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Welcome to the 2nd lesson of 4th module Torsion Part II. 
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In the last lesson which was the first part of torsion we have seen some aspects of the torsional 
moment which were applied on a bar and we considered the cross section of which is a circular 
one and is a solid circular cross section. We have seen the effect of the torsional moment in such 
cross sectional bar. Today, we are going to study the effect of the twisting moment on such a bar 
where the cross section is not a solid one but a hollow one. We will also look into what will be 
the consequence of the twisting moment on a bar, the cross section of which is a tubular one 
instead of a solid shaft.  
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After completing this lesson one will be able to understand the concept of twisting moment and 
its effect on bars of hollow circular cross section, understand the effect of non-uniform twisting 
moment and its effect on bars of circular cross section. Last time, we applied uniform twisting 
moment on the bar. The bar was fixed at one end, the twisting moment was applied on the other 
end and the torsion applied over the bar was uniform in nature.  
 
Now, if there are some bars which may not be uniform there could be variation in the section or 
there could be uniform section but the torsions applied at different points are of different 
magnitudes. For that kind of a situation, we will look into the consequence of that kind of 
loading in the system. This is what the non-uniform twisting moment is and its effect on bars of 
circular cross section and thereby one should be able to evaluate stresses and deformation in 
circular bars due to torsion. 
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We will be looking into the aspects of the previous lesson. This will be done through answering 
the questions which I have posed. Also we will be deriving the formulae for evaluating stress and 
deformation in bars of hollow circular cross section. We will also be looking into the effect of 
non-uniform torsion on bars of circular cross section and examples for evaluation of stresses and 
deformation in bars of circular cross sections of varying types.  
 

Now, we will see examples of bars with solid or circular cross sections and the effect of torsion 
on such bars. Even the cross section could be a hollow like a tubular member. If we have a bar 
which is consisting of several diameters and if it is subjected to torsion either of same magnitude 
or different magnitudes then what is the consequence of such systems?  
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Let us look into the questions. The first question is:  
What is the type of stress a bar encounters when it is subjected to a twisting moment or torsion?  
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Let us look into the aspect which we discussed last time. In this example, the bar has the circular 
cross section; it is a solid circular bar subjected to a twisting moment T, and this we had defined 
as a positive twisting moment because it is acting in an anti-clockwise direction. The thumb is 
projecting towards the positive x-axis, which we have denoted as the positive twisting moment.  
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We already looked into a portion of the bar which is of length dx and this is the part of that 
whole bar. Because of the effect of this twisting moment acting on this bar if we take an element 
on the surface of this particular bar this undergoes moment and thereby an ellipse is formed.  
 
If we look into this particular element, this element undergoes a change in the angle. As we had 
seen earlier, we call this change in the angle as shearing strain γ, and as per Hooke’s law we get 
the stresses which get induced into the surface called as the shearing stress. Because of the 
application of the twisting moment in the bar we get shearing stress in the bar and because of this 
shearing stress is without any application of the normal stress so this is the state of pure shear. 
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This state of pure shear can be transformed in terms of Mohr circle to evaluate the maximum 
normal stress. If we plot this state of stress in the Mohr circle this is the sigma axis and this is the 
tau axis. And because this is a clockwise moment by this particular shear on this face this is a 
negative shear as per our notation which is plotted on the top side of the Mohr diagram.  
 
For the other side, we have a positive value which is plotted over here. So this is the value of tau. 
Now this is the center and if we plot the circle then we get the value of the normal stress that will 
be acting and this is the value of the maximum normal stress which is sigma1 and the minimum 
normal stress which is sigma2. The values of sigma1 and sigma2 are equal to tau. Due to the 
application of the twisting moment, the body is subjected to a shearing stress and thereby we are 
going to get the normal stress which is also magnitude wise equivalent to the shearing stress.  
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The angle here is 90 degrees so the action of this principle stress will be at an angle of 45 degrees 
with respect to the shear and that will be the maximum normal stress which is equal to the value 
of tau.  
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Let us look into the application of such a twisting situation when we move a screw driver. This is 
the application of a twisting moment. When we are rotating it basically we are applying the 
twisting moment which is allowing this to rotate and finally moves inside.  
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The second question asked was: What is meant by the torsional stiffness?  
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Let us look into the expression which we had derived last time for the torsional moment. This is 

the expression which we had derived 
L

G
J
T θ

ρ
τ
==  where: T is the twisting moment; J is polar 

moment of inertia; tau is the shearing stress; rho is the radius at any point on the center of the 
cross section; G is the shear modulus; theta is the rotation and L is the length of the bar. We call 
this expression a torsion formula. If we equate this to quantity; we are interested in finding out 
the stiffness because of the torsion. When we apply the twisting moment, the twisting moment 
required to produce unit rotation is called as the stiffness against this twisting moment. 
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So the twisting moment required to produce unit rotation is termed as the torsional stiffness. If 

we equate these two quantities
L

G
J
T θ
= , we can relate T and theta as

L
GJT θ

= . 

Now, if we make theta as unit, then T is the torsional stiffness. So the torsional stiffness 

equals
L

GJ . This quantity is designated as the torsional stiffness. Now if we look into the units G 

is represented in terms of mega Pascal, J is the polar moment of inertia which is mm power 4, 
and L is the length which is in mm. So we have Newton per mm square and then we have J 
which is mm power 4 and L is mm. So Newton millimeter is the unit for T which is equivalent to 
the unit for the twisting moment. This is the stiffness.  
 

Now the third question was: What will be stresses and deformation due to torsion if the bar is a 
hollow circular section instead of a solid one? This is the aspect we are going to discuss today. 
So this question will be answered through discussions in this lesson. Let us look into the aspect 
of how we calculate the effect of the torsion in circular tubes.  
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In the previous lesson, we have gone through the fact that if a bar of solid circular section is 
subjected to a twisting moment, then it is subjected to the shearing strain, which we have seen as 

ρθγ
dx
d

= . This is the expression which we had used for the solid shaft and γ is the shearing 

strain at any point which is at a radius rho and 
dx
dθ  is rotation per unit length. This particular 

expression which we derived for the solid circular section is equally applicable for hollow 
tubular section as well. This means that as we had seen in case of solid circular shaft, at any 
point from the center at any radius rho we can compute the strain γ. In this case, from the center 



till we reach the inner point of the tube there is no material and hence no strain. So the minimum 
strain that occurs is at the point which is the inside of the tube of this tubular cross section.  
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Now this is the center over here. Let us call this internal radius as r1 and the external radius as r2. 
Coming back to this expression again, the maximum strain that occurs maxγ is at the outer 
periphery, where if this is the outer periphery of the whole tube, and if we call this radius as r, 

then when rho becomes r, that gives us the value of the strain as maxγ r
dx
dθγ =max . This is what 

we get in case of solid circular shaft. Now when you come to this tubular form, the first material 
it encounters from the center is at the inner radius. So the minimum strain that occurs is at this 
particular point and the maximum strain occurs at the outer radii. So these are the points and as 
we have seen from this expression that γ vary linearly with rho. So the strain varies linearly with 
the radius, so as the stress from our Hooks law that γτ G= .  
 

Since ρθγ
dx
d

= ; ρθτ
dx
dG=  again 

dx
dG θ being independent of rho, tau varies linearly with rho. 

So the shearing stress varies linearly with the radius from the center. In case of hollow tube the 
same theory holds good. Only thing is that since we do not have any material at the center, the 
first point which encounters stress is at this particular point and then as it goes along the outer 
periphery, where we have the maximum stress.  
 
So the variation of the shear stress across thickness is in this form which is proportional to the 
radius rho. This is the distribution of the shear stress in case of tubular section. So the same 
theory as we had in case of circular shaft holds good even for the tubular section as well. We will 
relate the different quantities as we had related in the case of solid shaft, like the shear stress to 
the torsional moment, the radius at which point we like to find out the stress, and then 



corresponding quantity of the rotation, the shear modulus and the length of the bar. So let us look 
into that. How do we compute these relationships in case of tubular sections? 
 

Now, coming back to this expression ρθγ
dx
d

=  we know that the shear stress ρθγτ
dx
dGG == . 

As we had seen, this is basically from the compatibility criteria. Last time we discussed the 
derivation of the formulae for the torsion, when the torsion is applied, the corresponding stresses, 
we had equations of compatibility which is in terms of the rotation and subsequently we had the 
equations of equilibrium. Equilibrium equations are derived mostly from the resultant stress that 
is being generated because of the twisting moment. So on any cross section the resultant stress 
equals the applied twisting moment and we apply the same concept to evaluate what should be 
the expression or the relationship between the stress and the twisting moment.  
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Now, let us consider a small element in this. Let us consider a small element from the center 
which is at a distance of rho and making a small angle dalpha. So this is the small element 
having an area dA at a distance of rho and this distance is drho. So let us call this small angle as 
dalpha and the area dA can be written as ραρ dd ×× . Now the force that will be carried by this 
particular area is equal to the shearing stress times the area.  

dAdP ×= τ . If we substitute ρθ
dx
dG for tau in the above expression; we get dA

dx
dGdP ×= ρθ . 

 

Now if we take the moment and substitute this dA in terms of dalpha and drho, we 

get ραρθραρρθ dd
dx
dGdd

dx
dGdP ××=×××= 2 . Now the twisting moment acting in this 

section is T and that will be registered by the whole of cross section the ∫ ∫
2

1

2

0

r

r
dP

π
 so twisting 



moment ∫ ∫=
2

1

2

0

r

r
dPT

π
. Here we have two variables, one is alpha, another is rho. alpha varies 

from 0 to 2pi and rho varies from inside r1 to r2. So this is 0 to 2pi for alpha and from r1 to r2 for 

rho. So this equals ∫ ∫ ××
2

1

2

0

2r

r
dd

dx
dG

π
ραρθ . Here we have rho and this dP times rho is the 

twisting moment. Hence Tis equal to ∫ ∫ ×
2

1

2

0

3r

r
dd

dx
dG

π
ραρθ  Now this G, dtheta, dx being 

constant this is from 0 to 2pi and from r1 to r2. Now Let us take out G, dtheta, dx and evaluate.  
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Now for T, we have

dx
dG θ , ∫

π
α

2

0
d  is alpha which is varying from 0 to 2pi so that is equals to 2pi 

and then we have rho cube drho so this is rho power 4 by 4 and if we integrate from r1 to r2 that 

is 1 by 4 (r2
4 - r1

4). So this we can write:  ( ) ( )4
1

4
2

4
1

4
2 24

12 rr
dx
dGrr

dx
dGT −=−×=

πθπθ . If we 

write r in terms of diameter then this equals ( )4
1

4
232

dd
dx
dG −

πθ , since r is d by 2 and d2 is d outer 

and d1 is d inner. Last time, we designated this particular term as J, which is nothing but the polar 
moment of inertia. So this is J now, if you compare the value of J with respect to the J which we 

have computed for the solid shaft, J for solid shaft was 4

32
dπ , here the value of J in case of 

hollow section where the outer diameter is 2d and the inner diameter is 1d then in terms of 

2d and 1d , J equals ( )4
1

4
232

dd −
π . So this is similar expression and you can visualize that from the 

whole one, we are removing the central part. In fact in the case of solid circular shaft when you 
take out the material because the shearing strain or the stresses are varying from the center to the 
outer periphery, it is zero at the center and maximum at the outer periphery.  
 



Now if we remove the material from the central portion, the stress is the maximum on the outer 
periphery and at the same time when we are equating the forces, we are getting the equilibrium 
equation. If we take the element away from the center we get a larger contribution. The material 
which is closer to the center has less contribution in comparison to the material which is away 
from the center. Hence in that sense tubular section should be more effective when resisting the 
twisting moment and we will look into this subsequently while solving the examples. 
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So this is the value of the J and based on this particular expression so this is the twisting moment 

T: J
dx
dGT ××=
θ and over the length if we integrate we get 

L
JGT θ

= and this expression we 

had seen last time that
L

G
J
T θ
= , only difference is the expression for J is different now for the 

hollow tube than what we had in case of solid shaft. Now this particular expression for the polar 
moment of inertia can be written down in a different form as well.  
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Let us look into that J, value of J the polar moment of inertia in case of tubular section 

is ( )4
1

4
232

dd −
π . We can simplify a little and many a times we use this expression 

as ( ) ( )[ ]22
1

22
232

dd −
π . So this is square of 2

2d  minus square of 2
1d  and this gives 

us ( )( )2
1

2
2

2
1

2
232

dddd −+
π . Now, further ( )2

1
2
2 dd −  can be split and we can write this 

as ( )( )( )2
1

2
2121232

dddddd ++−
π . Now ( )12 dd −  as you can visualize that when we have the 

tubular form where the outer diameter is 2d and the inner diameter is 1d . So from 2d if we 
subtract 1d , we are left with two thicknesses. So this we can write as twice t; if t is the thickness 
of the tube. Now this term ( )21 dd + we can designate this as average diameter and we can write 

this as d is equal to
( )

2
21 dd + .  

 

Now 
( )

2
21 dd + is the average diameter d so ( )12 dd + is 2d. Now this particular term ( )2

1
2
2 dd + , 

we write in a little different form as
( ) ( )

2

2
12

2
12 dddd −++ . Now again as you can see from by 

writing this ( )2
1

2
2 dd + term in the form ( )12 dd + , we can write as 2d and ( )12 dd −  we can write 

as 2t. Simplifying this, we get ( ) ( )2
12

2
128

dddddt −++
π . Simplifying ( )12 dd + term as 2d and 

2d square means 24d plus ( )12 dd −  is 2t so this is 24t  by 2. 



This comes out as 






 +
2

44
8

22 tddtπ . This gives us value of ( )22

4
tddt +

π . In fact this is 

simplified form of this particular expression J, many times, if we can represent the diameter in 
terms of average diameter we can use this expression, for evaluating the polar moment of inertia 

instead of ( )4
1

4
232

dd −
π . Many a times we use shaft or a bar hollow bar the thickness of which 

could be significantly small in comparison to the radius of that particular tube in that particular 
case, the term 2t will be very small in comparison to 2d . If we neglect that and if we write 

approximately ( )22 td +  term ≈ 2d then we get this as td 3

4
π .  
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Now sometimes for a thin tube, we approximate the polar moment of inertia using this 

expression td 3

4
π . So this gives us the value of the J, the polar moment of inertia either in the 

form ( )4
1

4
232

dd −
π  or ( )22

4
tddt +

π  where d is the average diameter; t is the thickness; or for a 

thin tube we can even use td 3

4
π for evaluating the polar moment of inertia.  
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Once you compute the polar moment of inertia, then, rest of the expression we have 

is
L

G
J
T θ

ρ
τ

== . Now we can use this equation for evaluating the stresses. The terms remain as 

defined earlier, like tau is the shearing stress, rho is the radial distance. Here the rho becomes 
effective between 1r  and 2r ; below 1r there is no material and hence it is not effective. T is the 
twisting moment, J is the polar moment of inertia, G is the shear modulus, theta is the angle of 
twist, angle of twist over the whole length of the bar, and L is the length of the bar. So the same 
expression we used for the solid circular shaft is equally applicable for the tubular section as 
well, only difference is that the polar moment of inertia is to be computed in a different form 
than the solid circular shaft. 
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Having looked into the effect of torsion on a tubular section let us look into that if we have a 
section which is not uniform. So long we discussed the effect of torsion on a bar which is 
uniform, whether the shaft is solid or hollow the bar was uniform. Now if we have a non uniform 
bar, where over the length of the bar the diameter varies and if it is subjected to a twisting 
moment at one point, or if we have the twisting moment acting at different point, at different 
magnitudes then what is the consequence of that twisting moment over the bar? Or how to 
compute the stresses and the deformation in such a bar where the bar is not uniform or where 
there is variation in the twisting moment?  
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Let us take a bar where the length is varying and we have the change in diameter. Let us call this 
diameter as 1d , here this is 2d where this is varying. Let us assume, this is acted on by various 
twisting moment at different points. Let us call this bar as A, B, C, and D. Now at these points A, 
B, C, and D different twisting moments 1T , 2T , 3T  and 4T  are acting. When there is twisting 
moment acting on A, if we draw the free body diagram between A and B, the twisting moment 

2T is acting at the point B. Now between A and B we have only the twisting moment 1T acting.  
 

If I take a section here and draw the free body diagram between A and B, then we have the part 
AB, this is just before B, before the application of 2T . So we have twisting moment acting on this 
and so far as the application is concerned this is positive twisting moment. As we have defined 
here, we have the twisting moment 1T acting into it which will be opposing this. So this is 1T  over 
the length AB. If we say length AB is L1, we can compute the value of the stress from our 

relationship
J
T

=
ρ
τ over the length L. This gives us a stress 

J
Tρτ = and this T here equals 1T  for 

the present case. Over the length AB this will be the stress.  
 
If we consider a segment between B and C and if we cut off then the twisting moment that will 
be acting here is 1T , here we have 2T  as per our notation T1 is positive and T2 is negative. If we 
call the resulting twisting moment as T, T is 21 TT − . So for this resulting twisting moment T that 
will be acting between B and C, we compute the stress again over the length BC. This is the 
twisting moment T which equals 21 TT −  into rho by J, assuming uniform diameter here. We will 
discuss this aspect at a later time when it is varying. If we have a uniform diameter over that 
particular stretch between B and C then the stress is the resulting twisting moment which 

is
( )

J
TT ρ21 − .  
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Now, if we take a section between C and D, if we cut off over here then we have 1T , 2T  
and 3T . 1T and 3T  are acting in the same direction and 2T  is in the opposite direction, so the 
resulting T equals 231 TTT −+ . Since this is in the anticlockwise direction which is positive and 
we are considering T also as anticlockwise and positive, so this will be the whole thing and will 
be negative. So, if this expression becomes negative then it will be in the opposite direction we 
have assumed and if the whole expression becomes positive then the assumed direction will be 
same as we have assumed. So this is how we compute the resulting twisting moment and once 
we have this resulting twisting moment we compute the stress using this expression.  
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When we come to the evaluation of the rotation, as you can see we have three different segments 
over which we got to compute the equivalent of T, here we have 1T , here we have 21 TTT −=



 
and at this point we have 231 TTT −+ . So these are the resulting twisting moments. These twisting 
moments which are acting over different lengths will have different rotations. Over the first 
segment where 1T is acting over length AB, it will undergo a twist. Between B and C there is the 
resulting effect of the twisting moment 1T and 2T . Now 1T is acting in an anti-clockwise direction 
and is trying to rotate the shaft in one direction whereas 2T is acting in the other direction where 
is trying to nullify this rotation to certain extent so there will be change in the rotation.  
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So what we do over the different segments A, B, C, and D. Let us call length AB as L1; length 
BC as L2; and length CD as L3. Now over length L1 we compute theta, as you know that 

L
G

J
T θ
=  or we can write

GJ
TL

=θ . Now for the first segment AB 
GJ

LT
AB

11=θ and J also will be 

corresponding to the diameter. Let us call this as 1d  so we will get the value of ABθ . Then we 
compute BCθ  considering the resulting twisting moment times the length which is L2, G and J 
considering the diameter 2d over BC. We evaluate CDθ  from the resulting twisting moment 
which is 1 3 2T T T T= + − into 3L  and GJ by 3d . Now once we compute these three 
thetas ABθ , BCθ and CDθ . The final theta will be the sum of these with its appropriate signs that 
is CDBCAB θθθ ++ .  
 
When I am calling this appropriate sign it means that if the twisting moment is in a positive 
direction it is causing a positive rotation. If the twisting moment is in the negative direction it is 
causing a negative rotation. So, if at different segments we consider these three different 
rotations with appropriate signs and sum them together then we will know the net rotation that 



the shaft is undergoing which is of varying diameter and varying length between these two 
points. This is what our contention is to evaluate.  
 
If we look into the evaluation of stress and the deformation because of this non-uniform 
distribution either in the material diameter wise or change in the twisting values, so far as the 
stresses are concerned when you compute the stresses for different segments the maximum stress 
out of all these segments which will give the maximum value will be the governing stress. And 
rotation-wise between the two ends we will sum them up and the final rotation will be the 
rotation in the shaft which will be governing. So these are the two aspects which are little 
different than if the body is uniform and subjected to uniform twisting moment. Here are some 
examples where we apply some these theories. 
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A solid aluminum bar of length 1.2m and 25 mm diameter, is twisted by torques T, acting at the 
ends. This means you have a solid aluminum bar which is subjected to a twisting moment and 
this is our positive twisting moment notation that means we are giving the vectorial notation over 
here. The shear modulus is given. What you will have to find out is the torsional stiffness of the 
bar. What will be the torsional stiffness when it is subjected to a twisting moment T? 
As we have defined the torsional stiffness is the twisting moment required to produce unit 

rotation and the value is GJ
L

. We have to compute this quantity so that we know the torsional 

stiffness.  
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We know that 
L

G
J
T θ
= and θ

L
GJT = . Now as per our definition theta is unit, so the stiffness 

is
L

GJ . This equals to the value of G given as 5103.0 × . Now the value of J is the polar moment of 

inertia and the diameter is 25 mm. So 4

32
dJ π

= is equal to 425
32
π 4mm . So this is the value of J. 

So GJ by L is equal to 45 25
32

103.0 π
×× and L is equal to 1.2m, so this is 1200 mm and this 

gives us a value of 958.74 Newton meter. Now the unit of G is MPa which is Newton per 2mm , J 
is 4mm by L is in mm and the net unit is Newton millimeter. This is what is in Newton meter so 
this is the torsional stiffness of the bar which is subjected to a twisting moment.  
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The next step is to calculate that if the angle of twist of the bar is °5 , if the angle of twist of the 
bar is limited to °5 then what is the maximum shear stress?  
Now when the same bar is rotated and if the angle of twist between the length is restricted to 
°5 then what will be the maximum shear stress that will be generated on the surface of the bar. 

We know that
L

G
J
T θ

ρ
τ
== . So the stress 

J
Tρτ =  and this also equals

L
Gρθ . If we equate these 

two, we get the shearing stress 
L

Gρθτ = and G is equal to 5103.0 × , rho is 
2
25  and theta is °5 . So 

in terms of radians we write this as 
180
5π  divided by L which is 1200. So this 

equals
18012002

525103.0 5

××
×××× π  MPa or Newton per mm square is the shearing stress tau. By 

simplifying this we get tau is equal to 27.27 MPa.  
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So here the value of shear modulus is given, the radius rho is given which is

2
d , theta is limited 

to °5 and length of the member is known. So we have computed the stress in terms of this 
limiting value and the maximum stress that will be generated on the surface equals to 27.27 MPa.  
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Let us look into another example. In this example, we have a hollow aluminum tube. It is a 
tubular section, so we can make a comparison between solid section and a tubular section.   
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A hollow aluminum tube used in a roof structure has an outside diameter of 100 mm, and inside 
diameter of 80 mm. The tube is 2.5m long and the shear modulus is given. If the tube is twisted 
in pure torsion by torques acting at the ends, then what is the angle of twist when the maximum 
shear stress is 50 MPa? We will have to find out the angle of twist when the maximum shear 
stress is limited to 50 MPa? 
 
Secondly, what diameter is required for a solid shaft to resist the same torque with the same 
maximum stress so that we can make a comparison between the two? What is the ratio of the 
weight of the hollow tube to the solid tube?  
So let us look into this particular example so that we can make a comparison between the two. 
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Now, the outside diameter dout is equal to 100 mm and din is equal to 80 mm; L the length of the 
member is 2.5m; G given as 28 GPa; tau is to be limited to 50 MPa and corresponding to that we 

will have to find out the rotation. So now that we know that
L

Gθ
ρ
τ
= . We are taking this 

relationship because shear stress is limited we will have to find out theta. So this gives us 

ρ
τθ

G
L

=  and if we substitute the values tau is limited to 50 MPa, length of the member is 2500 

mm, G is 28GPa into 10 cube. So rho is the maximum shear stress that will occur on the outside 
phase and the outside diameter is 100 so the rho here is 50. This gives us a value of theta is equal 

to 0.0898 radians and when we compute theta in terms of degree this is equal to
π

1800898.0 × . 

This will give us degree which is °12.5 . This is the maximum rotation that we can expect when 
we apply the twisting moment and limit our stress to 50 MPa.  
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What will be the diameter if we go for a solid section instead of a hollow one?  

Now for that part we need to compute the value of twisting moment
ρ
τ

=
J
T . We know that 

ρ
τJ  

will give us the value of the twisting moment and J for this section is ( )4
1

4
232

dd −
π  which is 

46108.5 mm×  If you compute the value of T, tau we know which is 50MPa and rho is the 
maximum outer diameter corresponding to the maximum stress and if we substitute we get: 

50
108.550 6××

=T  is equal to 6108.5 ×  N-mm, which is the twisting moment. We have to find 

the diameter corresponding to this twisting moment from 
ρ
τ

=
J
T and from this if you write 

that
ρ
τJT = . Here the J is 4

32
dπ and rho is

2
d . So this gives us 3

16
dT τπ

= . So this is the value of T 

in terms of the stress. We need to compute is the value of diameter d from this expression.  
 
 
 
 
 
 
 
 
 
 
 
 



(Refer Slide Time: 53:10) 
 

 

Now
τπ

Td 163 =  is equal to
π×
××

50
108.516 6

. From this we compute d is equal to 84 mm. This is the 

diameter which we get for a solid shaft or a solid bar. Tubular bar has outer diameter of 100 mm 
and inner diameter of 80 mm as opposed to a solid section which is 84 mm diameter. Now if we 
like to compare the weight of these two elements, the ratio between the weight of hollow and the 
solid will be in the ratio of their radii, because if we take per unit length and if we take the same 
material then naturally the unit weight is the same so the ratio of the area will give their weight 
ratio.  
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So to find the ratio of their weights, this is equal to the area of the tube divided by the area of 



solid is equal to 
( )2

22

84
4

)80100(
4

π

π
−

is equal to 0.51. So you see that for resisting the same amount of 

stress under the same twisting moment we have the area of the hollow cross section which is 
50% of the solid area. So we are making savings in terms of the material and this is more 
effective when you are resisting the twisting moment or applying the twisting moment. 
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We have another example. A stepped shaft ABCD consisting of solid circular segments is 
subjected to three torques are shown and the value of G is provided. We will have to calculate 
the maximum shear stress in the shaft and calculate the angle of twist at D.  
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We have another example which is a solid circular bar ABC consisting of two segments as 
shown. What is the allowable torque in the entire shaft if the shear stress is not to exceed 32 MPa 
and the angle of twist between the ends of the bar not to exceed °1 ?  
Here two criteria are set that the stress cannot exceed 32 MPa and the total angle of twist cannot 
exceed °1 . Here you have two different diameters of the shaft but it is subjected to one twisting 
moment. You will have to find out what is the allowable torque that you can apply on this 
particular shaft if the stress and the rotation are limited? 
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Summary of this lesson: 



We discussed the concept of torsion in a bar of hollow circular cross section. In the previous 
lesson we discussed about a bar having a solid cross section. In this particular lesson we 
discussed the effect of torsion on a bar where the cross section is a tubular one and not a solid 
one. We discussed concept of stresses and deformation in a bar of circular cross section due to 
non-uniform torsion. We also looked at some examples to evaluate stresses strains and 
deformation in bars of circular cross section due to torsion. 
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Questions:  
1. Which section is effective in carrying torsion; whether a solid one or hollow circular one?  
2. What is the effect of torsion on bars of varying diameter?  
3. What is the value of minimum shearing strain for bars with solid and hollow circular 
sections?  
 
 
 
 
 


	In the last lesson which was the first part of torsion we have seen some aspects of the torsional moment which were applied on a bar and we considered the cross section of which is a circular one and is a solid circular cross section. We have seen the...
	After completing this lesson one will be able to understand the concept of twisting moment and its effect on bars of hollow circular cross section, understand the effect of non-uniform twisting moment and its effect on bars of circular cross section. ...
	Now, if there are some bars which may not be uniform there could be variation in the section or there could be uniform section but the torsions applied at different points are of different magnitudes. For that kind of a situation, we will look into th...
	We will be looking into the aspects of the previous lesson. This will be done through answering the questions which I have posed. Also we will be deriving the formulae for evaluating stress and deformation in bars of hollow circular cross section. We ...
	Now, we will see examples of bars with solid or circular cross sections and the effect of torsion on such bars. Even the cross section could be a hollow like a tubular member. If we have a bar which is consisting of several diameters and if it is subj...
	Let us look into the questions. The first question is:
	What is the type of stress a bar encounters when it is subjected to a twisting moment or torsion?
	Let us look into the aspect which we discussed last time. In this example, the bar has the circular cross section; it is a solid circular bar subjected to a twisting moment T, and this we had defined as a positive twisting moment because it is acting ...
	We already looked into a portion of the bar which is of length dx and this is the part of that whole bar. Because of the effect of this twisting moment acting on this bar if we take an element on the surface of this particular bar this undergoes momen...
	If we look into this particular element, this element undergoes a change in the angle. As we had seen earlier, we call this change in the angle as shearing strain γ, and as per Hooke’s law we get the stresses which get induced into the surface called ...
	This state of pure shear can be transformed in terms of Mohr circle to evaluate the maximum normal stress. If we plot this state of stress in the Mohr circle this is the sigma axis and this is the tau axis. And because this is a clockwise moment by th...
	For the other side, we have a positive value which is plotted over here. So this is the value of tau. Now this is the center and if we plot the circle then we get the value of the normal stress that will be acting and this is the value of the maximum ...
	The angle here is 90 degrees so the action of this principle stress will be at an angle of 45 degrees with respect to the shear and that will be the maximum normal stress which is equal to the value of tau.
	Let us look into the application of such a twisting situation when we move a screw driver. This is the application of a twisting moment. When we are rotating it basically we are applying the twisting moment which is allowing this to rotate and finally...
	The second question asked was: What is meant by the torsional stiffness?
	Let us look into the expression which we had derived last time for the torsional moment. This is the expression which we had derived  where: T is the twisting moment; J is polar moment of inertia; tau is the shearing stress; rho is the radius at any p...
	So the twisting moment required to produce unit rotation is termed as the torsional stiffness. If we equate these two quantities, we can relate T and theta as.
	Now, if we make theta as unit, then T is the torsional stiffness. So the torsional stiffness equals. This quantity is designated as the torsional stiffness. Now if we look into the units G is represented in terms of mega Pascal, J is the polar moment ...
	Now the third question was: What will be stresses and deformation due to torsion if the bar is a hollow circular section instead of a solid one? This is the aspect we are going to discuss today. So this question will be answered through discussions in...
	In the previous lesson, we have gone through the fact that if a bar of solid circular section is subjected to a twisting moment, then it is subjected to the shearing strain, which we have seen as . This is the expression which we had used for the soli...
	Now this is the center over here. Let us call this internal radius as r1 and the external radius as r2. Coming back to this expression again, the maximum strain that occurs is at the outer periphery, where if this is the outer periphery of the whole t...
	Since; again being independent of rho, tau varies linearly with rho. So the shearing stress varies linearly with the radius from the center. In case of hollow tube the same theory holds good. Only thing is that since we do not have any material at the...
	So the variation of the shear stress across thickness is in this form which is proportional to the radius rho. This is the distribution of the shear stress in case of tubular section. So the same theory as we had in case of circular shaft holds good e...
	Now, coming back to this expression we know that the shear stress. As we had seen, this is basically from the compatibility criteria. Last time we discussed the derivation of the formulae for the torsion, when the torsion is applied, the corresponding...
	Now, let us consider a small element in this. Let us consider a small element from the center which is at a distance of rho and making a small angle dalpha. So this is the small element having an area dA at a distance of rho and this distance is drho....
	. If we substitute for tau in the above expression; we get.
	Now if we take the moment and substitute this dA in terms of dalpha and drho, we get. Now the twisting moment acting in this section is T and that will be registered by the whole of cross section the so twisting moment. Here we have two variables, one...
	Now for T, we have,  is alpha which is varying from 0 to 2pi so that is equals to 2pi and then we have rho cube drho so this is rho power 4 by 4 and if we integrate from r1 to r2 that is 1 by 4 (r24 - r14). So this we can write:  . If we write r in te...
	Now if we remove the material from the central portion, the stress is the maximum on the outer periphery and at the same time when we are equating the forces, we are getting the equilibrium equation. If we take the element away from the center we get ...
	So this is the value of the J and based on this particular expression so this is the twisting moment T: and over the length if we integrate we get and this expression we had seen last time that, only difference is the expression for J is different now...
	Let us look into that J, value of J the polar moment of inertia in case of tubular section is. We can simplify a little and many a times we use this expression as. So this is square of  minus square of  and this gives us. Now, further  can be split an...
	Now is the average diameter d so is 2d. Now this particular term, we write in a little different form as. Now again as you can see from by writing this term in the form, we can write as 2d and  we can write as 2t. Simplifying this, we get. Simplifying...
	This comes out as. This gives us value of. In fact this is simplified form of this particular expression J, many times, if we can represent the diameter in terms of average diameter we can use this expression, for evaluating the polar moment of inerti...
	(Refer Slide Time: 29:51)
	Now sometimes for a thin tube, we approximate the polar moment of inertia using this expression. So this gives us the value of the J, the polar moment of inertia either in the form  or  where d is the average diameter; t is the thickness; or for a thi...
	Once you compute the polar moment of inertia, then, rest of the expression we have is. Now we can use this equation for evaluating the stresses. The terms remain as defined earlier, like tau is the shearing stress, rho is the radial distance. Here the...
	Having looked into the effect of torsion on a tubular section let us look into that if we have a section which is not uniform. So long we discussed the effect of torsion on a bar which is uniform, whether the shaft is solid or hollow the bar was unifo...
	Let us take a bar where the length is varying and we have the change in diameter. Let us call this diameter as, here this is where this is varying. Let us assume, this is acted on by various twisting moment at different points. Let us call this bar as...
	If I take a section here and draw the free body diagram between A and B, then we have the part AB, this is just before B, before the application of. So we have twisting moment acting on this and so far as the application is concerned this is positive ...
	If we consider a segment between B and C and if we cut off then the twisting moment that will be acting here is, here we have  as per our notation T1 is positive and T2 is negative. If we call the resulting twisting moment as T, T is. So for this resu...
	Now, if we take a section between C and D, if we cut off over here then we have,  and.and are acting in the same direction and  is in the opposite direction, so the resulting T equals . Since this is in the anticlockwise direction which is positive an...
	When we come to the evaluation of the rotation, as you can see we have three different segments over which we got to compute the equivalent of T, here we have, here we have  and at this point we have. So these are the resulting twisting moments. These...
	So what we do over the different segments A, B, C, and D. Let us call length AB as L1; length BC as L2; and length CD as L3. Now over length L1 we compute theta, as you know that  or we can write. Now for the first segment AB and J also will be corres...
	When I am calling this appropriate sign it means that if the twisting moment is in a positive direction it is causing a positive rotation. If the twisting moment is in the negative direction it is causing a negative rotation. So, if at different segme...
	If we look into the evaluation of stress and the deformation because of this non-uniform distribution either in the material diameter wise or change in the twisting values, so far as the stresses are concerned when you compute the stresses for differe...
	A solid aluminum bar of length 1.2m and 25 mm diameter, is twisted by torques T, acting at the ends. This means you have a solid aluminum bar which is subjected to a twisting moment and this is our positive twisting moment notation that means we are g...
	As we have defined the torsional stiffness is the twisting moment required to produce unit rotation and the value is. We have to compute this quantity so that we know the torsional stiffness.
	We know that and. Now as per our definition theta is unit, so the stiffness is. This equals to the value of G given as. Now the value of J is the polar moment of inertia and the diameter is 25 mm. Sois equal to. So this is the value of J. So GJ by L i...
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	The next step is to calculate that if the angle of twist of the bar is, if the angle of twist of the bar is limited tothen what is the maximum shear stress?
	Now when the same bar is rotated and if the angle of twist between the length is restricted to then what will be the maximum shear stress that will be generated on the surface of the bar. We know that. So the stress  and this also equals. If we equate...
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	So here the value of shear modulus is given, the radius rho is given which is, theta is limited toand length of the member is known. So we have computed the stress in terms of this limiting value and the maximum stress that will be generated on the su...
	Let us look into another example. In this example, we have a hollow aluminum tube. It is a tubular section, so we can make a comparison between solid section and a tubular section.
	A hollow aluminum tube used in a roof structure has an outside diameter of 100 mm, and inside diameter of 80 mm. The tube is 2.5m long and the shear modulus is given. If the tube is twisted in pure torsion by torques acting at the ends, then what is t...
	Secondly, what diameter is required for a solid shaft to resist the same torque with the same maximum stress so that we can make a comparison between the two? What is the ratio of the weight of the hollow tube to the solid tube?
	So let us look into this particular example so that we can make a comparison between the two.
	Now, the outside diameter dout is equal to 100 mm and din is equal to 80 mm; L the length of the member is 2.5m; G given as 28 GPa; tau is to be limited to 50 MPa and corresponding to that we will have to find out the rotation. So now that we know tha...
	What will be the diameter if we go for a solid section instead of a hollow one?
	Now for that part we need to compute the value of twisting moment. We know that  will give us the value of the twisting moment and J for this section is  which is  If you compute the value of T, tau we know which is 50MPa and rho is the maximum outer ...
	Now is equal to. From this we compute d is equal to 84 mm. This is the diameter which we get for a solid shaft or a solid bar. Tubular bar has outer diameter of 100 mm and inner diameter of 80 mm as opposed to a solid section which is 84 mm diameter. ...
	So to find the ratio of their weights, this is equal to the area of the tube divided by the area of solid is equal to is equal to 0.51. So you see that for resisting the same amount of stress under the same twisting moment we have the area of the holl...
	We have another example. A stepped shaft ABCD consisting of solid circular segments is subjected to three torques are shown and the value of G is provided. We will have to calculate the maximum shear stress in the shaft and calculate the angle of twis...
	We have another example which is a solid circular bar ABC consisting of two segments as shown. What is the allowable torque in the entire shaft if the shear stress is not to exceed 32 MPa and the angle of twist between the ends of the bar not to exceed?
	Here two criteria are set that the stress cannot exceed 32 MPa and the total angle of twist cannot exceed. Here you have two different diameters of the shaft but it is subjected to one twisting moment. You will have to find out what is the allowable t...
	Summary of this lesson:
	We discussed the concept of torsion in a bar of hollow circular cross section. In the previous lesson we discussed about a bar having a solid cross section. In this particular lesson we discussed the effect of torsion on a bar where the cross section ...
	Questions:
	1. Which section is effective in carrying torsion; whether a solid one or hollow circular one?
	2. What is the effect of torsion on bars of varying diameter?
	3. What is the value of minimum shearing strain for bars with solid and hollow circular sections?

