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Lecture 22
Waves of Infinitesimal Amplitude
So this module we are looking into details of unsteady flow in one dimension
and we are taking the shock tube problem. And we had discussed in the
previous class the various flow features that are encountered in a shock tube. It
starts with the initial condition that there are two sides to a shock tube. It is
essentially a tube you have the high pressure side which is called the driver side

and you have the low pressure side the driven side.

And at t = 0 the interface between do these two sides is suddenly ruptured or
taken away you have very high pressure being interfaced to very low pressure
gas, high pressure and low pressure. This high pressure differential essentially
creates a shock and shock moves into the driven section. You have other waves
and flow features also in the shock tube in expansion fans move towards the
driver section and the region in between which is a interface between the driver
gas and the driven gas shock process driven gas is the contact surface of contact

discontinuity.

The shock as it goes through the driven section compresses the gas as well as
carries gas along with it, it produces mass motion. So our idea here is to look at
this complete problem and solve various regions and then put them together to
look at the shock tube as a whole. So the first part of this is the moving shock
that is already covered. So now let us start moving into the left hand side of the

shock tube that we have been looking at which is the waves.
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The equations of motion

* General equations of motion for an inviscid adiabatic flow.

d . DV

Loy (p)=0; p—=-TP —=0
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* Let Ap and Au are changes in the density and velocity. Both Ap and Au
are called perturbations; in general they are not necessarily small. The
undisturbed density and velocity are p,, and u,, = 0, respectively,

P=potip
U=Up+Au=0+Au=AMu

* The continuity equation can be written for one-dimensional flow
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So, the expansion waves, so expansion waves before we go there we start with
simple waves, waves of very, very small amplitude waves of infinitesimal small
amplitude very small amplitude and look at the analyses of those waves. They
are representative of sound waves and you can soon we will show their
equations are contained within the system of flow equations that we are

discussing.

So, there is a general equation of motion for an invisible adiabatic flow. So this

is an invisible flow. So viscous effects are not considered it is a compressible

flow. So we have the compressible equation, so %‘f + V. (pf) =0. This is

—

continuity and p% == VP .This is momentum and this movement of these

waves are isentropic.

Ds —

Dy = 0. So consider a quiescent medium

So, s is so entropy does not change,
where there 1s no initially there is no velocity and some small disturbance small

changes in density or velocity or pressure is introduced. So Vp and Vu small

very small changes in density and velocity are introduced. So they are small



perturbations and so the undisturbed or the quiescent flow medium has p, and

u, , P, and T, as properties.

And if you take a quiescent medium, u, = 0. So, now what we are trying to do
is to see how this these small changes propagate in the medium and we consider
only the one dimension. So we are only considering one dimensional case here.

So let us write the equations for these small perturbations. So p , the change in
p is p actuallyis p, + Vp,u= u, + Vu which is since u., is 0 is basically Vu,

u= Tu.

Now the guiding principles here is that we consider changes to be or the terms
in the equations to be significant if you have significant terms multiplications

like % ,these terms are significant. But if you have multiplications of small

quantities Vu , Vp these are both are small quantities, two small quantities

multiplying each other they become very, very small so they are taken to be 0.

So this is the guiding principle and once you apply these principles to the

equations then we can see how they get transformed through the evolution
equation for Vp or Vu that is the small perturbations. We take the continuity

: d opu) _ 9 d d
equation, 5‘? t = 5‘? + pa—l; + uég

Sonow p = p, +Vpandu= Vu. So, we get these terms. Now this is directly

by substituting these values into the equation and now we can use these

principles. So you see that there is a Vp here this term is significant p, is the
3

quiescent medium density this does not I mean this is a constant. So, p;” =0.

0



So you can use those principles here. So now if you look at this a multiplication

of Vp a(alxu) 1s going to be extremely small so that is not significant. And p,

o(Vu)
ox

(Refer Slide Time: 08:01)

, partial derivative is significant.

The equations of motion

+ Because py, is constant ﬂ
Bilp 6Au dhu dAp
Tt HPegy Hle gy thugy =0
+ One-dimensional momentum equation
du du  oP
P T

+ From the thermodynamic, P = P(p, s), or,

dp = (‘;—E)s dp+ (g)p ds

+ The wave motion is isentropic

P = (ap) d
dp . P

So using these guiding principles we can write down this equation in terms of

A 4, A0 +Vp A 4 vy a(ixp) =0 . And you have the other term,

ot

(V) o(Vp)
Vp S, Vugn
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this term is also extremely small. Now so this yields

basically = 0 This is what this equation yields.

_ 0oP

Now if you take the one dimensional momentum equation p ‘+p ua miliew

. Now this being an isentropic flow; so pressure can be related to density by the

term. So P is a function of rho in general you can write P as a function of rho

ands, P=P(p, s). If so
oP
dp = ( ) dp + 5)pds .
So here ds = 0 so its isentropic flow and this term dou P by (%—I;) at constant
N

entropy, this is nothing but speed of sound a?. So this term can be brought

inside the equations and thereby %—I; can be converted to a” %E .
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The equations of motion

+ Considering changes of P and p in the x direction

aP aP\ 0 P
—= (—) —D, As we know that, (—) =q?
ax ap 0 dx ap -
P ,dp
— =g L
0x dx
+ Substituting the value of % in the momentum equation
du s du ,0p
—tpu—=—-a¢—
PP T T o

+ using the perturbations in density and velocity, the above equation
can be written as

dAu dAu 0(pe +4p)
Nt e L ST e

(peo 4 89) 7+ (P + Bp)— = —a* ——
dAu dAu dAu ,08p

+A + Aaau-I-AA =
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So that i1s what is done here. So it is been converted to the changes in density

and now if &* in general can be a variable. So but for the quiescent medium

there is a speed of sound which is a,, corresponding to the temperature 7, you

know a.is 4/y R T.. Now if there are small changes to pressure, temperature,

density correspondingly ,we would expect small changes to a.,. And therefore

we need to consider them into the equations also.

So now you can write considering so now p = p, + Vp, ,u= Vuand you can

substitute them. Again follow the same guiding principles that such Vp,

these terms are very small.
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The equations of motion

* Now let us consider the wave to be very weak, i.e., consider m
* Ap and Au as very small perturbations. In this case,

* the wave becomes, by definition, a sound wave. Ap € p,, and du K a
* From thermodynamic, @ = a(p, s). Since, s = constant. So, a = a(p)

« Expanding a® in a Taylor series

a2=a§0+(%)(p-pm)+--- > aé+(%)mﬂp+---

+ Substituting the value of a%in momentum equation

dAu A dAu A diu o
Poge TPy Peli TN
s da’ 5 dhp
St f= ) P dx

So there are two significant terms over there. Now this is very weak waves,
infinitesimally small amplitude, very, very small perturbations. Now a that is a
is again that speed of sound is a thermodynamic quantity. It can also be written
as a function of density and entropy,

a =a(p, s). Now entropy is constant. So it becomes a function of density and it
can be expanded by a Taylor series kind of an expansion. a square is a infinity

square plus dou a square by dou rho rho minus rho infinity.
2 a*
a=a’+ % (p - p)t ..

So is basically the Vp and higher order terms which are very small. Now this
term here can be substituted for ¢* in the momentum equation. But again we
find once you carry on the multiplication you have small quantity Vp a_avxg . So
they are again very small. So finally the most significant terms of the
momentum equation is (- a.’ a—gf
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The equations of motion

* Ignore the second-order terms as being inconsequentially small. The
resulting equations are
6Ap+ dAu 0 and dAu , 08p
o —=0; an — =G
ot " Py P = "y

+ These equations are called the acoustic equations

* Differentiate the first equation w.r.t. t and second equation w.rt. x, that
will result

a*p  0*hu i 0*bu -, 9%p
F I T R 1
» Comparing these equations
2 2
Pto_ Pt
ar - ox

So you have two equations the first one comes from continuity and second one
comes from momentum and these equations are now the equations for evolution
of an extremely small perturbation in quiescent medium and that is typical of a
sound wave. And can we get the equations of sound wave from here ? You can

do that. You can just so if you take a partial derivative with respect to time here.

For this equation and take partial derivative with respect to x here. so you get,

IAp _ - PAu
62‘2 © Ox Ot

Au _ 2 *Ap _ : .
and p, 55 = — @ 53 = . And comparing these two equations you get,

which is what is written here is nothing but a wave equation.

Wave equation where the speed of the wave is a..> which is the speed of sound
waves in that particular medium.
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The equations of motion

0

* It may be noted that this equation is the one-dimensional form of the clagsic
wave equation. Its solution is of the form

Ap = F(x — agt) + G(x + agmt)
M= (6 — at) +g(x + agt)

F, G, f and g are arbitrary functions of their argument.

So the solutions to these equations in general are of the form,

Ap= F(x-a,t)+ G(x+a.,t) ,thatis Ap that small change in density. You
can get the same equation, the same wave equation for the change in velocity
Au and these are given ,

Au= f(x-a,t)+ g(x+a,t)

This is the solution to the wave equation. So where (x —a. ) and (x+a.t) ,
they represent the directions of propagation of an initial disturbance so that is

given over here you can see.

So this is the initial propagation. So they move in this direction. So you can
write down these solutions. This is normal, [ mean this is the wave equation

that is linear and solved in classes.
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Some Relations

* The relation between Au and Ap for a sound wave is obtained as
follow

* Lettingg = 0, in the general solution of the Au
Au = f(x — agt)

+ Differentiate this equation w.r.t x and t to get

dAu —f dAu B f
o e

+ combining these two equations, we obtain

dhu 1 0Au

0 a, dt

So now let us see how the various quantities that is density and velocity they are
related to each other as well as changes in pressure. So, when you look at them,

so if you say Au consider for a general case let g be equal to 0. that is the small

4

function, function with , g =0 then Au = f(x - a., t) ,then %‘ = f’ , [ 1s
the differential of .
While,

I

oVu
o T af
So from comparing these two we get,

Vu — =1 _Vu
Ox o ot
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Some Relations

A aA
* Using the continuity equation: a—tp + pwa—xu =1

dAp  pe 0Au

a pw poo
o _— == e =
T (Ap 0 Au) 0=4p P Au = constant

(4]

* The constant is easily evaluated by applying this equation for in the
undisturbed gas, where Ap = Au = (0. Hence, the constant is zero

o
Au=—Ap
Poo

So now this can be combined along with the continuity equation. So continuity
equation is,

aVp oVu _
o TP =0

So, from the previous equation you can write this as,

Vo — _ yodVu
ot Vp

This can be taken together, Vp, p, and a. are constants. For this problem,

2(Vp- = Vuy=0

a

So this implies that,

Vp- % Vu = constant
[5%

Now this constant can be evaluated by taking the equation for the undisturbed
gas and there when you started off with Vp and Vu both were zeros hence at
initial this is O therefore it is constant. So this constant is 0 and so it relates,

Vu = o Vp .

So this i1s the equation. So you can evaluate how much change in velocity is

produced by a small change in density.
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Some Relations

* Using E = (ﬂ—P) = a2
'Ap ﬂp ; 00

Au=

AP

Pooles

+ These equation are obtained by assuming g = 0. If we assume f = 0,
similar expression can be obtained. Thus, the general form would be

[/ AP
Mu=+—Ap; Mu=+%
pm 0000
* In acoustic terminology, that part of a sound wave where Ap > 0 is i
called a compression and that part where Ap < 0 is called a rarefactiofZha/B g
Now because this i1s motion of sound ,
v _ 2
Vp oo

Small pressure perturbations. You can use that and relate change in velocity to
change in pressure. So in general so we started off with the general equation
Au= f(x-a,t)+ g(x+a,t)
and we set g =0. We can also set f = 0 and get other forms of this equation. So

in general you will get,

Peo a, P,

So these are very, very small changes what we are talking about in this. So this
is infinitesimally small and they these are corresponding to sound waves which
is very small. And when pressure increases, density increases in the sound wave
that is compression. So that is a compression part of the sound wave and when

the pressure decreases then that is called the rarefaction part of the sound wave.

So, this some of these things known to you but now we have seen that these
waves are also part of the fluid dynamic equations that we have for the general

fluid flows. And we saw how waves fit in there and these waves are extremely



small in amplitude. Now we move on in the next class we will move to finite
amplitude waves where waves now have significant strength in there pressure

changes or density changes or velocity changes.

Now in this, what you noticed was that you get finally the wave equations. So

*Ap 2 2°Ap
> T s 2
ot Ox

This is a wave equation with a,, speed of sound that is a constant. So this is the
case of infinitesimal waves. When we go to finite waves we see that this speed
of sound at that is not a constant anymore it can change from point to point time

to time.

So that is going to be the additional complexity that comes into picture in this if
there was an initial waveform it just propagates along these lines. These are
lines of propagation they are also known as characteristics. And this
methodology that is the way they propagate along certain lines known as
characteristics will be very useful when we look at finite amplitude waves. Here
(x—a.t)and (x+a,t) represent two sets of characteristics along which the

solution propagates.

Since a, is constant here these characteristics are straight lines but when we go
to finite waves we will see that that need not always be true. So in the next class

we will go to finite amplitude waves.



