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Lecture 19

Normal Shock - IV
So, in this particular lecture we will look at moving shocks. This is a slight difference from
stationary shocks which was what we were analysing in depth till now. We derived the
expressions for the pressure ratios, temperature ratios of the shock also looked at the Hugoniot
which is an expression which relates the thermodynamic variables across the shock and how
the normal shock equations are applied for the case of flow measurement in a Pitot in
supersonic flow.
In a supersonic flow shock always stands ahead of the Pitot. So, one measures the stagnation
pressure after the shock and not the stagnation pressure of the free stream. This is an important
concept one has to remember. So that was about stationary shock analysis.
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Now let us look there are several cases where one can find shocks moving examples are in the
shock tube and which is a device used for many applications. And the other one is during
explosive events which generates a blast wave. A blast wave is a shock wave that moves in all
directions. So you can look at these schematics what we normally considered till now is that of

a stationary shock that is fixed shock.



So in a fixed shock what is happening is you are already having a supersonic free stream. In
supersonic is flow is happening and the shock wave stands at a particular location it is fixed
and the flow gets processed by the shock wave and you get lower velocities, higher pressure,
temperature and densities across the shock. And in contrast if one looks at the case of a moving
shock. Here the shock moves with the velocity W and very clearly this shock can move only at
supersonic speeds. So, the velocity of shock wave that is W will be greater than the acoustic
speed in that medium which is in this it is moving into region one. Region one is the quiescent
medium here, it is stationary. So, it is stagnant, so it is moving into the stagnant medium. So

the acoustic speed there is a; and W is greater than a; so this must be very clear to all of you.

Now as this wave moves into the medium it also induces a mass motion. So there will be a
movement of gas behind the shock wave though that is very different from any normal wave
motion that one describes where we say that particles behind or as a wave passes once it has
passed the particle will still remain at the same position. But in a shock wave it grabs the flow
the fluid and there is a mass motion induced by the moving shock and you get a speed u>

sometimes it is also referred to as up i.e u(piston), up.

This up terminology is coming from the piston analogy that we had discussed very early classes
of normal shocks. So other representations are u.. So how do we analyse this moving shock?
So, this follows from the principle which is very often used in flows that if you have a body
moving in a flow with a velocity V. So, if this is moving with velocity V in a fluid, an equivalent
problem is it this is same as saying that the body is stationary.

And fluid on the other hand is moving with velocity V in the opposite direction. So, it is the
same problem, it is a transformation. So, you are doing the transformation by in applying the
velocity V in the opposite direction of the motion of the body. So, same way the moving normal
shock can be analysed by taking the same velocity W and imposing it on the opposite direction.
So, once you impose it in the opposite direction then the moving normal shock gets converted
into a stationary normal shock with respect to this stream of gas.

So this is the moving normal shock is in the laboratory fixed frame of reference while stationary
normal shock is in moving frame of reference. So, there we have induced the motion or we
have applied a motion in the opposite direction. So we have applied a transformation that means
whatever was up over here now gets converted to (W - up) .
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Consider the stationary normal shock wave. We
know across a stationary normal shock,
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1y, velocity of the gas ahead of the shock wave,

relative to the wave

Uy, velocity of gas behind the shock wave, relative
to the wave

So now how do we apply the equations of shock? So now we have applied the transformation.
Now it is a stationary normal shock, so one can apply the equations of conservation. It is a

steady shock wave now. So you can apply the same equations of conservation p;u; = p,u,,

2

P, + pyu? = P, + pyu} and h1+“7%=h2+%.
So you can apply the same equations, u; is the relative velocity that is upstream of the shock
wave and u is the relative velocity downstream of the shock wave relative to the shock. So
that is you change the frame of reference to the shock.

(Refer Slide Time: 07:46)
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These conservation equations always hold for gas
velocities relative to the shock wave, no matter
whether the shock is moving or stationary.

oW = po(W — )
P+ p W2 =Pyt py(W —up)Z

2
w? W -u,)
hl +7 = h2 + 2 E
W, velocity of the gas ahead of the shock wave,

relative to the wave

w- u,, velocity of gas behind the shock wave,
relative to the wave .

So, now we know upstream of the shock uz is equal to W and downstream of the shock the
relative velocity with respect to the shock is (W — up). So we can write these equations in terms
of W and (W —up),



p1W = p,(W —u,) ismass conservation,
2. .
P, + psW?2 =P, + p,(W —u,)" is momentum conservation and

2 w-— 2 - .
hy + WT =h, + (Tup) IS energy conservation.
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Let us rearrange these equations into a more convenient form {\
W-u, =W i
P2

Substitute the value of W — w,, in momentum equation:

2
P1+p1W2=P2+p2W2(%)
2

PZ—P,=p,w2(1—ﬁ)
P2

.. BB
pi(1=pi/p2)

w2 =ﬂ<f’_2)
P2 = P1\P1
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Tp-pi\e:

Similarly,

So these equations are the same for a stationary shock wave. We can go ahead and do an
analysis very similar to what we had done for the Hugoniot equation because you can then take
out the information of velocity and look at what is happening to the thermodynamic quantities

across the shock. The development is very similar. So we will just brush through this. So this

is the mass conservation where you can express (W - up) in terms of W and 2.

P2

From here and useful expression is up. This up now is in fixed frame of reference or laboratory

P1

frame of reference is nothing but u, = w (1 ~
2

) . S0, this is a useful expression we will come

to this soon. And the combination of the mass conservation into momentum conservation and

applying similar principles that we express W square in terms of pressures and %ratio of

1

difference of pressure and density and % giving (W —u,)’.
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Substitute the values of W and W — w, in energy equation, and recalling the m
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+ This equation is the Hugoniot equation and is identically the
same form as for a stationary shock.

+ The Hugoniot equation relates changes of thermodynamic
variables across a normal shock wave, and these are physically h
independent of whether the shock is moving.

N\ ‘ F
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And then putting this into energy equation and coming up with the final expression for

Hugoniot. So this is the Hugoniot expression for moving shock written relative to the shock
wave and it is the same as the stationary shock. So the shock properties do not change that is
the thermodynamic variables pressure ratio, temperature ratio, density ratio do not change

across a moving shock when we analyse the shock relative to the shock wave itself.

So this is very important whenever you look at problems on moving shocks always remember
that the analysis proceeds that you first change the coordinates to come on sitting on the moving
shock. Then the equations are written so that it is relative to the moving shock and that
transforms this into a stationary shock analysis. And you can proceed to get all the variables
according to the stationary shock. So this is a very important principle.
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Recalling, For the perfect gas

RT R
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The Hugoniot equation becomes

yt1, b
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Similarly,




So now let us see how we can express all the different quantities. We are particularly interested

in what is this gas motion how much of this movement can be produced because of a shock

moving? And to do that we use expressions from the Hugoniot where all the ratios % and
1

P2 can be expressed only in terms of % where % is nothing but the strength of the shock.

P1 1 1
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+ Define the moving shock Mach number as, M; = aﬂ
1

* Incorporating this definition along with the calorically perfect

gas relations

P, 2y
—=1+—(M2-1
P, +y+l( =1

* Solving this equation for M

Y+1/(P,
My= |—|=~-
g 2y (Pl 1)+1

* It relates the wave velocity of the moving shock wave to the
pressure ratio across the wave and the speed of sound of the
gas into which the wave is propagating. {

So now if you do that and you express the Mach number of the shock is always so Mg =

az always which is a; is the medium into which the shock is moving. So M;s is the Mach
1

number of the shock that number of shock is My = aﬂ .This is always greater than 1. Andi—2
1 1

now is given by this expression which is the same for the stationary shock also but now this is

for a moving shock. And from here one can express Ms in terms of the ratio ﬁ—z.
1

y+1(P2 )
My= |[—(Z-1)+1
S jZY Pt

So pressure ratio of the shock and the Mach number of the shock wave they are related to each

other.
(Refer Slide Time: 13:00)
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* Recalling, up = w (1 —%) ,and W = M; a, so
2

% 1/2
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+ For a given pressure ratio P—z and speed of sound a; the
1

) T, )
corresponding values ofs—z,r—z, W and u, are obtained
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So then we come to how we can express the speed of the gas moving behind the shock. So to

do that we use the expression from the continuity equation which was represented there and u,

is,u, =W (1 — &) and W is W = M, a, and you can express this = in terms of P Then

p
P2 P2 Py

you come to this particular equation for u, which is expressed in terms of a; which is the speed

of sound in the medium into which the shock is going and %and Y.
1

2y 1/2
al(Pz ) y+1
U, =—\——-1)| ———
P Y Pl &_i_u
P, y+1

So this is what is obtained. So you can use this expression so i—z is expressed in terms of shock
1

Mach number.
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* Mach number of the induced motion (relative to the laboratory)
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Now the Mach number for the induced motion will be with respect to the medium behind the
shock wave that is when the shock is moving here into this medium. Now this is a: as the shock
moves into it there it produces a motion up and across the shock temperature will increase. So

T> will be greater than T1 as a consequence a; will be greater than a;. So what is M, that is or

M2 behind the shock is actually M, = Z—p
2
So Z—” that is this is with respect to fixed frame of reference that is with respect to the laboratory.

2

it Yo B = i M _Bpa _ W [T
And it is expressed as = and a = ,/yRT. so this turns out to be . \/7

a; a; 2 a a ar\ Tz

So if you substitute that you get this expression solely in terms of the strength of the %.
1
2y 1/2 y+1P, T2
il S 1+L-—==2
Up 1<P2 1) y+1 y—-1p
P, y—-1 +1P, | (P\°
=+ Y-, (52
P, Ty+1 y—1P1+(P1)

This is the motion of the gas.
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Consider an infinitely strong shock, where P—Z -0
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can be a high-velocity flow, even supersonic

So now let us take the limit as we had done previously for very large shock waves. So, let us
consider a very strong shock wave, is infinitely strong shock wave then % — oo that we had
1
seen that as Mach number goes to infinity % — oo, But we also saw that My that is Mach
1

number downstream of the shock goes to finite values as M1 — oo .That means the gas motion

behind the shock will also reach finite value.



So, let us see what is that number if you put the appropriate limit in this expression % — 00,
1

Then you get . im (u—”) = /y(yz_l), so this is the expression. And now if you substitute y is

e e,

1.4 you get up is 1.89. So that means for a very, very strong shock wave the Mach number of
the gas flow behind the shock wave is nearly 2. 1.89 its supersonic . Its very high speed.

And so it is not a very small velocity. It is very high velocity flow behind a strong shock and it
can carry huge amount of momentum along with it and that is what affects bodies once shock
waves besides the jJump across the shock wave.

(Refer Slide Time: 17:42)
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+ We have shown that the total enthalpy (hence, for a
calorically perfect gas, the total temperature) is constant
across the stationary wave, i.e., hy; = h. In contrast, for the Up "
moving shock wave the total enthalpy is not constant across "‘;]J + \_)_p: 7
the shock wave, i.e. h_02 # hy; 2

In front of the moving wave the gas is motionless, and hence v

hoy = hy. However, behind the wave, hy, = h, + u3/2; since ho 7 t\° |

hy > hy and because u,, is finite, obviously hg > hy.

+ The total pressure behind the moving shock wave, Py, is not
given in normal shock equation, which holds only for a
stationary shock.

* Rather, Py, for a moving shock must be calculated from the
known properties of the induced mass motion.

-~

e X
\ — Nl

Now whatever we have discussed till now it was on pressure ratios, temperature ratios across

the shock wave of a moving shock and to analyse this, the simple technique was to jump on to
the shock wave, a moving shock wave and write the equations relative to the shock wave. And
that renders the shock stationary and you get all the relations for various quantities but what
about the stagnation properties.

So, we know from our understanding of the stationary shocks that it is it is a case of constant
stagnation enthalpy because it is an adiabatic flow. But what about moving shock waves. Now
we have done a change of reference but the stagnation temperatures and stagnation pressures
they are all to be calculated in reference to the fixed frame that is the laboratory frame. So if
you do that first thing that you notice is that hy that is the enthalpy behind the moving shock is
greater than hy is what you would get. This is from the shock analysis itself.



Not only this you also find that up is induced there is a gas motion induced after the shock
passes through the medium. Now the shock is moving to quiscent medium that means before
the shock moves the velocity is 0. But once the shock passes over a particular point , gas is
moving over that point. At that point with the velocity up, so the total enthalpy now is

hoz = hy +ug /2.

This is definitely greater than what you had started with initially. So you find that ho2. So hs is
what you started initially because there was no gas motion. You find that hoz is greater than hoz.
So, this is very important so the stagnation properties for a flow behind the moving shock wave
should not be calculated using normal shock relations for a stationary gas, stationary shock
wave. But they have to be calculated separately once you have calculated the motion of the gas

behind the shock wave.

Now is there any contradiction ? We should ask this question if there is any contradiction or
not.
(Refer Slide Time: 20:54)
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* Moving shock is a special example of a general result: "In an 3
unsteady adiabatic inviscid flow, the total enthalpy is not

constant" .b? 20 k‘-(o'“
Dho = =

i) A
* Clearly, if the flow is unsteady, = # 0, and hence hy is not
constant.

It is not a contradiction because we are actually looking at a case of unsteady flow. If you look
at a particular point in that flow, it is not a steady flow anymore because the pressure,
temperature changes immediately as a shock passes over that particular point. So it is not a
steady flow problem. So when it is not a steady flow problem, if you look at the energy equation

then you find that on the right hand side, of course neglecting any heat addition and other terms.

On the right hand side you have the term related to unsteady pressure ';—I:.



In a steady flow Z—IZ =0 because it is a steady flow and as a consequence you get in adiabatic

flow ho is constant. But in moving shock wave is an example of an unsteady flow Z—IZ #0asa

consequence ho is not constant. So that one should bear in mind, so static properties you across
a moving shock is calculated using stationary normal shock relations by doing an appropriate
transformation by jumping onto the shock and moving with the shock.

But stagnation quantities have to be calculated separately by knowing the properties velocity,
temperature, pressure in the fixed frame of reference.

(Refer Slide Time: 22:51)
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Now let us see often what happens if you have the shock wave moving and it moves and there
is a gas motion behind it and it comes and hits on a solid surface. So it can be in the case of a
shock tube or it can be otherwise. Also you have rigid bodies which do not allow any motion
through them. Therefore the only way this can go about is that this shock goes and hits the end

wall and reflects back.

So you have a reflected shock. Now the reflected shock is also a moving shock. So the analysis
of reflected shock follows similar lines as the analysis of the moving shock itself. But now you
see the boundary conditions or the conditions that you have to apply have changed. First thing
is that the boundary condition at the wall is that the velocity should be 0 that means at these

conditions, at these places ,the velocity is 0 .V equal to 0.

This term us is used here. It is coming in from shock tube terminology. We will come to it soon

but velocity here is 0. Now this is a relative motion which is happening into a flow which is



coming opposite to up. So the relative velocity here is actually Wy + u,. So you would impose

a velocity Wr in order to be on the shock and that means the total velocity coming on to this

shock to make it stationary is Wy + u,, . While V is 0 behind the gas, the velocity is Wr so

this is the problem that has to be analysed.
(Refer Slide Time: 25:09)
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note that
relative to the wave

the wave

+ Referring to the picture of a reflected shock. By inspection, we
¢ Wy +up= velocity of the gas behind of the shock wave

+ Wy = velocity of the gas behind the shock wave relative to

|

And so relative to the reflected shock upstream velocity is (Wy + u,) and downstream it is

WRr, same set of equations.
(Refer Slide Time: 25:17)
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*+ Hence, the conservation equation for reflected shock can be
written as

p2(Wr +up) = psWa
Py + py(Wg + up)2 =Py + psWE

We+w) W
2 2
+ The incident shock propagates into the gas ahead of it with a
Mach number Mg = %
+ The reflected shock propagates into the gas ahead of it with a
Wrtup

Mach number My = -
2

h.2+ =h5+

|

Now written in terms of (W + u,,) and Wrand reflected shock Mach number is My =

Wr+uy

az

So, in order to make it stationary or we need to bring it into the stationary frame of reference.



Wrtup

So My = and this can be related to the incoming shock itself that is Ws. It the Wr and

az

Ws can be related to each other.

My M, 2(y - 1) 1
M§—1_M§—1j1+((y+1)2 (M§_1)<(Y+1)M_sz>>
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* From the incident shock conservation equations and the
reflected shock conservations equations, and specializing to a
calorically perfect gas, a relation between Mzand M; can be
obtained :

My M 2Ay-1) 1
Mé—l_Mf—l\}H((}'H)z (Msz-l)((}’H)M_sz))

And one can express the reflected shock completely in terms of the incident shock Mach
number itself. So this is a single relation which relates reflected shock wave with that of the
incident shock wave. So if one is to look at what is happening for a particle? So, as the very
close to the end wall, so as the shock wave coming moves into the medium it takes all the gas

and moves it along with it with a speed up.

And then after that the primary shock comes reflects at the end wall and then goes back. As it
goes back it converts all this to a velocity equal to 0. So it again becomes the velocity of particle
again becomes 0. But if you draw the motion of the particle in a x-t diagram that is how it is
moving in X, | mean in time and its location in x then you see before the shock arrives it is not
moving. And the moment the shock arrives due to the induced gas motion it starts moving with
a speed up and the moment the shock reflects, and it comes back and meets the reflected shock
after that it becomes stationary again. But see that there is a fixed motion of the particle due to
the combination of shock wave and reflected shock wave. So, the key ideas here that have

introduced in this analysis of moving shock wave is that to analyse moving shock waves. All



one has to do is sit on the shock and look at the motion of air relative to the shock wave. That

makes the system of equations same as that of the stationary shock.

So, the analysis of flow properties static properties across the shock moving shock is the same
as that of the stationary shock. But always make sure that you do the correct transformation.
Again, when one is looking at the gas motion behind such moving shocks again makes sure
that the transformations that you apply are correct. So, if you analyse using the normal shocks
stationary normal shock the Mach number after the shock that you get is relative to the shock

waVve.

So, we should always seem to get the velocity with respect to fixed laboratory frame, we again
use the transformation back. Then, these shock waves, moving shock waves, can go and reflect
from end walls. And the correct boundary condition there is that once it reflects , in such a way
that the flow after the reflected shock passes over is O because flow cannot penetrate inside the
wall.

And analysis of the reflected shock is again same as a moving shock. But now the coordinate
transformation or the transformation is (Wy + u,) which is what you have to take care of. So
moving shocks are important in shock tubes which are devices used in several laboratories and
having other applications as well. It is a case of an unsteady flow. So we will discuss, we are

now discussing 1D flows.

So, we will discuss unsteady flows in the coming classes. Before we do that let us solve some

numericals in the next class to get the concepts of normal shocks more clearly.



