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Summary of previous lecture

_ - - - [ (L 1 1)
011 012 013 T(l) Tl( ) Tz( ) T3( )
Oji = |021 022 O023| = T(2) — Tl(z) T2(2) T3(2)
031 032 033 g _T1(3) T2(3) T3(3)_

And the traction vector is given by (Cauchy Stress Theorem)

T. —o.1

9 0x | Oxy

The strain tensor is given by

Dr. Mohit Agrawal



The constitutive relationship for an elastic, isotropic medium is

oij = Cijriers = ((A0i0r1) + p(6:105 + 6:165%))eni

The relationship can also be expressed as :

Oij — /\(52]9 H 2”6@'
Volume shear
6?1,1 311,2 3?1,3

=V.u=—
“ 8331 * (9:132 2 8:83

= €11 + €22 + €33

Cubic dilatation or divergence of the displacement field.
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Basic Calculus

Scalar field
Every point in space is assigned a scalar value. Values vary with position and denoted by

¢(x) or @(x1,z2,x3)

Vector field
Every point in space is assigned a vector. Values and directions varies with position and denoted by

u(x)

11(581, L2, 583)
ui(x1, T2, 3)€1 + ua(x1, T2, x3)€2 + us(x1, T2, T3)€3
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Spatial variations of scalars, vector, or tensor fields are described using the vector differential

operator “del” V,
0 0 0
V= —, ég—, é3—
(182131’ 23:132, 38:133)

Gradient
Gradient is a vector field formed from spatial derivatives of a scalar field

If ®(x) is a scalar function of position, the gradient is defined by

Op(z 09(z d
gad 0(2) = Vo) = 22, 4 20),,, 3002), )

\ partial derivatives
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Divergence

It describes the spatial variation of a vector field u(x), given by the scalar product of del operator with u(x).

. 8’&1 a’u,g 8u3
divu = V.u = i
ivu =V.u 2, + s 5 2

Divergence measures the net flow of fluid (or material) from a given point.

If the divergence at a point is positive implies that point is a source

and if divergence at a point is negative indicates that it is a sink

Dr. Mohit Agrawal



Curl

The cross product of the V operator with a vector field yields a another vector field.

8u3 aug 4 aul 81;,3 3%2 aul
V — € — A § = 2 _——
p U 61((9{1’32 6:1:3) +€2(8m3 3331) +63(3$1 3:32)

€1 €3 é3 : :
5 5 Curl measures the degree to which the fluid or
V Xu= Bz Oz, Oz material is rotating about a given point.

Ui U2 us

Divergence of a curl is zero; represents no volume
change give rise to shear waves

V x (V¢)=0 C.url of a gradlen.t is zero i.e no curl or rotation & give
rise to compressional waves.
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Laplacian

Divergence of the gradient of a scalar field. Represented byy;2

0%¢ 0% 0%

2 2 2
dey . Ozy O3

Vip =V.V¢ =

The laplacian of a scalar field an another scalar field.

An important identity related to laplacian:

Viu=V(V.u) - V x (V x u)
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Equation of Motion

Equation of motion satisfies “Newton’s Second law, F=ma, in terms of surface and body forces .

According to this equation acceleration results from the body forces and o;; ., the divergence of

ij,j’

stress tensor.

3

Oo1a 0oz 0o 00 2 0%,
oy " Omy | Bz ; 5, T2 = P5a B X, component of the force

Note: Equation of motion relates stress tensor to ground motion (or displacement).

In summation convention it can be written as
Oo;i(x,t) 0%u;(z,t)
’ —l_ fl(wﬁ t) = p ’ 2
8333' 6t
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Because the stress-tensor is symmetric, so

80'3'?; (35‘, t)
33.’33'

0%u;(z, t)
ot?

T fi(wat) =P

e It is interesting to note that the divergence of the stress tensor give rise to a force,
which is a vector, just as the divergence of a vector yields a scalar.

e If the body is at equilibrium, then acceleration must be zero such that

803'@' (iL‘, t) N

5 = —fi(x,t)  «—— Eq" of Equilibrium
L
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If no body force is applied

3 2,,.
803%(337 t) w 0“u;(z, ) » Homogeneous eq" of motion

85(,‘j 6t2

This is called the homogeneous equation of motion, where “Homogeneous” refers to the
lack of forces. This equation describes seismic wave propagation, except at a source, such

as an earthquake or an explosion, where body force generates seismic waves.
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P-waves and S-waves

Equation of Motion (E.O.M)

e E.O.M can be written and solved entirely in terms of displacements, because stress is related to
strain, which is formed from derivatives of displacement.

e The equation of motion relates spatial derivatives of stress tensor to a time derivatives of
displacement vector (or ground motion). The resulting solution gives the displacement vector a

hence the strain and stress tensors as function of both space and time

00, (2, 1) N 00 zy(x, 1) N 0o, (z,t) 0%u,(z,t)

Ox Oy 0z P o2

Since we are considering homogeneous medium so the above equation do not
possess any source term.
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A homogeneous equation has no forcing function or source term

O'z'j = )\9533 = 2[,L€z'j

Ouyg
Oz = A0+ 2ue,, = N0+ 21 "
ox
oy = 2HCay = A Oy ox
(Oum 3uz)
Oxz — 2ﬂlemz — M 2l
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We then take the derivatives of the stress components given in previous slide, we will get

00z )\@ L9 0w,
or Oz H Ox?

Oy Oy? Oyox

0w, . 0%u,
- 022 0z0x
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00 2 N 004y N 00, \ 0%u, = 82uy i 0%u,
Ox Oy da9) Ox? Oxdy  0x0z

0%u, A 0u, \ 0%u, 0% u, 0%u, N 0%u,
ox2.  Pogz " F Oy? 822 9201

+p

0%u, N 0%, N 0u, h 0°u,, () 0*u, N 0%u,
Ox? Oy? 922 " H Oxdy  0x0z

| L (B O OuN] (O, O | O
C A Oy 0z P\ 822 o> 022
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o0 ) 0% u,
For x-component of equation of motion (A+ 1) Y T pViug = p 52
. i 00 2 0%,
For y-component of equation of motion (A+ ) M +uViu, =p o2
Y

For z-component (A4 p) (
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These three equation can be combined to get

* t 2, _ (2 2 2
(A-'-/.L)V(V’U,(l‘,t)) +,uV2u(:z:,t) —p ’i;(;;’ ) As Viu = (V Uy, V ’U,y,v uz)

It has three component, so it’s a vector quantity

Where is P and S-waves ?
We need to separate this into two different wave equation for P and S-waves

We know that :
V2=V(V.u) =V x (V x u)
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The previous equation will become

82u(:c,t) +<—— Elastodynamic equation
A+ 2u)V(V.u(zx,t)) — uV x (V x u(z,t)) = p o y q
M N

To solve the above equation, we will use Helmholtz equation (or Helmholtz Decomposition) which
decomposes ‘U’ into its scalar (@) and vector potential (y)

u(z,t) = Vo(z,t) + V x y(z, 1)

Here, @ is scalar potential (P-waves) and y is the vector potential (S-waves)

We will use the following vector identities

Vx (V) =0 | v.(Vxq)=0
Represents no curl or rotation and Represents no volume change and

gives rise to compressional wave corresponds to shear waves
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M =V|[V.u(z,t)]
= V[V.(Vé(z,t) + V x v(z,t))]
= V(V?¢) + V. (V x (z,1))
_ V(qub(:c,t))
Likewise,

N =V x |V x u(x,t)]
=V x [V x (Vo(z,t) + V x y(z,1))]
:VxVX(VX’Y):—V2(VX7)
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So, 5
(A +2u)V(V2(z,t)) — uV(V x v) = oz % 5 (Vo+V x)

2
° %(taz:’t)] =1 [ﬂVZ’Y(mat) —P

82»};;;:, t) }

v [(A + 20)V2(x,t) — p

One of the solution of this equation can be found if both terms in the brackets are zero

2
qub(a:,t) N ]-2 0 Qb(il?,t) . A

P-waves

With the velocity
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1 0%y(z,t)
62 Ot2

v27(w7 t) =

4
o)

S-waves
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0%¢p(z,t :
Equation (A) v2¢($, t) s 1 ¢(z,1) Wave equation for the P-

o Ot? wave

The scalar potential satisfying the above equation is

d(z,t) = Aexp (i(wt — kz))

so, the resulting displacement is the gradient

u(z,t) = Vo(z,t) = (0,0, —ik) Aexp (¢(wt — k2))

which has a non-zero component only along the propagation direction z. The
corresponding dilatation is non-zero.

V.u(z,t) = —k*Aexp (i(wt — k2))

So, a volume change occurs
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As the wave propagates, the displacement in the direction of propagation cause material to be
alternatively compressed and expanded . Thus the P-wave generated by scalar potential is called a

“Compressional Wave”.

Likewise of S-wave, described by vector potential

(2, t) = (Az, Ay, A;) exp (i(wt — kz))
u(z,t) =V x y(z,t) = (ikA,, —ikA,,0) exp (i(wt — k2))

whose component along the propagation direction is zero i.e., displacements are
perpendicular to the direction of propagation

So,

e P-wave causes change in volume

e Shear wave cause no volume change
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Revision of Module 1

We used force balance to derive the 1-D wave equation.
We did an overview of parameters that describe harmonic waves. The wave number,
k, may be new to you.

We derived reflection and transmission coefficients.

We looked at KE and PE averaged over a wavelength.

An alternative method of solving a differential equation is through normal modes.
Stress describes the force/area and is a 3x3 tensor

The traction vector is the surface force per unit area on a plane with given normal.

As per the engineering convention that tensional (stretching) stress is positive. That is
why stress in the earth is negative (compressional) values.
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Revision of Module 1

® Stress tensor has following properties
— Stress is a symmetric tensor
— can be rotated it into other coordinate system.
— Coordinate system without the shear stresses gives rise to principal stresses.
These are the eigenvalues of the stress tensor.

— The trace of the stress tensor is independent of the coordinate system used.
® The deviatoric stress tensor is the stress tensor minus the pressure.
® The pressure is the mean of the trace of the stress tensor.
e Units of stress are N/m2 = Pascals
® 33 km increase in depth increases pressure by roughly 1 Gpa.
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Revision of Module 1

1. Cijkl completely describe the behaviour of an elastic material.
1. A does not have any physical meaning, but p is called “rigidity or shear modulus”.

1. A material with large u is quite rigid and responds to a given stress with less strain & vice-
versa.

1. A material in which pis zero can not support shear stresses, & corresponds to a perfect
fluid.
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Revision of Module 1

_ - - - [ (L 1 1)
011 012 013 T(l) Tl( ) Tz( ) T3( )
Oji = |021 022 O023| = T(2) — Tl(z) T2(2) T3(2)
031 032 033 g _T1(3) T2(3) T3(3)_

And the traction vector is given by (Cauchy Stress Theorem)

T. —o.1

9 0x | Oxy

The strain tensor is given by
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Revision of Module 1

The constitutive relationship for an elastic, isotropic medium is

oij = Cijuier; = ((A0ij0n1) + p(dixdji + dirdji))er

The relationship can also be expressed as :

O'ij = )\5”9 -+ 2[,L€ij

Volume shear

6’&1 8?1,2 8u3

p— V_ p— _— =
/ u 971 -+ 95 + 974 e11 + €2 + €33

Cubic dilatation or divergence of the displacement field.
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Revision of Module 1

Equation of motion

80'3'3'(58, t) 82?1,7;(28, t)
0z thist)=» Oot?

Elastodynamic equation

0%u(z,t)
ot?

(A+2u)V(V.u(z,t)) — pV x (V x u(z,t)) = p

Dr. Mohit Agrawal




Revision of Module 1

P-waves
1 0%¢(z,t
V2¢(ac, = ¢z, t) With the velocity , — At 2p
a?  Ot? P
S-waves
1 0°y(z,t) T
Viy(z,t) = ’ With the velocit B=,/—
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