value of i omega R that is
exponential of i omega N to 1 to capital N of L w i. So, what we do is, we condition on N
of L, find a conditional expectation and then, take expectation of N of L with respect to
distribution of N of L. So, we begin by considering the situation when there are no loads
on the structure. So that is probability of N of L equal to 0 plus summation from k to 1 to
infinity exponential i omega n to n from 1 to k w i condition on N of L equal to k and

probability of N of L equal to k.

So, probability of N of L equal to k is given by this E raise to minus a L a L to the power
of k by k factorial and this is nothing but the characteristic function of the ii-d sequence
w, we need to multiply them, because they are all independent; so this become phi w of i

omega to the power of k.

So, we can rearrange these terms; there is a L to the power of k here and phi w i omega
to the power of k; if we arrange these terms together we can show that this characteristic
function is nothing but exponential of a L phi w of i omega minus 1. This phi w of i
omega is the characteristic function of Rayleigh random variable, that we can show I
leave it as an exercise; it involves slightly tedious integration. You can show that this is
given by the characteristic function of Rayleigh random variable phi is given by this; so

you substitute that here and you got the solution to the problem that is post.
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Problem 24
Verify if

R(1.1,)= /J'C\pl -t "JHS'“(*‘/

i -!l‘)
can be a valid autocovariance function of a zero mean

random process. It 1s given that «. /1.y = ().

Required characteristics

oR(t.t,)=R(t.1)

oR(1.1)>0

o|R(1.1,)| < R(1,.4) R(t,.1,)

No. since the function is not positive definite.

notice R(t.1)=0

So, another simple example, the problem here is, we are given auto correlation function
beta exponential minus alpha modulus t 2 minus t 1 sin gamma t 2 minus t 1. Question is,
can this be a valid auto covariance function of a 0 mean random process. It is given that
alpha, beta and gamma are positive. If you recall, the required characteristics of an auto
covariance functions is should be symmetric. So, this function is symmetric, because if
you exchange t 1 and t 2, the function remains unaltered therefore, function is symmetric

S0 it passes this test.
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Problem 25
Consider X" (/) to be a stationary random process with
zero mean. Define V(1) =X (1) +a(t).X (1-4) where

[ -
A and a(r) are determinisite. Determine autocovariance ol

7]

Y(r). It 1s given that

R )1+ /2

(r)=0"exp(-a




Now, R of (t, t) should be greater than O so that if you see here, there will be a problem,
because sin gamma of 0 is 0; so the variance becomes 0. So, since the function is not
positive definite, we can we can answer to this question is, this cannot be an auto
covariance function of a random process. Another example, where you need to
manipulate a random process and its derivative; so consider X of t to be a stationary
random process with 0 mean, we define Y of t as X of t plus a of t into X dot t minus
lambda, where lambda and a of t are deterministic. Determine the auto covariance of Y
of t. The auto covariance of X of t is given to be sigma square exponential minus alpha

mod tau into 1 plus beta mod tau.
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F(r)=X(1)+a(r)X (1-2)
< ) <\(.’}+u{.’]\{f 2))=0

(F() (r+7))=

< \(f)-H.r(f}\(l A :I[.\"I+r)+u(f+r’.\'(r+r-i}})
(\(r)\ r+r> ( ' r)u(r+r}.\'(r+r-x’.))

+<[.r (1) X (r-4).X( r+r)>

+< ()X (t-A)a(t+7) X (t+7- /))
=Ry (c)+a(t+r)R, (v-A)+a(t)R . (r+2)
+a(t)a(r+7)R (1)

d'X(t+7)d"T (1) d""Ry (1)

7 Simplify using -1)" ’
%, %q ; dr" dar" ! ar’”

So, this a reasonably straight forward exercise, which we need to do carefully. So, Y of t
is given as X of t plus a of t into X dot t minus lambda. The expected value of Y of t is 0,
because X of t has 0 mean therefore, derivative process will also have 0 mean; so this is
0. So, the auto covariance is given by expected value of Y of t into Y of t plus tau. So,
you need to write expression for Y of t and for Y of t plus tau and multiply all those
terms and if you carefully do that, the answer that we are looking for is R x x of tau plus

a into t plus tau R x x dot tau minus lambda and so on and so forth.
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]
)sen (2)[1+4]7]

R, (r)=n':cxp(—¢/|r|)[l+/f r
ild\.\ (7)=-ac’ exp(-a|r
dr =

+a* exp(
=g’ cwp(—u|r|)[—r1 sgn(z)+sgn(7) f|7|+ fsan r)]

]

:rr"cx|1(—r¥|2’“sgn{T][/f—ff+ﬂ r

[Jse

dl (I)

r‘(

sgn(r)=U(r)-U(-7)&

‘ I*
o and derive f.ff_l' Ry (7 )

So, here the question is, we need to evaluate R x x dot, R x dot X and R x dot X dot. We
are given R x of tau so we need to use this formula to evaluate that. So, R x x of tau is
sigma square exponential of this this into this multiplication factor; if you differentiate
this, differential of modulus of tau leads to term called signum of tau, that needs to be

handle and then, if you simplify, we will get this as a first derivative.
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Fiy=X(r)+a(r)X(r-1)
(F)=(X (e)+a(r) X (r-2))=0
(F (t+7))=
< \(f)+u(f)\(! /)J[.\'(f+r)+u(f+rl.\'(r+r-/‘.}D
=(X ()X (r+2))+ (X (r)a(r+7)X (r+7-2))
+(a(r)X (1-2)X (1+7))
+(a(1)X (1-A)a(r+7) X (1+7-2))
=Ry (r)+a(t+r)R (c-A)+a(f)R (r+2)
+a(r)a(r+7)R (7)
d“\(:+‘)dJ(r)> (1)’ o d""R (1)

7Y Simplify using

: %3 | dr" ar™
il

MPTEL

i

dr

Now, this is nothing but R x x dot, we can get that quickly. Now, we can write signum of

tau was u of tau minus u of minus tau and d u by d t of as direct delta function and thus



get the higher derivatives also and go back and substitute into this expression, we will

get the required auto covariance of Y of t.

Now, you please notice that, R y y of (t, t) plus tau, Y of t is not stationary, because this
Ry vy (t t) plus tau is not a function of t alone, simply because there is a deterministic
function a of t; because of that, this Y of t is non-stationary. But auto covariance is
obtained as some kind of super position of R x x of tau, each one of is a function of tau

only, because X of t is stationary.
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Problem 26
An undamped sdof system 1s set into free vibration
by imparting random mitial displacement and velocity

Characterize the svstem response. Determine the conditions

under which the response can become stationary

f’h\
£

LS
MPTEL
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¥4’y =0x(0)=wx(0)=v

= x(1)=Acosar+ Bsinat

Lo
= x(1)=wucos ot + —sin ot
(1)

(.\'{ 1 )> =(u)cos ot +@,~'in ol

(]

(x(r)x(r+7))=

v . v
<{'.’un.\ @t +—sin (ﬂ?f:||:.'.'cnh o(t+7)+—sinam(r+7 }]>
) (o)

(H\')

[0

R“ (t.r ] = (ul>cn.~;mf cos m(l +7T )+ cos ol sin @

D
Sin e sin m(f|+1'

=1 (v
f‘?ﬁ\gi’( )Hillf'JfCG)SJ'J(I+T)+
o NG ®




Another simple problem, an undamped single degree of freedom system is set into free
vibration by imparting random initial displacement and velocity. Characterize the system
response. Determine the conditions under which the response can become stationary. So,
these are reasonably simple exercise. So, the problem is x double dot plus omega square

x is equal to 0; x of 0 is u; x dot of 0 is v, where u and v are random variables.

So, x of t is a cos omega t plus B sin omega t. If you use the required initial specified
initial conditions, 1 get x of t as u cos omega t plus v by omega sin omega t. Expected
value of x of t is expected value of u into cos omega t plus expected value of v divided
by omega into sin omega t. Since, we are not yet given the information on expected
value of u and v, this is the answer at this stage.
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(H‘.')

@

R _(tr)= (.l'!j}cnsfufcnsn"l{f+ r)+

() s
+—Lsinencosa(r+1)+-—-sinwisinw (i +71)
(0] (O

cosarsine(t+r1)

Take (ur) =0& (;;1> - <‘> =0

"
=R _(t1)=0° [uusmfcnsm(f+ r)+sinarsino(r+r )]
R, (t.1)=R, (r)=0ccosmr

= Conditions for existence of stochastic steady state

(rr) =0, (\) =0, <m') =0& <H:> - <|-::> =g’

Now, you find auto correlation; you have to multiply u cos omega t plus v by omega sin
omega t with x of t plus tau and carry out the calculations and this is the answer that we
get. But the question that we are asked is under what conditions on u and v, the process
can become stationary? Now, if you simplify this expression, if we take if you look at
auto correlation of x of t, this is the expression here and for x of t to be stationary, this R

x x of (t, tau) should be function of tau alone.

So, for that to happen, in this expression if expected value of u v is 0 and expected value
of u square and v square by omega square are equal, we get auto correlation to be

function of time difference alone, but mean is still a function of time. So, we need to



make mean equal to 0; see mean is expected value of u into cos omega t plus this into sin
omega t. So, this the way that this can become in time invariant is that, the expected
value of u and the expected value of v should be equal to 0. So, under this condition, the

process becomes wide sense stationary.

(Refer Slide Time: 29:50)

Problem 27

Aninput (1) =0 forr<0and f(1)=exp(-2¢) for t 20

to a Linear system prduces the output

I . :

v(r) —| expl 2t )=exp(—41) ‘ ['he system 1s now

excited by a Gaussian white noise excitation with unit

strength. Determine the PSD of the steady state response
()

Here, we consider an input F of t which is O for t less than 0 and equal to e raise to minus
2 t for t greater than or equal to 0 to a linear system, we observe this output. y of t is the
output half e raise to minus 2 t minus e raise to minus 4 t, given this information. The
system is now excited by a Gaussian white noise excitation with unit strength. Determine

the power spectral density function of the steady state response.
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J(ry=exp(-20)l7 (t)
l

2+im

[uxp(—lr)—cxp(—#)}/ (1)

= F{m) -

v(t)=

=¥ (») | | |
— m)=— - =
2| 24+i0 4+iw

1 l 1

H(rJ]—E 2+im 4+;m}_l_ l_2+im F |
- = d+io | d+io

12| —

. /
)=l (@) =—— //

](\-{-('}:

So, notice that we are not given the governing differential equation here, but input output
relation in time domain is given. Now, f of t is exponential minus 2 t U of t. So, the
Fourier transform of this is, you can quickly verify, it is 1 one by 2 plus i omega. Y of t
is given as half of E raise to minus 2 t minus E raise to 4 t into the step function. The
Fourier transform Y of t can again be derived and that is shown here and based on this,
we can determine the complex frequency response function, which is ratio of Y of omega

to f of omega.

(Refer Slide Time: 31:28)

Notice

¥+ fx=exp(-at).x(0) =07

Xp(—at) p
= x(t)= chp(—,[ﬁ)+¥;}/
—a /

/
]

x(0)=0= 4 :7‘{;_,1

U pms R G
l

= ((rl) = /.f+f.m




So, if we do that, | get the H of omega is 1 plus 4 1 by 4 plus i omega. Now, if the
system is now driven by white noise, the output power spectral density function will be
square of this transfer function into unit. So, the output power spectral density function is
therefore, this. Now, you can to gain a bit of inside in to this, if you consider the
dynamical system x dot plus beta x equal to E raise to minus alpha t, the starting from
rest, we can see that the solution to this problem will be in this form and if we take now
the 0 initial condition, we can get x of t is 1 minus 1 by beta minus alpha this that would
mean that the given problem the underlined dynamical system is simply x dot plus beta x

equal to some F of t.

So, now, on this system, if you apply white noise, you can show that that you will get the
same transfer function that you got for this system is 1 plus beta plus i omega and you
can show that power spectral density function would be similar to what we got by using

other argument.
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Problem 28

Consider a random process
v
P

X (t)=( :'_i’}tm(f + D)+ Y (1)

where /7 1s determinstic. @ 1s a random variable
cistributed uniformly in O to 27, and ¥Y(7) i1s a

zero mean stationary Gaussian random process

[t may be assumed that Y(r) and @ are independent

Determine the jomnt pdf of X' (¢) and X' ()

Are X (¢) and X () uncorrelated? independent?

MPTEL

In this example, we consider a non-Gaussian random process. So, here we are
considering X of t to be F sin t plus phi plus Y of t; Y is P is deterministic; this is P, is
deterministic, capital phi is a random variable distributed uniformly in 0 to 2 pi and Y of
t is a 0 mean stationary Gaussian random process. You can also assume that Y of t and

phi are independent.
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X(t)= !~1|1{r+l[>)+ [r)
) {r}_‘—u\/
".\'(r}.\'(wr];:;_‘[f-'sm{mb)+)'{r)][f-‘sin(r+r+(1»}+}‘{r+r}]:;.
:f-"::'siu{r+lll]sin(f+r+*[>]l‘__‘:+/€‘,.,.{r)//

= }I; cosT+ Ry, (7)

= Y (1) 1s wide sense stationary

Now, we are asked to determine the joint p d F of X of t and X dot of t. The question is
are X of t and X dot of t uncorrelated or independent? So, X of t is F sin t plus phi plus Y
of t. You take expected value phi is uniformly distributed between 0 to 2 pi; so expected
value of this would be 0; the expected value of this also would be 0; therefore, expected
value of X of t would be 0. Now, if you form the product X of t into X of t plus tau into
expectation, we get this expression, where we use the fact that phi and Y are independent

and if you simplify this, we get thus F square by 2 cos tau plus R y y of tau.
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X(r)y=Fsin(r+D@)+1(r)
X(t)=Fcos(t+D)+1(r)
/117!-(-\'--".'[[):”‘)]:f"‘;;. (‘l) x—Fain(t+¢)

1= F con( F+¢)

[ 3;1-[,71 c‘|)|:_ 2(:.: {('\‘_!"“”“'*'Vr)”: +(.‘{‘—/' u11:~[;+,{,)):}j|///

- I P (3|0 =) p(9) s

= 1'— u\.p[——l (x—F xm{f+f/;)) +(x—Feos(r+¢)) j]

J

= : IL\|‘|: l ’(\ F \mfp] +(x=Fceosy) ]}Jr/:




So, the process is the auto covariance function is the function of time difference; so we
can conclude that X of t is wide sense stationary. Now, how about the joint probability
density function? So, we consider X of t to be F sin t plus phi plus Y of t; X dot is F cos t
plus phi plus Y dot of t. First what we will do is, we will find out the joint density
function condition on phi. So, this will be Py y dot Y comma Y dot, where Y is X minus
F sin t plus phi Y dot is X dot minus F cos t plus phi; we are finding conditional
probability density function.

Now, conditioned on phi, X of t is a Gaussian random process, because Y of t is
Gaussian and it will have now the mean which is X minus F sin t plus phi; so if you
mean will be sin t plus phi. So, if you write this Gaussian density function, this will be
the conditional density function. Now, the unconditional density function, we have to do
carry out integration with respect to the probability distribution of phi that is as shown

here.
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II;" e e AT |
- '[L.\P Ty {{\ Fsingr) +(x ﬂi\_n.\fﬂ]‘JJ!’U

y y . 18 F :
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2no 20 |27 * o

dyr

| TR . : 1. [ F : =
—eXp| - B P Ly 5 — Xt + X |'_—-: XLx<w
2ne” 20" o’ |

X(t)=Fsin(t+ D)+ (¢)

: | I e o I
> py (x| D=¢)= ,;n.c\p jn--"\ E'sin(t+¢);

Pe(x)= [ py (x| ®=¢) p(h)d¢

5'3" ] —.‘ B ) = ) )yl
;}” J pelx10=0)p(9)30

Now, if you make this substitutions, you can carry out this; we can show that P x of x
dot, we can square this and take out terms, which are free from psi and look at the terms
which contain only this sin sin cos psi; you can see that this integral is nothing but
Bessel’s function i naught and this has this form, this is first term and this is second term.
So, it is clear that x, x of t is a non-Gaussian random process and if you look at the
marginal density again, the same logic can be used; probability density function of x



condition on phi is this and P x of x is the unconditional density function will be will
involve another quadrature with respect to phi and if you carry out this again, you will
get answers in terms of Bessel’s function. If you multiply the marginal density, you can

verify that you would not get the joint density function.
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[t can be verified that

Py (%)% py (x) Py (x)

Remark

e \'(7) and .\ (1) are uncorrelated because they are stationary

random processes.

e \'(7) and X' (1) are not independent

So, from this, what is the conclusion that we can draw? X of t and X dot of t are
uncorrelated, because they are stationary random process processes and X of t and X dot
of t are not independent. So, it is an example of non-Gaussian random processes, where

process and it is derivative are uncorrelated, but they are not independent.
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Problem 29

Let X'(r) be a random process with (X (1)) =z, (7)

[

and ’[ X ()= p (1) “. o (1). Show that

I‘H\ (r)=u, (I}‘ > ¢ for some f ina :,r,a’r-

-

-’--[m‘ (a)+0c; [/J}‘+--—Ij---|.f'TI (1Yo, (t)dt.e >0

Note: This 1s the generalization ol Chevbychev megquality

for random processes

{5}
% =

Now, while discussing random variable, we talked about what is known as Cheybychev
inequality. Now, what happens to that inequality when we extend the logic to random
processes? So, let X of t be a random process with mean mu X of t and variance sigma X
square of t; now the inequality that we are asked to show is probability of modulus of X
of t minus mu X greater than or equal to epsilon for some t in a to b is less than or equal
to a quantity which involves the variance of X evaluated at a and b and an integral over a

to b.
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[Hints] We have for a random process 1'(r)

I’{sup}}' (1 )‘ 2 »} < ]—\l;'{s'up 1 (1 )} [[’l'n\e llus]
astsh £ astb
Also,

13 (r)=1" (:J]+2'|.|:i)'(n)}1'(u)fhr

* Ldu

=J* (h)—ZJ:[%}' (u ):|} (1) dn

[(}i!}'(u)}) (a)|
A sup}'l(r);‘%[)':(ulﬂ':(h)]+;|:|i%l (u)])'(n)‘dn

=__-,‘§ astsh

[) *a)+) :(h):|+:|'
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Problem 30

Let X'(7) be a stationary random process with zero mean

| ( e
exp

o g P

V__,_f» \ &0

f\'.\,‘ 7)=

and autocovariance function given by

e[How manv times can we ditferentiate this process?

eDetermine }'" V(r)=0.75 | ifit1s given that the

process i1s Gaussian and o=1

72\

' 4

So, this is the generalization of cheybychev inequality and this can be proven. | have
indicated the steps; | would not like to go through this; you can take a look reasonably
straight forward. Now, let X of t be a stationary random process with 0 mean and auto
covariance, which has the form of a Gaussian probability density function. The question
iIs how many times can we differentiate this process? And we are asked to determine
probability of X dot of t is less than or equal to 0.75, if it is given that the process is

Gaussian and sigma is 1.
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1 7’
Ry (7)= ﬁﬂ_uxp[— o ]
_(T:('J: "

2 )/

A
T (D
Jrfm exist Van=1.

=S (@)=exp

(5]

s+ _ [ Al _
"jt'._..“ L\[‘(

= R, (7) is differentiable at 7=0 for

all orders.

= X (7) 1s differentiable to anv order n

(in the mean square sense)




Now, R x x of tau is given to be this; from this, if | take the Fourier transform, | get the
power spectral density function to be this. Now, if you consider the spectral moments,
we can show that the since this exponent is decaying as minus omega square, all these
integrals will exist for n equal to 1, 2, n, etcetera. In spectral moments, that O to 4, 6,
etcetera are nothing but auto covariance of the parent process and there derivatives
evaluated at tau equal to 0 and since all these are finite, it follows that X of t is

differentiable in the mean square sense to any order n; so it is a fairly smooth process.
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Now, we can differentiate the auto covariance function and we can evaluate the various
guantities at X equal to 0. So, R x x of 0 is 1; from this, it follows. So, if you differentiate
these twice, you get R x x dot and if you put tau equal to 0, we get 1 by square root of 2
pi. And we can now write therefore, p X dot of X dot is given by this and from this, we
are asked to find out probability density probability of X dot of t is less than or equal to
0.75, which is an integral minus infinity to 0.75, this quantity this is given; so the answer

that we are looking for is this number 0.97.



(Refer Slide Time: 39:17)

Problem 31

Define X (1) =(-1)"

Determine the mean and covariance of X'(1)

Let N(7) be a Poisson random process with arrival rate A

Note: X' (7) 18 known as semi random telegraph signal

X(r)

This is an interesting problem; here, we consider a random process N of t to be a Poisson
random process with arrival rate lambda. Now, | define a new random process X of t
which is minus 1 to the power of N of t. Now, we are asked to find a mean and
covariance of X of t; X of t in the literature is known as semi random telegraph signal.
So, X of t obviously, N of t is an integer value random process. So, whenever N of t is
even, X of t will be 1 and N of t is odd, X of t will be minus 1. So, sample will look like

this, depending on even odd combinations of n of t.
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x()=(-1)"".
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=exp(—-At l[cnsh At —sinh /'.r] =2exp(—24t),
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L
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So, X of tis minus 1 to the power of N of t. So, X of tis 1, if N of t equal to 0 or N of tis
even; it is minus 1, if N of t is odd. So, what is probability that X of t equal to 17 It is
nothing but probability of N of tis 0 or N of t is even and that probability since it is
Poisson distributed, | can evaluate and this | get to be that expression and if you carefully

look at this series inside the bracket, we recognize that this is cosine hyperbolic term.

Now, how about the case, where X of t is minus 1? We have to sum over all integers-
odd values of n- and if you do that, | get E raise to minus lambda t sin h lambda t.
Therefore, the expected value of X of t would be X of t takes only two values, with one
probability is this; other probability is this. So, probability of X of t equal to 1 into 1 plus
probability of X of t equal to minus 1 into minus 1. So, if you do that, we get the answer

as 2 into E raise to minus 2 lambda t; so this is the expected value of X of t.
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i
= Y’

Now, what is correlation function auto correlation? Again X of t takes two values- plus
1, minus 1; therefore, the product X of t into X of t plus tau is 1, if there are even no of
occurrences in t to t plus tau; otherwise, it is minus 1. So, based on this argument, we can
write the expectation of X of t into X of t plus tau and we can show that the auto

correlation function is the function of modulus of tau.

So, this process is wide sense stationary, that is, if I remove the mean, that is, if | define

another process, where X of t minus 2 E raise to minus lambda t, if | consider that



process, that will have 0 mean and it is wide sense stationary. | will return to some

comments on this example shortly.
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Problem 32
\ random walk is performed on a two-dimensional plane with a
uniform step size of’ A, At everv step the direction e, 1s a random
variable. a -s can be taken to be an nd sequence with a common pdi

.

that 1s uniformly distributed in 0 to 2. Find the distribution of the

v-coordinate alter n steps

L3
D et

We will consider another problem; here, we consider a random walk that is performed on
a two-dimensional plane with a uniform step size of delta. At every step, the direction
alpha i is a random variable and alpha i alpha i’s taken to be iid sequence with a common
p d F that is uniformly distributed in 0 to 2 pi. Find the distribution of the x- coordinate
after n steps. That means, we start here, we draw a random variable to be distributed
uniformly between 0 to 2 pi and this is our realization. So, we take one step, then next,

this step, this step, etcetera so after n steps, | am here and | am asking what is this X?
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So, X is nothing but i equal to 1 to n delta cos alpha i, where alpha i are the sequence of
random variable that we have generated. So, what is the characteristic function of this? It
is exponential expected value of exponential i omega X and it is this and since alpha i’s
are all independent, | can get this. And we can evaluate this expected value of i omega
delta cos alpha i and given that alpha i alpha i is uniformly distributed between 0 to 2 pi,
I get this and this integral is nothing but Bessel’s function j naught.
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So, phi X of omega which is a characteristic function of this random variable X is
actually the j naught of omega delta to the power of n. Now, we have to invert it to get
the probability density function and if you do this, we get this integral; this is the
integral. And now if you do a series expansion for j naught to the power of n and
consider the limit of n tend into infinity, number of steps going to infinity such that delta
of square root of n goes to C that is a kind of limit that we used for taking a one-
dimensional random walk to a Brownian motion process in the same sense, this is done;
if you do that, we can show that this process is this resulting random variable is

Gaussian.
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Problem 33
Let the time interval 0 to 7" be divided into a sequence of
equal intervals of length 7'. Consider a sequence
_ ; 1
of n Bernoulli trials with P(success) & Define

i ]
'11f success on n™ trial

xX(1)

Find mean and autocorrelation of X (7).

w1 w . Hr=1)T <t<nl
(—1if failure on n™ trial

Furtheremore, let e l&, a random variable distributed
uniformly in 0 to 7" and independent of X'(¢).

Define ¥ (t)i)ﬂ! -¢). Determine the mean and

autocorrelaiton of ¥ (1).

So, this is an illustration of application of central limit theorem. So, you get the limiting
density function to be Gaussian. If that n tend to infinity is not reached, the answer that

we are looking for is given by this integral.

So, another example which will help you to manipulate simple random processes.; let the
time interval O to t be divided into a sequence of equal intervals of length T, that means, |
am considering some n T. Consider a sequence of n Bernoulli trails, that means, at every
step probability of success is half. Now, | define X of t equal to 1, if success if we
observe success on nth trails; if it is minus 1 it is minus 1, if we observe a failure so,

where t is between n minus 1 capital T into N t.



So, the problem is find mean and auto correlation of X of t. This is the second bit to this
problem, where we define another random variable e, which is distributed uniformly in 0
to capital T and independent of X of t. We define Y of t as X of t minus e. So, the

problem is again determine the mean and auto correlation of Y of t.
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This is the parallely simple exercise that needs to be carefully done. So, X of tis 1 if
success on n th; trail X of t is minus 1 if failure on n th trail. So, X of expected value of
X of t is therefore, 1 into half minus 1 into half which is 0; the mean square value is

again we can easily find out, it is this.
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Now, the product X of t 1 into X of t 2 is 1, if both t 1 and t 2 are contained in this
interval n minus 1 capital T into 2 n t otherwise, it is 0. So, that completes the solution to
this problem. Now, we introduce the this epsilon that is the random variable epsilon; now
again we can find expected value on auto correlation of Y of t. We can first find the
expected value condition on epsilon and then, integrate with respect to distribution of
epsilon. If we do that, we can show | will leave this as an exercise that the auto
covariance of correlation of X of t in this case that is Y of t in this case will be given by

this function.
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Problem 34

Giiven a postive function S(e) find a stochastic process

whose PSD 1s S(m@) [l'.\l\‘lunw tiwnlcml

Determine a LTI system with H(iw )= VS (@) and
pass a zero mean stationary Gaussian white noise with
unit strength through this system. The output process

would be a zero mean stationary process with PSD=S (o).

So that is how it looks like here; it is a triangle over the step minus t 2 two steps minus t
0 to tand it is O elsewhere. Now, this is a slightly question related to existence of random
processes. So, we are given a positive function S of omega and we are asked to find a

stochastic process whose power spectral density S of omega.
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Now, there are two solutions; | will start with the second solution what 1 will do is I will
determine a square, which is area under S of omega and define a function F of omega,

which is S of omega by a square. So, clearly area under F of omega is 1 and it is positive.



We assume that S of omega is equal to S of minus omega; so consequently what happen
F of omega is F of minus omega. So that would mean based on these two properties, we
can conclude that F of omega has the properties of a probability density function of a

random variable.

Now, | define a random process X of t as a cos omega t plus 5, where omega and phi are
random variables with omega having probability density function F of omega and phi is
uniformly distributed between 0 to 2 pi and omega is independent of phi. So, you
consider now expected value of X of t, we can show that it is O you can start by you can
find the mean condition on omega and then, integrate with respect to omega condition on

omega this mean is 0 therefore the answer is 0.

The auto correlation function can be evaluated; this is reasonably straight forward and
you can show that the auto correlation function is a square into F of omega, which is
what we are expecting. that is Auto correlation is this the power spectral density function

is this which is what we are expecting.
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Now, interestingly how does a sample of this function look like? They are If we assume
say this as 1 they all are harmonics, where frequency and phase are randomly distributed,
but the power spectral density function can be specified by the is a part of the

specification of the problem.
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Remarks
#PSD 1s an ensemble property

o These two time histories

represent samples

from two ditferent

processes having the

same mean and PSD function

By that what | mean is if power spectral density function is of the form say alpha square
plus omega square. If i now assume that this is the output of alpha X equal to psi of t, the
power spectral density can be shown to be similar to this and samples of this will look
like this. But following the logic that we outlined here, X of t is a cos omega t plus phi,
this also has the same power spectral density. So, these two samples come from two

different random processes, whose power spectral density functions are the same.

So, this would be question us to the fact that power spectral density function is an
ensemble property. The two time histories that we see here represent samples from two

different processes having the same mean and power spectral density function.



(Refer Slide Time: 50:40)

Remark

The following three processes share the same form of PSD

The sample realizations are dramatically ditferent.
VRSV

e\ (1)=(-1) "' N(1): Poisson process with rate 2

o X (f)=cos(af+¢). L:{f ('[U.Efr]'.mJ_J/a

AVAYAZ R

O[ch:ltly' state |'c.~c|'»n>115c].‘x" +aX=£(1kX{(0)=X,

Just to summarize, we saw that one example earlier X of t is minus 1 to the power of N
of t, where samples were like square waves. So, in this if we detect that mean, this
quantity had power spectral density function or auto covariance function, which is same
as the power spectral density of this; the power spectral density of response of this
system. But in this case, the sample looks something like this; in the first case, it is a

square wave pulse; in this case, it is harmonic.
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So, while interpreting power spectral density function in modeling, you have to take
cognisense of this fact. At the end of the day, it is a not a sample property; it is an
ensemble property. So, this is what | am showing here; this is harmonic function; this is
an erratic function and this is a square wave function. It is intuitively not clear; if i say
that these three samples come from three different processes having the same power

spectral density function.
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Discussion on properties of processes with
Independent increments
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Now, there are few properties of random processes with independent increments, that |
will take up in the following lecture and that discussion will be followed by some which
problems on first persist time and extreme value distribution and so on and so forth and
then, we will consider some discussions on the notion of say factor of safety and

probability of failure.

The notion of factor of safety essentially originates from deterministic outlook, whereas
probability of failure when we talk about how we are modeling uncertainty using theory
of probability random variables and random processes so how they are related. So that is
one of the questions, will briefly consider the philosophical issue there and then, we will
consider some more problems in response of dynamical systems to random excitations;
specifically, we will consider excitations which are non-Gaussian in nature and systems

which are non-linear and we will apply in some problems the theory of Markova



processes and derive the response moments and all these will consider in the following

lecture.

So, we will close the present lecture at this junction.



