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Lecture 08
Quasi-1D Assumption
So we are considering the fluid flow equations for gas dynamic flows and previous classes we
looked at general integral and differential forms of these equations. Now let us become more
specific and look at particular assumption that is very often used to understand gas dynamic
flows and it is quite useful which is the Quasi-1D assumption.
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The Quasi-1D Assumption
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So what does this quasi-1D assumption imply? Let us take for example flows in ducts or in
long pipes. If you look at the distribution of the velocities they have if you just go away from
the entrance length which is over here which is where there is changes of the profile but after
the entrance length the velocity profile is more or less frozen into this particular shape this is

for a laminar profile.

While for a turbulent case the profile will be more sharp and then having a more rounded off
shape in the centre. So now there can we can come up with an equivalent sort of profile or
equivalent profile which has a constant velocity or the flow property is constant across the
entire cross section of the duct. So, in order to do that the principles that; we use are still the

same that all conservation should be followed.



So this is a the one dimensional profile having a constant velocity V. Now if you look at the
shapes for the laminar profile and the turbulent profile you see that turbulent profile more or
less approximates this constant property across the duct while for laminar profile the variation
is quite significant. So this is a simplification that can be used in order to understand how the
flow behaves in many different scenarios.
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Quasi-1D Assumption

*+ Flow is steady

Flow variables have uniform values across every cross section

A useful approximation particularly in fully developed

turbulent flows with gradual changes to forcing parameters -

Area, Friction, Heat addition.

+  Auseful tool to gain an understanding of gas dynamic
interactions.

+ Limitations in laminar flows, developing flows or in flows with
rapid changes.

* Anew set of conservation equations can be derived.

So there are many different things that can change in a compressible flow like you have changes
in the duct area or you could have certain heat being added to the flow or you could have that
there is a force of friction which is always present in these flows. So this quasi has a 1D
assumption where you say that flow variables are uniform across every cross section. So if you
consider a variable duct then across each cross section you are saying that that the flow

variables like velocity pressure and temperature are uniform.

But they can change along the duct so along if this | consider as x-direction, along x-direction
they can change but across this coordinate that is the transverse or y-direction or if it if you
consider this as an axisymmetric this can be # the so in along those coordinates the flow
variables are constant. This is a particular assumption which is the Quasi-1D assumption. And
its quite reasonably close to turbulent flows because their real actual velocity profiles have

similar nature.

And it is very useful tool in order to understand these different forcing due to area friction and

the heat addition. So as taking this assumption one can derive a separate set of conservation



equations. And bear in mind that these Quasi-1d assumption is applicable when there are only
gradual changes to area friction and so on.
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Conservation of mass
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* Recalling the integral form of mass conservation equation:
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If sudden changes in area happen then it is not possible to use this approach to come with
reasonable estimates. So let us take the integral form of the mass conservation equation we are
considering only steady flows because of that this term is 0 and that is due to the unsteady term

and we have only the flux term across the control surface at this pV A and that is fcs pl7 -NdA .

And now the velocity is considered to be uniform across the cross section.

So if | consider a cross section here a and then the velocity profile is uniform at V. So then this
is nothing but this integration directly gives us so is density not just velocity, density-
temperature- pressure they are considered to be uniform across the cross section. So this will
be pV A that is the area of that duct or that particular cross section. So then if we consider 2
such cross sections then this statement of mass conservation implies p,V;A; = p,V,A, or

pV A is constant.

Orp V1A, = p,V,A,.Now V is justavariable it is just one value that is it is a uniform velocity
here so given pV A is constant, it can be written in the differential form also %p + d—; + %A =0
this comes by just differentiating d(pVA) = 0 equal to zero. So if you differentiate this you
will get this form of the equation. So in the integral form it is pVA is constant. And in

differential form ap + v + 4 _ 0.
p v A
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+ Writing the integral form of momentum conservation equation: —'/;
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+ Considering 1D flow and neglecting shear and body forces. ]

(Pzszzz -pAVE) = (P - P)A
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* For A; = A, = A, this equation reduces to
P + pV% = constant

Now when we consider conservation of momentum there are two kinds one you can consider
in a 1D duct that is the area cross-sectional area of the duct does not change so it remains
constant so it is A everywhere. So, the other one is that you can consider a variable area duct
which has a gradual change in area. The slight differences in the analysis though the principle

is the same.

Again if you write the integral form of the momentum conservation and consider steady flows
then the unsteady term is 0. Then you are left with the fluxes and the control surfaces. And
your generally the shear forces are neglected so this term is neglected and so is the body force
term. Body force term is also neglected and mainly because the forcing is due to pressure and

so since the velocity and density have uniform profiles this integration turns out to be pV?2 .

So, pV2 and you have two sections so one and two. So this will be p,V.Z - p,V;? so which is the
term that comes right here and then coming to the pressure forces. The pressure forces have
negative signs. So this is actually minus (P,- P,)A, where A is remaining constant so this is

considered over here.

Now this if you do the rearrangement you come to the fact also using the fact that A; = A,,
you can write P + pVZ = constant. Now this is valid for only one-dimensional ducts this
integral form P + pV# = constant for one dimensional duct.
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Momentum conservation in
Quasi-1D duct

But when you come to ducts which are quasi-1d that means there is a gradual change in area
then when you consider this momentum equation it has to be considered carefully by
considering the area change also. Because now when you consider the pressure forces in the
1D case since pressure is uniform the integral of pressure over the lateral surface, lateral surface

will turn out to be 0 because the of the cancellation of forces.

And only the pressure force at along the x direction will be affecting. But in variable area ducts
which have gradual changes in area then you see that there is a component of the pressure force
that varying pressure force along the wall or along the lateral surface that will appear along the
x direction it is we can get that particular force also. So this has to be considered a little bit

more carefully.

So here we have in this case a very gradually varying area with a certain divergence say 6 and
the forces the variables are P, p,V, A on the left hand side. And on the right hand side there is
a small change inthem P + dP, p + dp, A + dA and so on. This force is due to gravity body
force that is Fs.
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Momentum conservation in
Quasi-1D duct

+ A careful analysis has to be carried out when considering a Quasi
1D system
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LHS = m(V +dV - V) = pAVdV
RHS = Fp + Fpp + Fp 5+ Fyiscous  Fhody force
* L: left surface, R: Right surface, LS: Lateral Surface 0\? A’
Fpg,=PA
FPP= —(P +dP)(A+dA) = —PA - PdA — AdP

Fp 15 = (mean Press)(wall area) sin

Fig= (P 4 dz—P> (dA)

So now let us consider this so this has to be considered now. Now the integration can be

performed because you are considering uniform variable. So you have on the left hand side this
nothing but f(pV)V - i dA so this is pV24 which can also be written as mV that where m is

constant. So that is how this term comes about m(V + dV-V) that is the left hand side which

is pAV dv.

So now coming to the the right hand side of the equation these are the different force terms that
is the forces due to; now all of them we are considering only along the x direction so that has
to be borne in mind. So let us the force on the left surface the right surface the lateral surface,
viscous force and the body force. Now pressure force on the pressure force on the left surface.

So this is pressure force on the left surface which is PA.

So this has to be L and while on the pressure force on the right surface is (P + dP)(A + dA)
so this can be expanded and you are considering dP dA is very small that can be neglected it
can be neglected. So if you consider that condition then you can write this equation as —PA —
P dA — AdP. Now you have to consider the pressure on the the force on the lateral surface

due to variation of pressure.

Now and the component that appears along the x direction so this is the force and the
component appearing so this is theta actually so that component appearing along the x direction
is has this sine theta component. Now so the mean pressure so the force on the lateral surface

area is the mean pressure multiplied by wall area multiplied by the sine of that component.



And if you do that the mean pressure is # and if you do that the sine component actually

turns out to be dA that is the change in area. So you get PzidA its mean pressure multiplied

by 1.
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Momentum conservation in i X: @(4
Quasi-1D duct $°
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* Using, f =

F body force = (mean density) (volume)g cos ¢
=(p+dp/2)(A+dA/2)gdL cos d

Fhody force = —PAgdz

Now the viscous force is the shear stress along the wall multiplied by the perimeter area which
is you can look at these and if this is dL this is dL cos 6 its along the x direction. So it is along
the x direction and you can use the definition of the frictional factor that is or the coefficient of

friction. So there are two kinds which can be used the way it is defined over here this is the

ATy

friction factor which is fis sz while this term ITV;Z is the coefficient of friction.
2P 2P

So and thus the viscous term if this can be considered a mean friction factor then the viscous
2
term is given by fp V;% and the body force is nothing but mean density multiplied by the

volume and multiplied by the gravity constant (pvg) .
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Momentum conservation in
Quasi-1D duct

* So finally

(odyav 2

Ve Adx
= PA~PA~PdA~ AdP + PdA - fp——-= = pAgdLz
e

* Dividing this equation by pA and after some cancellation
P vy oy gz=0
3 3 T

Euler’s Equations : neglecting body and viscous forces

dp
—+VdV =0
p

And the component that has to be considered along x-direction is the cos ¢ term. So once that

is done then you will get gdL cos ¢ which is here, this is the component along the x direction
and dL cos ¢ is actually dz. So you get pAgdz. Now you can finally sum everything up so
once you sum up everything then you are left with this equation. So and you can divide
throughout by pA V.

So once you divide everything by pA that is this term then you get %P + VdV + f§?+

gdz = 0. So if you neglect body and viscous forces then what we get is %P + VdV = 0 thisis

the Euler's equation. So now we see that for a Quasi-1D duct the final equation is of this form.
And when you are considering Quasi-1D deducts you have to be really careful with the analysis
and should consider the lateral forces also.
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Conservation of Energy

Recalling the integral form of energy conservation
equation:
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Note: u correspond to internal energy per unit mass. Student may not confuse with
velocity.

Now having considered mass and momentum now we come to the energy equation. Now when

we look at this energy equation again we are considering steady flows. So for steady flow
energy equation you have h + V; + gz, h is the enthalpy and on the right hand side you have

net heat added to the system and work done by the system.
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Note: u correspond to internal energy per unit mass. Student may not confuse with
velocity.

2
So now you can this is the total energy total energy is h; + %4— dz that is now since all

5 2

parameters are constant you get [pVA (h + % + gz)] this will be the integral across two
1

surfaces so going from one to two. So this is the integral so this is nothing but mass flow rate

m and this is the total energy h + V; + gz.
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Conservation of Energy

mi(ery ~ 1) = Q =W
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That is what is written over here m(e;,- e;,), total energy is equal to Q — W. So now this has

been expanded and you can write this in terms of enthalpy. So this is the final equation that

you get after integrating h, + %12 +dz;+q=h, + VTZZ + dz, + W . This can be differentiated

also and this is the rate at which the heat is added ¢ is rate at which work is done w and dh +
VZ

d(2)+ gdz.
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Summary of Quasi-1D

Relations
* Mass: pud = constant, BB

p 4 . A
* Momentum: 1D - P + pV% = constant

2
* Momentum: Quasi-1D : L vav + fV—E +gdz=0
p 206 o

* Euler's equation: %+ Vav =20

* Energy equation: Quasi-1D duct:
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So if you look at all the quasi-1D relations you have in the integral form the mass flow rate,

total mass flow rate through the system remains constant that is pu A = constant. If you

differentiate it you get %p + d7V + dTA = 0. Now if you consider the momentum in a 1D duct then



itis P + pV?2 = constant. While in a quasi-1D duct that is the area is changing very gradually

the relevant equation is %P + VVdV + friction term + body force term.

And if these are negligible %P + VdV = 0 for a quasi-1D duct the energy conservation is the

total change of energy is related to heat added and work done and it can be written even in the
differential form. So now having considered this Quasi-1D relations is a very useful assumption
to make that the flow variables are constant across every cross section and then we can see how

if there is a variation of area.

Or if there is a heat addition or if there is friction how it affects the various flow parameters
and that is what we would be doing in further classes immediately. In the next class we will
apply the 1D relation to look at how to see the speed of sound? How we can estimate the speed
of sound it will be a sort of application of these material that we have just covered at the same

time we will also get to know how we can estimate speed of sound.



