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Recap from previous lecture

e The total energy and flux are proportional to the square of the amplitude and the frequency.

Hence, waves of the same amplitude, the higher frequency transports more energy.
V&(z,z1t)

e Displacement of the P-wave can be obtained by solving .
V X Y(z, z,t)

e Displacement of the SV-and SH-wave can be obtained by solving and

V x V x x(z, 2, t) .
, respectively.

e P-and SV waves are coupled as the displacement correspondings to these waves lies
in the same plane.

e Displacement corresponding to SH-wave lies in the plane orthogonal to the plane o

displacement of SV-and P-wave.
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Boundary Conditions

We will discuss about four types of interfaces in seismology, which are as follows.

Types of Boundaries
e Solid-Solid
e Solid-Liquid
e Solid-Free surface (Air)

Liquid-Liquid
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The Free Surface Condition

e This is a good approximation for the Earth’s surface
e There will not be any traction on the boundary due to vacuum so the tractions resolved on the

boundary are zero. A

e The normal vector, the vector is =10} 0 1]
Vacuum

Then by cauchy’s stress theorem 225 [gily

This produce zero traction at the free
surface Soli
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Let’s talk about other boundary conditions, for this purpose, we will use the gaussian pillbox .
We will integrate the homogeneous equation of motion over the volume of pillbox.

At
Oijj = PUi T 5

or g5; — pl; =0 edlum 1

Medium 2
Then integrate it for box’s volume

/(O'z'j,j - puz)dV =0 lﬁ
v

Now we can use Gauss divergence theorem to convert one of the terms to a surface integral.
According to this theorem, the outward flux through a closed surface is equal to the integral

volume within the surface of the divergence over the area.

. = —
/n. u\ds:/v. udV (1)

Vector Field

Normal unit vector to the surface
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In Einstein summation,

~ %
n. u — nzuz — uan
—3 Ou;
V.u = — U4 g
8.’,63'

So, equation (1) can be written as

By analogy, we can write,

/Gijnde:/J@j,jdV
/oijnde—/pfij,idV:O
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If we squeeze the pillbox then, thickness 0 and volume " 0

SO, v s
Because thickness of the pillbox is zero, the contributions from
the top (+) and bottom (-) surfaces have to cancel each other

out.
. . . + . . N -
For this to happen, at each point, (o3jm3) " + (o3m) :

- + . . . O ;i =
n, and n; are opposite direction, we can say that ii" s
the same at both sides of the interface . Therefore Ti = oijny ,

tractions must be continuous at an interface.
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Solid-Solid Interface

It is also known as welded interface, because two solids are
combined at the boundary.
Things should be connected /welded at this interface, so it implies

continuity of displacement, so
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Solid-Liquid Interface

p=20

in the liquid, so shear tractions are zero in the liquid. By

continuity they must be zero in the solid boundary too. 77 =0

T =0

+ _ - + -
Ty =15 , ug =uy

3

Liquid

Inter face Boundary Conditions
Solid — Solid T =Y.*
u:“ =u,
Solid — Liquid T," =Ty
To=T1 =0
ug = ug
Free Surface T, =0

Solid
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Ray Theory and Reflection/Transmission

e Ray theory is an approach in which a point on the wavefront is tracked rather than the
complete wavefield.

e Ray theory is extensively used due to its simplicity, rapidness and applicability to a
wide range of problems

e |t is valid both for shallow and deep earth, from industry seismics in a sedimentary
basin to the P-waves in the outer core.

e Ray theory is an approximation and it does not work well where heterogeneity or the
order of wavelength are less, exists. For examples diffractions, steep veloci

gradients etc.
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Ray Theory and Reflection/Transmission

Note:
1. If an SH-wave is vibrating parallel to the interface, then it will produce reflected and

transmitted SH-wave.

1. P-and SV- waves are coupled to each other, So a P-wave can produce SV-wave and

vice-versa
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Ray Theory and Reflection/Transmission

Let us suppose there is a propagating wavefront at times t, and

t,. During this period it travels distance As.

sin @ = ﬁ and As = vAt
Azx
At sin 6
— = = p (ray parameter)
Azx v

wavefronts

Consider apparent horizontal velocity is c,, is the rate at which wave
travels along the X-direction such as surface of the Earth

Note that: 1 Aw
At

:cm
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slowness =u = — =3s
v
wavefronts
sin 0 _
then — u sin @ \
v
For wavefronts to be continuous across the interface, their
horizontal apparent velocity along the interface has to be
Same sin 91 . sin 92 k
pp = —— =uysinf; = pg = —— = Uy sin by
1 U2
OR
sin 64 sin 6, o
— = < This is known as Snell’s law
V1 (%)

Note that ray parameter of the ray remains constant along its path
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Wave number vector defines the direction of the ray

It has two components: one along horizontal and another along vertical direction

k. = kcos1
k, = ksini
C AL surface
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If c, and c, are apparent velocities along horizontal and

vertical directions

Note:

e The apparent horizontal velocity is always greater than
or equal to the medium velocity, a for P-wave and @8 for
S-wave

e A horizontally propagating wave, with i =90°, has an
apparent velocity equal to the medium velocity.

e A vertically incident plane waves arrives everywhere on

the surface at the same-time, so it has infinite apparent

wavefront

surface

k=k, (k=0)

C,=°°

—k=k, (k,=0)
C,=V

wavefront

surface
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Slowness vector can be decomposed into vertical and horizontal components

i = (p,n) sinf cos6 T k, k.,

u = = = _— = —

b, N v ’ v Cx, c, W ’ W
usino=p X

Horizontal slowness (p) remains constant for a ray while >

vertical slowness (n) varies with velocity of the layers. 0
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Summary

= O ) ’ )
L Y77 tractions must be continuous at an interface.

B o Y- L + _ - 2\
® For the solid-solid interface “i — %> Iy =1; and for the solid-liquid Interface T Ty 5 ug =ug

e For free surface,

e If an SH-wave is vibrating parallel to the interface, then it will produce reflected and transmitted SH-wave
e P -and SV- waves are coupled to each other, So a P-wave can produce SV-wave and vice-versa.

e The apparent horizontal velocity is always greater than or equal to the medium velocity, a for P-y
B for S-wave and a vertically incident plane waves has infinite apparent velocity.

e Horizontal slowness (p) remains constant for a ray while vertical slowness (n) varies wit
velocity varies with velocity of the layer.

sin 6, sin 6 . sinf cos@ N\
’ = U = (pa 77) 7 9 = SZ ) =5
e Snell’s law V1 vy and v v
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